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 �J�M �F�T�U �Q�P�T�T�J�C�M�F
�E�R�B�D�R�V�©�S�J�S �E�F�T �E�P�O�O�©�F�T �M�F �M�P�O�H �E�R�V�O �S�©�T�F�B�V �B�S�C�J�U�S�B�J�S�F �E�F �D�P�V�S�C�F�T �M�J�T�T�F�T �T�V�S �V�O�F
�T�V�S�G�B�D�F�� �-�F�T �N�©�U�I�P�E�F�T �Q�S�P�Q�P�T�©�F�T �E�B�O�T �D�F�U�U�F �U�I�¨�T�F �P�O�U �©�U�© �U�F�T�U�©�F�T �T�V�S �E�F�T �E�P�O�O�©�F�T
�S�©�F�M�M�F�T �B�D�R�V�J�T�F�T �B�W�F�D �D�F�T �E�J�T�Q�P�T�J�U�J�G�T �N�P�C�J�M�F�T�� �%�F�T �T�V�S�G�B�D�F�T �Q�I�Z�T�J�R�V�F�T �G�B�C�S�J�R�V�©�F�T � 
�Q�B�S�U�J�S �E�F �N�P�E�¨�M�F�T �O�V�N�©�S�J�R�V�F�T �O�P�V�T �P�O�U �Q�F�S�N�J�T �E�F �G�B�J�S�F �V�O�F �©�W�B�M�V�B�U�J�P�O �R�V�B�O�U�J�U�B��
�U�J�W�F �F�O �D�B�M�D�V�M�B�O�U �M�R�F�S�S�F�V�S �E�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �F�O�U�S�F �M�B �W�S�B�J�F �T�V�S�G�B�D�F �F�U �O�P�U�S�F �N�P�E�¨�M�F
�S�F�D�P�O�T�U�S�V�J�U�� �.�ª�N�F �Q�P�V�S �E�F�T �G�P�S�N�F�T �D�P�N�Q�M�F�Y�F�T�
 �M�R�F�S�S�F�V�S �N�P�Z�F�O�O�F �S�F�T�U�F �B�V�U�P�V�S
�E�F ������

�N�P�U�T �D�M�©�T���S�F�D�P�O�T�U�S�V�D�U�J�P�O �E�F�T �G�P�S�N�F�T ���% �O �D�B�Q�U�F�V�S�T �J�O�F�S�U�J�F�M�T �F�U �N�B�H�O�©�U�J�R�V�F�T �O
�S�©�T�F�B�V�Y �E�F �D�P�V�S�C�F�T �O �T�V�S�G�B�D�F�T �M�J�T�T�F�T �O �N�P�E�©�M�J�T�B�U�J�P�O �W�B�S�J�B�U�J�P�O�O�F�M�M�F �O �U�S�B�J�U�F�N�F�O�U �E�F
�N�B�J�M�M�B�H�F�T
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�� �*�O�U�S�P�E�V�D�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

������ �4�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
���������� �*�T�T�V�F�T �P�G �P�Q�U�J�D�B�M �T�D�B�O�O�F�S�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

������ �4�I�B�Q�F �G�S�P�N �T�F�O�T�P�S�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

������ �4�U�B�U�F �P�G �U�I�F �B�S�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
���������� �$�V�S�W�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��
���������� �4�V�S�G�B�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �-�J�N�J�U�B�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �$�P�O�U�F�Y�U�
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�� �'�P�V�O�E�B�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �4�Q�B�D�F �D�V�S�W�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �3�F�H�V�M�B�S �T�V�S�G�B�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �$�V�S�W�F�T �P�O �T�V�S�G�B�D�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �4�N�P�P�U�I �N�B�O�J�G�P�M�E�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �3�P�U�B�U�J�P�O�T �J�O ���% �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �3�P�U�B�U�J�P�O�T �B�T �T�Q�F�D�J�B�M �P�S�U�I�P�O�P�S�N�B�M �N�B�U�S�J�D�F�T �� �� �� �� �� �� �� ����
���������� �3�J�F�N�B�O�O�J�B�O �T�U�S�V�D�U�V�S�F �P�G �4�0�	���
 �� �� �� �� �� �� �� �� �� �� �� �� ����
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���������� �3�P�U�B�U�J�P�O�T �B�T �V�O�J�U �R�V�B�U�F�S�O�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �4�Q�I�F�S�J�D�B�M �M�J�O�F�B�S �J�O�U�F�S�Q�P�M�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �$�F�M�M �D�P�N�Q�M�F�Y�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �%�J�T�D�S�F�U�F �-�B�Q�M�B�D�J�B�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �%�J�T�D�S�F�U�J�[�B�U�J�P�O �W�J�B ���O�J�U�F �F�M�F�N�F�O�U�T �� �� �� �� �� �� �� �� �� �� �� ����
���������� �"�M�U�F�S�O�B�U�J�W�F �E�F���O�J�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �.�B�U�S�J�Y �G�P�S�N �B�O�E �I�J�H�I�F�S���P�S�E�F�S �-�B�Q�M�B�D�J�B�O�T �� �� �� �� �� �� �� ����
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������ �3�F�M�B�U�F�E �X�P�S�L �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �4�I�B�Q�F �G�S�P�N �D�V�S�W�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �0�S�J�F�O�U�B�U�J�P�O �F�T�U�J�N�B�U�J�P�O �B�O�E ���M�U�F�S�J�O�H �� �� �� �� �� �� �� �� �� �� ����
���������� �1�P�J�T�T�P�O �S�F�D�P�O�T�U�S�V�D�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �1�S�P�C�M�F�N �T�U�B�U�F�N�F�O�U �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �.�F�U�I�P�E �P�W�F�S�W�J�F�X �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����

������ �&�T�U�J�N�B�U�J�P�O �P�G �P�S�J�F�O�U�B�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �%�B�W�F�O�Q�P�S�U�R�T �R �N�F�U�I�P�E �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �"�Q�Q�M�J�D�B�U�J�P�O �U�P �E�B�U�B �G�S�P�N �*�.�6�T �� �� �� �� �� �� �� �� �� �� �� ����

������ �'�J�M�U�F�S�J�O�H �P�G �P�S�J�F�O�U�B�U�J�P�O�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �.�P�W�J�O�H �B�W�F�S�B�H�F ���M�U�F�S �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �"�M�H�P�S�J�U�I�N �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �B�W�F�S�B�H�F �P�S�J�F�O�U�B�U�J�P�O �� �� �� �� ����
���������� �1�S�F�����M�U�F�S�J�O�H �C�Z �(�B�V�T�T�J�B�O �D�P�O�W�P�M�V�U�J�P�O �� �� �� �� �� �� �� �� �� ����
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���������� �1�F�S�G�P�S�N�B�O�D�F �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �'�J�M�U�F�S�J�O�H �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
���������� �$�P�O�W�F�S�H�F�O�D�F �� �F�S�S�P�S �N�F�B�T�V�S�F�N�F�O�U�T �� �� �� �� �� �� �� �� �� ����
���������� �.�P�S�Q�I�P�S�J�E�F�S �W�T�� �T�N�B�S�U�Q�I�P�O�F �� �� �� �� �� �� �� �� �� �� �� �� ����
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������ �3�F�M�B�U�F�E �X�P�S�L �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �7�B�S�J�B�U�J�P�O�B�M �N�P�E�F�M�J�O�H �X�J�U�I �O�P�S�N�B�M�T �� �� �� �� �� �� �� �� �� �� ������
���������� �4�V�S�G�B�D�J�O�H �D�V�S�W�F �O�F�U�X�P�S�L�T �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �.�V�M�U�J���T�J�E�F�E �Q�B�U�D�I�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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������ �$�P�N�Q�V�U�J�O�H �U�I�F �U�P�Q�P�M�P�H�Z �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �%�F�U�F�D�U�J�P�O �P�G �O�F�U�X�P�S�L �D�Z�D�M�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �5�F�T�T�F�M�M�B�U�J�P�O �P�G �D�Z�D�M�F�T �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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���������� �*�O�J�U�J�B�M �N�F�T�I �B�O�E �Q�S�P�Q�B�H�B�U�J�P�O �P�G �O�P�S�N�B�M�T �� �� �� �� �� �� �� �� ������
���������� �.�F�B�O �D�V�S�W�B�U�V�S�F �F�T�U�J�N�B�U�J�P�O �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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���������� �/�P�S�N�B�M �D�P�O�U�S�P�M �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�B �T�J�O�H�M�F �N�P�W�J�O�H �T�F�O�T�P�S �O�P�E�F �X�I�J�D�I �B�D�U�T �B�T �B�W�J�S�U�V�B�M �T�F�O�T�P�S �O�F�U�X�P�S�L�� �4�V�D�I �E�Z�O�B�N�J�D
�T�F�U�V�Q �J�T �W�F�S�T�B�U�J�M�F �B�O�E �G�S�F�F �P�G �B�T�T�V�N�Q�U�J�P�O�T �U�I�B�U �X�P�V�M�E �D�P�O�T�J�E�F�S�B�C�M�Z �M�J�N�J�U �U�P�Q�P�M�P�H�Z
�B�O�E �H�F�P�N�F�U�S�Z �P�G �U�I�F �T�D�B�O�O�F�E �T�I�B�Q�F��

�6�T�J�O�H �O�F�X �L�J�O�E�T �P�G �B�D�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F�T�
 �X�F �Q�S�P�Q�P�T�F �O�P�W�F�M �B�M�H�P�S�J�U�I�N�T �G�P�S �S�F�D�P�O��
�T�U�S�V�D�U�J�P�O �P�G �T�D�B�O�O�F�E �D�V�S�W�F�T �B�O�E �T�V�S�G�B�D�F�T�� �0�V�S�T�I�B�Q�F���G�S�P�N���T�F�O�T�P�S�T�G�S�B�N�F�X�P�S�L �J�T �E�F��
�T�J�H�O�F�E �G�P�S �V�T�F �X�J�U�I �E�Z�O�B�N�J�D �E�F�W�J�D�F�T�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �U�I�F �Q�S�P�Q�P�T�F�E �B�M�H�P�S�J�U�I�N�T �B�S�F
�C�B�D�L�F�E �C�Z �S�J�H�P�S�P�V�T �N�B�U�I�F�N�B�U�J�D�B�M �G�P�S�N�V�M�B�U�J�P�O�T �B�O�E �B�S�F �E�J�S�F�D�U�M�Z �F�Y�U�F�O�T�J�C�M�F �U�P �E�B�U�B
�D�P�N�J�O�H �G�S�P�N �T�U�B�U�J�D �E�F�W�J�D�F�T��
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�*�O �U�I�F �E�Z�O�B�N�J�D �T�F�U�V�Q�
 �X�F �T�V�Q�Q�P�T�F �U�I�F �T�D�B�O�O�F�E �P�C�K�F�D�U �J�T�S�J�H�J�E�
 �J���F�� �J�U �J�T �O�P�U �C�F�J�O�H
�E�F�G�P�S�N�F�E �E�V�S�J�O�H �B�D�R�V�J�T�J�U�J�P�O �N �P�U�I�F�S�X�J�T�F�
 �U�I�F �E�Z�O�B�N�J�D �T�F�U�V�Q �N�B�L�F�T �O�P �T�F�O�T�F�� �"�M�M
�U�I�F �B�M�H�P�S�J�U�I�N�T �B�S�F �G�P�S�N�V�M�B�U�F�E �X�J�U�I �U�I�J�T �I�Z�Q�P�U�I�F�T�J�T �J�O �N�J�O�E�
 �B�O�E �X�F �E�P �O�P�U �F�Y�Q�M�P�S�F
�X�I�B�U �I�B�Q�Q�F�O�T �X�I�F�O �U�I�F �P�C�K�F�D�U �E�F�G�P�S�N�T �P�W�F�S �U�J�N�F��
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�'�J�H�V�S�F ���������4�I�B�Q�F �G�S�P�N �T�F�O�T�P�S�T�J�O �U�I�F �U�B�Y�P�O�P�N�Z �P�G ���% �B�D�R�V�J�T�J�U�J�P�O �U�F�D�I�O�J�R�V�F�T �<�$�V�S������
�$�4�������3�V�T�������8�J�N�����>��
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�1�I�Z�T�J�D�B�M �Q�S�P�Q�F�S�U�J�F�T �P�G �S�F�B�M���X�P�S�M�E �P�C�K�F�D�U�T �	�T�I�B�Q�F�
 �D�P�M�P�S�
 �U�F�Y�U�V�S�F�
 �B�S�F �B�D�R�V�J�S�F�E �V�T��
�J�O�H���% �T�D�B�O�O�F�S�T�� �5�I�J�T �V�N�C�S�F�M�M�B �U�F�S�N �F�O�D�P�N�Q�B�T�T�F�T �B �N�V�M�U�J�U�V�E�F �P�G �E�F�W�J�D�F�T�
 �S�B�O�H��
�J�O�H �G�S�P�N �D�P�P�S�E�J�O�B�U�F �N�F�B�T�V�S�J�O�H �N�B�D�I�J�O�F�T �	�$�.�.�T�
 �U�P �N�B�H�O�F�U�J�D �S�F�T�P�O�B�O�D�F �J�N�B�H�J�O�H
�	�.�3�*�
�� ���% �S�F�D�P�O�T�U�S�V�D�U�J�P�O �I�B�T �O�V�N�F�S�P�V�T �B�Q�Q�M�J�D�B�U�J�P�O�T�
 �G�P�S �J�O�T�U�B�O�D�F �E�J�H�J�U�J�[�B�U�J�P�O �P�G
�D�V�M�U�V�S�B�M �I�F�S�J�U�B�H�F �<�-�F�W���������5�B�V�������*�L�F���������4�U�B�O�G�P�S�E���%�>�
 �N�F�E�J�D�B�M �T�D�B�O�O�J�O�H �<�#�B�V��������
�"�#�1�����>�
 �N�P�O�J�U�P�S�J�O�H �P�G �M�B�S�H�F �T�U�S�V�D�U�V�S�F�T �	�F���H�� �C�V�J�M�E�J�O�H�T �P�S �C�S�J�E�H�F�T�
 �<�4�B�H�������� �.�P�S��
�Q�I�P�T�F�O�T�F�>�
 �B�O�E �S�F�B�M���U�J�N�F �H�F�P�N�F�U�S�Z �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�P�S �B�V�H�N�F�O�U�F�E���N�J�Y�F�E���W�J�S�U�V�B�M
�S�F�B�M�J�U�Z �<�%�P�V���������0�S�U���������/�F�X���������(�V�P���������5�L�B�������>�� �4�F�F �U�I�F �F�Y�B�N�Q�M�F�T �P�O �Q������

�.�P�T�U ���% �T�D�B�O�O�F�S�T �V�T�F�E �J�O �W�J�T�J�P�O �B�O�E �H�S�B�Q�I�J�D�T �B�S�F�P�Q�U�J�D�B�M�� �0�Q�U�J�D�B�M �T�D�B�O�O�F�S�T �V�T�F �E�B�U�B
�G�S�P�N �P�Q�U�J�D�B�M �T�F�O�T�P�S�T �U�P �N�F�B�T�V�S�F �T�I�B�Q�F�T�
 �B�O�E �U�Z�Q�J�D�B�M�M�Z �F�N�Q�M�P�Z �B �T�F�U �P�G �D�B�N�F�S�B�T�
 �Q�S�P��
�K�F�D�U�P�S�T �B�O�E �M�B�T�F�S�T �<�3�P�D�������>�� �" �Q�B�S�U�J�D�V�M�B�S �D�P�O���H�V�S�B�U�J�P�O �P�G �T�D�B�O�O�F�S�R�T �D�P�N�Q�P�O�F�O�U�T �J�T
�U�J�H�I�U�M�Z �M�J�O�L�F�E �X�J�U�I �U�I�F �T�D�B�O�O�J�O�H �U�F�D�I�O�J�R�V�F �V�T�F�E �G�P�S �J�O�G�F�S�S�J�O�H �U�I�F �E�F�Q�U�I �J�O�G�P�S�N�B�U�J�P�O��
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�4�F�F �'�J�H���������G�P�S �U�I�F �U�B�Y�P�O�P�N�Z �P�G �T�D�B�O�O�J�O�H �U�F�D�I�O�J�R�V�F�T �B�O�E �'�J�H���������G�P�S �B�O �F�Y�B�N�Q�M�F �P�G
�B �T�U�S�V�D�U�V�S�F�E �M�J�H�I�U �T�D�B�O�O�F�S��

�3�F�H�B�S�E�M�F�T�T �P�G �X�I�J�D�I �E�F�W�J�D�F �T�F�U�V�Q �B�O�E �B�D�R�V�J�T�J�U�J�P�O �U�F�D�I�O�J�R�V�F �B�S�F �V�T�F�E�
 �U�I�F �P�V�U�Q�V�U �P�G
�U�I�F �T�D�B�O�O�J�O�H �Q�S�P�D�F�T�T �J�T �F�J�U�I�F�S �B �Q�P�J�O�U �D�M�P�V�E �P�S �B �S�B�O�H�F �J�N�B�H�F �N �U�I�F �M�B�U�U�F�S �J�T �B �I�F�J�H�I�U
�G�V�O�D�U�J�P�O �	�B �T�F�U �P�G �E�F�Q�U�I �W�B�M�V�F�T�
 �T�B�N�Q�M�F�E �P�W�F�S �B �S�F�H�V�M�B�S �M�B�U�U�J�D�F �	�U�Z�Q�J�D�B�M�M�Z �&�V�D�M�J�E�F�B�O
�P�S �D�Z�M�J�O�E�S�J�D�B�M�
�� �%�B�U�B �Q�S�P�D�F�T�T�J�O�H �Q�J�Q�F�M�J�O�F �J�T �T�J�N�J�M�B�S �J�O �C�P�U�I �D�B�T�F�T�� �'�J�S�T�U�
 �N�V�M�U�J�Q�M�F
�T�D�B�O�T �U�B�L�F�O �G�S�P�N �E�J���F�S�F�O�U �E�J�S�F�D�U�J�P�O�T �B�O�E���P�S �X�J�U�I �W�B�S�Z�J�O�H �P�C�K�F�D�U �P�S�J�F�O�U�B�U�J�P�O �O�F�F�E
�U�P �C�F �B�M�J�H�O�F�E �P�S�S�F�H�J�T�U�F�S�F�E�� �5�I�F �S�F�H�J�T�U�S�B�U�J�P�O �D�B�O �C�F �E�P�O�F �T�F�N�J���N�B�O�V�B�M�M�Z�
 �V�T�J�O�H �B �T�F�U �P�G
�N�B�S�L�F�S�T �	�'�J�H���������
�� �P�S �B�V�U�P�N�B�U�J�D�B�M�M�Z�
 �W�J�B �B �S�F�H�J�T�U�S�B�U�J�P�O �B�M�H�P�S�J�U�I�N �T�V�D�I �B�T �U�I�F �J�U�F�S�B�U�J�W�F
�D�M�P�T�F�T�U �Q�P�J�O�U �	�*�$�1�
 �<�#�.���� �>�� �4�F�D�P�O�E�
 �S�F�D�P�O�T�U�S�V�D�U�J�P�O �B�M�H�P�S�J�U�I�N�T �B�S�F �B�Q�Q�M�J�F�E �P�O �U�I�F
�S�F�H�J�T�U�F�S�F�E �E�B�U�B �U�P �D�P�N�Q�V�U�F �U�I�F ���O�B�M �T�I�B�Q�F�� �'�P�S �S�B�O�H�F �J�N�B�H�F�T�
 �D�P�N�N�P�O �S�F�D�P�O�T�U�S�V�D��
�U�J�P�O �B�M�H�P�S�J�U�I�N�T �B�S�F �U�I�F �[�J�Q�Q�F�S�J�O�H �<�5�-�����> �B�O�E �U�I�F �W�P�M�V�N�F�U�S�J�D �S�B�O�H�F �J�N�B�H�F �Q�S�P�D�F�T�T�J�O�H
�	�7�3�*�1�
 �<�$�-�����>�� �1�P�J�T�T�P�O �T�V�S�G�B�D�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �<�,�#�)���� �� �,�)���� �> �J�T �D�P�N�N�P�O�M�Z �V�T�F�E
�X�J�U�I �Q�P�J�O�U �D�M�P�V�E�T�� �'�P�S �B �E�F�U�B�J�M�F�E �D�P�N�Q�B�S�J�T�P�O �P�G �Q�P�J�O�U���D�M�P�V�E���C�B�T�F�E �B�M�H�P�S�J�U�I�N�T�
 �T�F�F
�U�I�F �S�F�D�F�O�U �T�V�S�W�F�Z �P�G �#�F�S�H�F�S �F�U �B�M�� �<�#�F�S�������>��

�8�J�U�I �S�J�T�F �P�G �B���P�S�E�B�C�M�F �E�F�W�J�D�F�T �T�V�D�I �B�T �,�J�O�F�D�U �<�/�F�X�������>�
 �T�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �C�F�D�B�N�F
�V�C�J�R�V�J�U�P�V�T �J�O �S�F�D�F�O�U �Z�F�B�S�T �	�'�J�H�T���������B�O�E�������
�� �3�F�T�F�B�S�D�I�F�S�T �O�P�X �G�P�D�V�T �P�O �U�I�F �E�F�W�F�M��
�P�Q�N�F�O�U �P�G �P�O�M�J�O�F �D�B�M�J�C�S�B�U�J�P�O �B�O�E �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N�F�U�I�P�E�T �V�T�J�O�H �E�B�U�B �G�S�P�N �3�(�# �P�S
�3�(�#���% �D�B�N�F�S�B�T �<�(�V�P���������5�L�B�������>�� �&�W�F�O �T�N�B�S�U�Q�I�P�O�F�T �B�S�F �T�U�B�S�U�J�O�H �U�P �B�D�U �B�T ���% �T�D�B�O��
�O�F�S�T�
 �N�B�L�J�O�H �T�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �N�P�S�F �B�D�D�F�T�T�J�C�M�F �U�I�B�O �F�W�F�S �C�F�G�P�S�F �	�'�J�H���������
 �<�5�B�O��������
�.�V�S�������>��

�4�U�J�M�M�
 �U�I�F�S�F �J�T �O�P �V�O�J�W�F�S�T�B�M ���% �T�D�B�O�O�F�S �T�V�J�U�B�C�M�F �G�P�S �F�W�F�S�Z �B�Q�Q�M�J�D�B�U�J�P�O�� �5�I�F �D�I�P�J�D�F
�P�G �B �E�F�W�J�D�F �J�T �J�O���V�F�O�D�F�E �C�Z �U�I�F �D�P�O�D�S�F�U�F �B�Q�Q�M�J�D�B�U�J�P�O �J�O �N�J�O�E�
 �X�I�J�D�I �F�Y�Q�M�B�J�O�T �U�I�F
�E�J�W�F�S�T�J�U�Z �P�G �T�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F�T �B�O�E �U�F�D�I�O�J�R�V�F�T �	�'�J�H���������
�� �/�F�X �L�J�O�E�T �P�G �B�D��
�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F�T �<�"�C�F�������> �B�O�E �T�V�S�G�B�D�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N�F�U�I�P�E�T �<�#�-�������4�D�I�������> �B�S�F
�D�P�O�T�U�B�O�U�M�Z �F�N�F�S�H�J�O�H��
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�5�I�P�V�H�I �X�J�E�F�M�Z �V�T�F�E�
 �P�Q�U�J�D�B�M ���% �T�D�B�O�O�F�S�T �B�S�F �O�P�U �B �V�O�J�W�F�S�T�B�M �U�P�P�M �N �U�I�F�S�F �B�S�F �T�J�U�V�B��
�U�J�P�O�T �J�O �X�I�J�D�I �U�I�F�T�F �E�F�W�J�D�F�T �D�B�O�O�P�U �C�F �V�T�F�E�� �5�I�J�T �T�F�D�U�J�P�O �T�V�N�N�B�S�J�[�F�T �D�P�N�N�P�O �M�J�N��
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 �H�S�B�W�J�U�B�U�J�P�O�B�M �W�B�S�J�B�U�J�P�O�T
�B�S�F �O�F�H�M�J�H�J�C�M�F�
 �B�O�E �U�I�F �H�S�B�W�J�U�Z �W�F�D�U�P�S �J�T �B�T�T�V�N�F�E �U�P �C�F �D�P�O�T�U�B�O�U��

�'�J�H���������C�T�I�P�X�T �I�P�X �U�I�F �E�J�S�F�D�U�J�P�O �P�G �U�I�F �N�B�H�O�F�U�J�D ���F�M�E �W�B�S�J�F�T �P�W�F�S �U�I�F �T�V�S�G�B�D�F �P�G
�U�I�F �&�B�S�U�I�� �5�I�F�T�F �W�B�S�J�B�U�J�P�O�T �B�S�F �O�P�U �O�F�H�M�J�H�J�C�M�F�
 �B�O�E �E�B�U�B �N�F�B�T�V�S�F�E �C�Z �N�B�H�O�F�U�P�N�F��
�U�F�S�T �I�B�W�F �U�P �C�F �D�B�M�J�C�S�B�U�F�E �J�O �P�S�E�F�S �U�P �D�P�O�T�J�E�F�S �U�I�F �M�P�D�B�U�J�P�O �P�G �N�F�B�T�V�S�F�N�F�O�U�� �"�U �U�I�F

�� �"�D�D�P�S�E�J�O�H �U�P �S�F�D�F�O�U �T�V�S�W�F�Z�T�
 �U�I�F �/�P�S�U�I �.�B�H�O�F�U�J�D �1�P�M�F �J�T �N�P�W�J�O�H �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �O�P�S�U�I���O�P�S�U�I�X�F�T�U
�B�U ���� �L�N �Q�F�S �Z�F�B�S �<�/�B�J�����>��
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�'�J�H�V�S�F ���������5�I�F ���%�0�' �3�B�[�P�S �*�O�F�S�U�J�B�M �.�F�B�T�V�S�F�N�F�O�U �6�O�J�U �	�*�.�6�
 �G�F�B�U�V�S�J�O�H �B �U�S�J�Q�M�F��
�B�Y�J�T �H�Z�S�P�T�D�P�Q�F�
 �B �U�S�J�Q�M�F���B�Y�J�T �B�D�D�F�M�F�S�P�N�F�U�F�S �B�O�E �B �U�S�J�Q�M�F���B�Y�J�T �N�B�H�O�F�U�P�N�F��
�U�F�S�� �*�N�B�H�F �G�S�P�N �<�4�Q�B�S�L�G�V�O�>��

�F�O�E �P�G �4�F�D�U�J�P�O�������
 �X�F �E�F�T�D�S�J�C�F �U�I�F �T�Q�F�D�J���D �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T �V�T�F�E �G�P�S �P�S�J�F�O�U�B�U�J�P�O
�B�D�R�V�J�T�J�U�J�P�O �J�O �(�S�F�O�P�C�M�F�
 �'�S�B�O�D�F��

�)�Z�Q�P�U�I�F�T�F�T���5�P �S�F�M�J�B�C�M�Z �N�F�B�T�V�S�F �M�P�D�B�M �P�S�J�F�O�U�B�U�J�P�O �P�G �U�I�F �P�C�K�F�D�U �G�P�S �U�I�F �Q�V�S�Q�P�T�F�T �P�G
�T�I�B�Q�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O�
 �U�I�F �G�P�M�M�P�X�J�O�H �U�X�P �D�P�O�E�J�U�J�P�O�T �B�S�F �B�T�T�V�N�F�E �U�P �C�F �U�S�V�F �<�)�4�����>��

���� �%�F�W�J�D�F �B�D�D�F�M�F�S�B�U�J�P�O �J�T �O�F�H�M�J�H�J�C�M�F �X�J�U�I �S�F�T�Q�F�D�U �U�P �H�S�B�W�J�U�Z �B�D�D�F�M�F�S�B�U�J�P�O��

���� �5�I�F�S�F �J�T �O�P �D�P�O�T�J�E�F�S�B�C�M�F �N�B�H�O�F�U�J�D ���F�M�E �F�Y�D�F�Q�U �G�P�S �U�I�F �&�B�S�U�I�R�T �N�B�H�O�F�U�J�D ���F�M�E��

�*�O�F�S�U�J�B�M �N�F�B�T�V�S�F�N�F�O�U �V�O�J�U �	�*�.�6�
���*�O ���%�
 �B �T�J�O�H�M�F �N�F�B�T�V�S�F�E �W�F�D�U�P�S �J�T �O�P�U �T�V���D�J�F�O�U
�U�P �E�F�U�F�S�N�J�O�F �P�C�K�F�D�U�R�T �P�S�J�F�O�U�B�U�J�P�O�� �5�X�P �M�J�O�F�B�S�M�Z �J�O�E�F�Q�F�O�E�F�O�U �W�F�D�U�P�S�T �B�S�F �O�F�F�E�F�E �U�P
���Y �B�M�M �S�P�U�B�U�J�P�O�B�M �E�F�H�S�F�F�T �P�G �G�S�F�F�E�P�N�� �"�D�D�F�M�F�S�P�N�F�U�F�S�T �D�B�O�O�P�U �E�F�U�F�S�N�J�O�F �S�P�U�B�U�J�P�O
�B�S�P�V�O�E �U�I�F �W�F�S�U�J�D�B�M �B�Y�J�T �	�W�F�D�U�P�Se�B�D�D�
�� �4�J�N�J�M�B�S�M�Z�
 �N�B�H�O�F�U�P�N�F�U�F�S�T �D�B�O�O�P�U �E�F�U�F�S�N�J�O�F
�S�P�U�B�U�J�P�O �B�S�P�V�O�E �U�I�F �W�F�D�U�P�Se�N�B�H�� �5�P �F�T�U�J�N�B�U�F �P�C�K�F�D�U�R�T �G�V�M�M �S�P�U�B�U�J�P�O�
 �U�I�F �T�F�O�T�P�S �N�F�B��
�T�V�S�F�N�F�O�U�T �I�B�W�F �U�P �C�F �D�P�N�C�J�O�F�E��

�*�O �Q�S�B�D�U�J�D�F�
 �T�F�O�T�P�S�T �B�S�F �B�T�T�F�N�C�M�F�E �J�O�U�P �B �N�J�D�S�P�F�M�F�D�U�S�P�N�F�D�I�B�O�J�D�B�M �T�Z�T�U�F�N �	�.�&�.�4�

�D�B�M�M�F�E�J�O�F�S�U�J�B�M �N�F�B�T�V�S�F�N�F�O�U �V�O�J�U�P�S �*�.�6 �	�'�J�H���������
�� �" �U�Z�Q�J�D�B�M �*�.�6 �G�F�B�U�V�S�F�T �B �D�P�N�C�J��
�O�B�U�J�P�O �P�G �B �U�S�J�Q�M�F���B�Y�J�T �B�D�D�F�M�F�S�P�N�F�U�F�S�
 �B �U�S�J�Q�M�F���B�Y�J�T �H�Z�S�P�T�D�P�Q�F �B�O�E �B �U�S�J�Q�M�F���B�Y�J�T �N�B�H��
�O�F�U�P�N�F�U�F�S�� �)�F�S�F�
�U�S�J�Q�M�F���B�Y�J�T�S�F�G�F�S�T �U�P �U�I�F �G�B�D�U �U�I�B�U �U�I�F �T�F�O�T�P�S �N�F�B�T�V�S�F�T �E�B�U�B �B�M�P�O�H
�U�I�S�F�F �P�S�U�I�P�H�P�O�B�M �B�Y�F�T�
 �B�O�E �P�V�U�Q�V�U�T �B �T�J�O�H�M�F �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M �W�F�D�U�P�S�� �8�F �S�F�G�F�S �U�P
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�E�F�W�J�D�F�T �F�R�V�J�Q�Q�F�E �X�J�U�I �*�.�6�T �B�T�T�F�O�T�P�S �E�F�W�J�D�F�T�� �"�O �F�Y�B�N�Q�M�F �P�G �B �T�F�O�T�P�S �E�F�W�J�D�F �J�T �B
�T�N�B�S�U�Q�I�P�O�F��

�4�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �X�J�U�I �T�F�O�T�P�S�T���6�O�M�J�L�F �U�S�B�E�J�U�J�P�O�B�M ���% �T�D�B�O�O�F�S�T�
 �T�F�O�T�P�S �E�F�W�J�D�F�T �E�P �O�P�U
�N�F�B�T�V�S�F �U�I�F �T�Q�B�U�J�B�M �Q�P�T�J�U�J�P�O �P�G �Q�P�J�O�U�T �P�O �B �T�I�B�Q�F�� �3�B�U�I�F�S�
 �U�I�F�Z �N�F�B�T�V�S�F �U�I�F �M�P��
�D�B�M�P�S�J�F�O�U�B�U�J�P�O�P�G �B �T�I�B�Q�F�� �*�O �P�S�E�F�S �U�P �S�F�U�S�J�F�W�F �U�I�F �Q�P�T�J�U�J�P�O�
 �P�S�J�F�O�U�B�U�J�P�O�T �I�B�W�F �U�P �C�F
�D�P�V�Q�M�F�E �X�J�U�I �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �C�F�U�X�F�F�O �B�E�K�B�D�F�O�U �N�F�B�T�V�S�F�N�F�O�U�T��

�8�F �S�F�G�F�S �U�P �U�I�J�T �B�T �U�I�F �Q�S�P�C�M�F�N �P�G�T�I�B�Q�F �G�S�P�N �T�F�O�T�P�S�T�� �5�I�F �N�B�J�O �H�P�B�M �P�G �U�I�J�T �U�I�F�T�J�T �J�T
�U�P �B�E�P�Q�U �B �O�P�W�F�M �W�J�F�X �P�O �U�I�J�T �Q�S�P�C�M�F�N �B�O�E �Q�S�F�T�F�O�U �O�F�X �S�F�D�P�O�T�U�S�V�D�U�J�P�O �B�M�H�P�S�J�U�I�N�T��
�#�F�G�P�S�F �J�O�U�S�P�E�V�D�J�O�H �P�V�S �T�F�U�V�Q�
 �M�F�U �V�T �I�B�W�F �M�P�P�L �B�U �U�I�F �T�U�B�U�F �P�G �U�I�F �B�S�U��
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�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �M�P�P�L �B�U �Q�S�F�W�J�P�V�T �N�F�U�I�P�E�T �U�I�B�U �G�P�D�V�T �P�O �S�F�T�P�M�W�J�O�H �U�I�F �T�I�B�Q�F���G�S�P�N��
�T�F�O�T�P�S�T �Q�S�P�C�M�F�N �J�O�U�S�P�E�V�D�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O��

�5�I�F �Q�J�P�O�F�F�S�J�O�H �X�P�S�L �J�O �U�I�J�T �E�P�N�B�J�O �X�B�T �E�P�O�F �J�O �U�I�F �U�I�F�T�J�T �P�G �/�B�U�I�B�M�J�F �4�Q�S�Z�O�T�L�J
�<�4�Q�S�����>�� �4�J�O�D�F �U�I�F�O�
 �N�B�O�Z �P�U�I�F�S �N�F�U�I�P�E�T �I�B�W�F �G�P�M�M�P�X�F�E�
 �J�N�Q�S�P�W�J�O�H �P�O �U�I�F �J�O�J�U�J�B�M
�X�P�S�L �P�S �J�O�U�S�P�E�V�D�J�O�H �O�F�X �B�Q�Q�S�P�B�D�I�F�T�� �T�F�F �U�I�F �P�W�F�S�W�J�F�X �J�O �5�B�C�M�F���������� �8�F �Q�S�F�T�F�O�U
�B �T�V�N�N�B�S�Z �P�G �U�I�F �T�U�B�U�F �P�G �U�I�F �B�S�U�
 �B�M�P�O�H �X�J�U�I �U�F�D�I�O�J�D�B�M �D�I�B�M�M�F�O�H�F�T �B�O�E �Q�S�P�Q�P�T�F�E
�T�P�M�V�U�J�P�O�T��

�$�F�S�U�B�J�O �Q�B�S�U�T �P�G �U�I�F �F�Y�Q�P�T�J�U�J�P�O �B�S�F �G�P�S�N�V�M�B�U�F�E �V�T�J�O�H �N�B�U�I�F�N�B�U�J�D�B�M �O�P�U�J�P�O�T �E�F���O�F�E
�J�O �U�I�F �O�F�Y�U �D�I�B�Q�U�F�S�
 �T�Q�F�D�J���D�B�M�M�Z �J�O �4�F�D�U�J�P�O�T�������U�P�������� �8�F �C�F�M�J�F�W�F �U�I�J�T �J�T �O�P�U �B�O �J�T�T�V�F��
�N�F�U�I�P�E�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �T�F�D�U�J�P�O �T�F�S�W�F �B�T �B�O �P�W�F�S�W�J�F�X �P�G �X�I�B�U �I�B�T �B�M�S�F�B�E�Z �C�F�F�O
�E�P�O�F�
 �B�O�E �X�F �T�L�J�Q �N�P�T�U �U�F�D�I�O�J�D�B�M �E�F�U�B�J�M�T��

�5�I�J�T �T�F�D�U�J�P�O �P�O�M�Z �T�V�N�N�B�S�J�[�F�T �N�F�U�I�P�E�T �E�F�B�M�J�O�H �X�J�U�I �U�I�F �Q�S�P�C�M�F�N �P�G �T�I�B�Q�F �G�S�P�N �T�F�O��
�T�P�S�T�� �0�U�I�F�S �N�F�U�I�P�E�T �S�F�M�B�U�F�E �U�P �U�I�F �J�O�E�J�W�J�E�V�B�M �Q�B�S�U�T �P�G �P�V�S �G�S�B�N�F�X�P�S�L �B�S�F �J�O�D�M�V�E�F�E
�J�O �U�I�F �T�V�C�T�F�R�V�F�O�U �D�I�B�Q�U�F�S�T �	�4�F�D�U�J�P�O�������B�O�E �4�F�D�U�J�P�O�������
��
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�5�I�F �V�T�F �P�G �T�F�O�T�P�S�T �G�P�S �T�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �X�B�T ���S�T�U �F�Y�Q�M�P�S�F�E �C�Z �4�Q�S�Z�O�T�L�J �<�4�Q�S�����>��
�4�J�O�D�F �U�I�F �T�F�O�T�P�S�T �E�P�O�P�U�N�F�B�T�V�S�F �U�I�F �B�C�T�P�M�V�U�F �Q�P�T�J�U�J�P�O �P�G �Q�P�J�O�U�T �J�O �U�I�F �X�P�S�M�E �T�Q�B�D�F�

�U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �B�M�H�P�S�J�U�I�N�T �O�F�F�E �U�P �C�F �G�P�S�N�V�M�B�U�F�E �J�O �U�F�S�N�T �P�G �P�S�J�F�O�U�B�U�J�P�O�T �Q�S�P��
�W�J�E�F�E �C�Z �T�F�O�T�P�S�T �B�O�E �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F�T �C�F�U�X�F�F�O �T�B�N�Q�M�F�T �	�L�O�P�X�O�B �Q�S�J�P�S�J�P�S �N�F�B��
�T�V�S�F�E�
�� �$�V�S�W�F�T �B�S�F �S�F�Q�S�F�T�F�O�U�F�E �V�T�J�O�H �O�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �B�O�E �S�F�D�P�O�T�U�S�V�D�U�F�E
�W�J�B �O�V�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O�� �4�V�S�G�B�D�F�T �B�S�F �E�F���O�F�E �W�J�B �H�F�P�E�F�T�J�D �J�O�U�F�S�Q�P�M�B�U�J�P�O �<�4�Q�S�������>
�P�S �V�T�J�O�H �Q�B�S�B�M�M�F�M �S�J�C�C�P�O�T �P�G �T�F�O�T�P�S�T �<�4�B�H�������>�� �)�V�B�S�E �F�U �B�M�� �<�)�V�B�������> �J�O�U�S�P�E�V�D�F�E
�B �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �T�N�P�P�U�I �Q�B�U�D�I�F�T �G�S�P�N �B �H�J�W�F�O �Q�J�F�D�F�X�J�T�F �H�F�P�E�F�T�J�D �C�P�V�O�E��
�B�S�Z �D�V�S�W�F�� �)�P�T�I�J �B�O�E �4�I�J�O�P�E�B �<�)�4�����> �S�F�D�P�O�T�U�S�V�D�U�F�E �U�I�F �U�B�S�H�F�U �T�V�S�G�B�D�F �V�T�J�O�H �U�X�P
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�5�B�C�M�F �����������4�U�B�U�F �P�G �U�I�F �B�S�U �J�O ���% �T�I�B�Q�F �B�D�R�V�J�T�J�U�J�P�O �V�T�J�O�H �J�O�F�S�U�J�B�M �B�O�E �N�B�H�O�F�U�J�D �T�F�O��
�T�P�S�T�� �1�S�J�P�S �S�F�T�F�B�S�D�I �G�P�D�V�T�F�E �P�O �E�F�W�J�D�F�T �X�J�U�I �T�F�O�T�P�S�T �P�S�H�B�O�J�[�F�E �J�O ���Y�F�E
�T�U�S�V�D�U�V�S�F�T �	�S�J�C�C�P�O�
 �M�B�U�U�J�D�F�
 �� �5�I�F �B�M�H�P�S�J�U�I�N�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T �	�M�B�T�U
�S�P�X�T�
 �F�O�B�C�M�F �B�D�R�V�J�T�J�U�J�P�O �X�J�U�I �E�Z�O�B�N�J�D �T�F�O�T�P�S�T�
 �F���H�� �C�Z �T�M�J�E�J�O�H �B �T�N�B�S�U��
�Q�I�P�O�F �B�M�P�O�H �D�V�S�W�F�T �P�O �U�I�F �T�D�B�O�O�F�E �T�V�S�G�B�D�F��
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�G�B�N�J�M�J�F�T �P�G �T�F�O�T�P�S�T �Q�M�B�D�F�E �J�O �P�S�U�I�P�H�P�O�B�M �E�J�S�F�D�U�J�P�O�T�� �)�F�S�N�B�O�J�T �F�U �B�M�� �<�)�$�(���� �> �D�P�O��
�T�U�S�V�D�U�F�E �T�F�O�T�P�S���J�O�T�U�S�V�N�F�O�U�F�E �G�B�C�S�J�D �B�O�E �D�P�N�Q�B�S�F�E �U�I�F�J�S �S�F�D�P�O�T�U�S�V�D�U�J�P�O �S�F�T�V�M�U�T �X�J�U�I
�B �,�J�O�F�D�U �S�F�D�P�O�T�U�S�V�D�U�J�P�O�� �"�O�U�P�O�Z�B �F�U �B�M�� �<�"�#�1�����> �V�T�F�E �B�O �B�S�S�B�Z �P�G �T�F�O�T�P�S�T �G�P�S �S�F�B�M��
�U�J�N�F �U�S�B�D�L�J�O�H �P�G �U�I�F �I�V�N�B�O �T�Q�J�O�F��

�*�O �U�I�J�T �M�J�O�F �P�G �S�F�T�F�B�S�D�I�
 �U�I�F ���S�T�U �B�O�E �G�P�S�F�N�P�T�U �Q�S�P�C�M�F�N �U�I�B�U �O�F�F�E�T �U�P �C�F �B�E�E�S�F�T�T�F�E �J�T
�U�I�F �G�P�M�M�P�X�J�O�H�� �H�J�W�F�O �B �T�F�R�V�F�O�D�F �P�G �P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�F�T �B�M�P�O�H �B �D�V�S�W�F �X�J�U�I �L�O�P�X�O
�H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F�T �C�F�U�X�F�F�O �B�E�K�B�D�F�O�U �G�S�B�N�F�T�
 �I�P�X �U�P �S�F�D�P�O�T�U�S�V�D�U �U�I�F �D�V�S�W�F� �5�I�F
�C�B�T�J�D �J�E�F�B �J�T �U�P �S�F�Q�S�F�T�F�O�U �U�I�F �D�V�S�W�F �W�J�B �B�S�D���M�F�O�H�U�I �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�
 �E�P �U�I�F �S�F�D�P�O��
�T�U�S�V�D�U�J�P�O �J�O �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�F�
 �B�O�E �Q�F�S�G�P�S�N �O�V�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O �U�P �H�F�U �Q�P�T�J�U�J�P�O�T
�J�O �U�I�F �X�P�S�M�E �T�Q�B�D�F�� �#�V�J�M�E�J�O�H �P�O �U�I�F �D�V�S�W�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O�
 �T�V�S�G�B�D�F�T �B�S�F �T�Q�F�D�J���F�E �W�J�B
�O�F�U�X�P�S�L�T �P�G �D�V�S�W�F�T��

�5�I�F �G�P�M�M�P�X�J�O�H �B�Q�Q�S�P�B�D�I �J�T �E�V�F �U�P �4�Q�S�Z�O�T�L�J �<�4�Q�S�����>�� �$�P�O�T�J�E�F�S �B �Q�M�B�O�B�S �D�V�S�W�F
 �X�J�U�I
�M�F�O�H�U�IL�
 �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �B�S�D �M�F�O�H�U�I �B�T

x : »0; L¼ ! ’ 2:

�4�J�O�D�Fx �J�T �U�I�F �B�S�D���M�F�O�H�U�I �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�
 �U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�St � x0 �J�T �V�O�J�U �B�O�E �D�B�O
�C�F �S�F�Q�S�F�T�F�O�U�F�E �C�Z �U�I�F �P�S�J�F�O�U�F�E �B�O�H�M�F� �C�F�U�X�F�F�Ot �B�O�E �U�I�F �I�P�S�J�[�P�O�U�B�M �B�Y�J�T��

x0 �

�
cos�
sin �

�
:

�5�I�F �C�B�T�J�D �Q�S�P�C�M�F�N �P�G �D�V�S�W�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�S�P�N �T�F�O�T�P�S �E�B�U�B �J�T �G�P�S�N�V�M�B�U�F�E �B�T �G�P�M��
�M�P�X�T�� �-�F�U� i 2 »0; 2� º �C�F �B �T�F�R�V�F�O�D�F �P�Gk � 1 �U�B�O�H�F�O�U �B�O�H�M�F�T �T�B�N�Q�M�F�E �G�S�P�N �B�O �V�O��
�L�O�P�X�O �Q�M�B�O�B�S �D�V�S�W�F �B�M�P�O�H �B �T�F�R�V�F�O�D�F �P�G �Q�B�S�B�N�F�U�F�S�T �	�'�J�H�����������U�P�Q�


0 � s0 < s1 < � � � < sk � L:

�'�J�O�E �B �E�J���F�S�F�O�U�J�B�C�M�F �Q�M�B�O�B�S �D�V�S�W�Fx : »0; L¼ ! ’ 2 �T�V�D�I �U�I�B�U

x0¹si º � ¹cos� i ; sin � i º
| : �	�������


�4�Q�S�Z�O�T�L�J �<�4�Q�S�����> �Q�S�P�Q�P�T�F�E �U�P ���O�E �B �D�P�O�U�J�O�V�P�V�T �B�O�H�M�F �G�V�O�D�U�J�P�O� : »0; L¼ ! ’ �

�X�I�J�D�I �J�O�U�F�S�Q�P�M�B�U�F�T �U�I�F �H�J�W�F�O �T�B�N�Q�M�F�T��� ¹si º � � i �� �5�I�F �D�V�S�W�Fx�
 �X�I�J�D�I �T�B�U�J�T���F�T
�&�R�� �	�������
�
 �J�T �E�F���O�F�E �W�J�B

x0¹sº � ¹cos� ¹sº; sin � ¹sºº| :

�5�I�F �D�P�O�U�J�O�V�P�V�T �G�V�O�D�U�J�P�O� ¹sº �J�T �D�P�N�Q�V�U�F�E �V�T�J�O�H �B �O�B�U�V�S�B�M �D�V�C�J�D �T�Q�M�J�O�F �	�'�J�H����������
�C�P�U�U�P�N�
 �<�)�'���� �>�� �*�O �U�I�F �B�E�E�J�U�J�P�O�B�M �Q�S�F���Q�S�P�D�F�T�T�J�O�H �T�U�F�Q�
 �P�O�F �O�F�F�E�T �U�P �N�B�L�F �T�V�S�F �U�I�F
�O�F�J�H�I�C�P�S�J�O�H �B�O�H�M�F�T �B�S�F �O�P�U �U�P�P �E�J�T�U�B�O�U �G�S�P�N �F�B�D�I �P�U�I�F�S �J�O �U�I�F �&�V�D�M�J�E�F�B�O �T�F�O�T�F�� �U�I�J�T
�J�T �E�P�O�F �C�Z �S�F�R�V�J�S�J�O�Hj� i � 1 � � i j < � �B�O�E �B�E�E�J�O�H �B�O �J�O�U�F�H�F�S �N�V�M�U�J�Q�M�F �P�G2� �U�P� i � 1 �J�G
�O�F�F�E�F�E��
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� i � 1

� i � 1

x0¹si � 1º

x0¹si º

x0¹si � 1º

� i
� i � 1

� i � 1

� ¹sº

si � 1 si si � 1
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�'�J�H�V�S�F �����������4�D�I�F�N�B �P�G ���% �D�V�S�W�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�S�P�N �T�F�O�T�P�S �E�B�U�B

�"�G�U�F�S �U�I�F �B�O�H�M�F �G�V�O�D�U�J�P�O� ¹sº �I�B�T �C�F�F�O �F�T�U�J�N�B�U�F�E�
 �U�I�F �U�S�B�O�T�M�B�U�J�P�O�B�M �E�F�H�S�F�F �P�G �G�S�F�F��
�E�P�N �J�T ���Y�F�E �C�Z �T�F�U�U�J�O�H �U�I�F �J�O�J�U�J�B�M �Q�P�T�J�U�J�P�Ox0 � x¹0º �B�O�E �U�I�F �E�J�T�D�S�F�U�F �D�V�S�W�F �Q�P�J�O�U�T
�B�S�F �S�F�D�P�O�T�U�S�V�D�U�F�E �C�Z �O�V�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O��

x¹sº � x0 �

 ¯ s

0
cos� ¹sº ds¯ s

0
sin � ¹sº ds

!

:

�5�I�F �B�C�P�W�F �B�Q�Q�S�P�B�D�I �D�B�O �C�F �E�J�S�F�D�U�M�Z �F�Y�U�F�O�E�F�E �U�P �T�Q�B�D�F �D�V�S�W�F�T �C�Z �S�F�Q�S�F�T�F�O�U�J�O�H �U�I�F
�U�B�O�H�F�O�Ux0 � t �V�T�J�O�H �T�Q�I�F�S�J�D�B�M �D�P�P�S�E�J�O�B�U�F�T �B�O�E �S�F�D�P�O�T�U�S�V�D�U�J�O�H �C�P�U�I �B�O�H�M�F �G�V�O�D�U�J�P�O�T��
�5�I�J�T �I�P�X�F�W�F�S �E�P�F�T �O�P�U �Z�J�F�M�E �T�B�U�J�T�G�B�D�U�P�S�Z �S�F�T�V�M�U�T�� �#�F�U�U�F�S �S�F�T�V�M�U�T �B�S�F �P�C�U�B�J�O�F�E �V�T�J�O�H
�T�Q�M�J�O�F�T �P�O �U�I�F �V�O�J�U �T�Q�I�F�S�F �<�/�J�F�����>�� �5�I�F�T�F �T�Q�M�J�O�F�T �D�B�O �C�F �F�W�B�M�V�B�U�F�E �F���D�J�F�O�U�M�Z �V�T��
�J�O�H �#�©�[�J�F�S �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �B�O�E �B �N�P�E�J���F�E �W�F�S�T�J�P�O �P�G �U�I�F �%�F �$�B�T�U�F�M�K�B�V�R�T �B�M�H�P�S�J�U�I�N�

�S�F�Q�M�B�D�J�O�H �U�I�F �M�J�O�F�B�S �J�O�U�F�S�Q�P�M�B�U�J�P�O �X�J�U�I �U�I�F�T�Q�I�F�S�J�D�B�M �M�J�O�F�B�S �J�O�U�F�S�Q�P�M�B�U�J�P�O�<�4�I�P�����>��

�4�M�F�S�Q¹t0; t1; t º �
sin

�
¹1 � t º�

�

sin �
t0 �

sin »t � ¼
sin �

t1; �	�������


�X�I�F�S�Ft0; t1 �B�S�F �V�O�J�U �U�B�O�H�F�O�U �W�F�D�U�P�S�T �X�J�U�Icos� � t0 � t1�� �)�V�B�S�E �<�)�V�B�����> �J�O�U�S�P�E�V�D�F�E
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�'�J�H�V�S�F �����������4�P�N�F �P�G �U�I�F �E�F�N�P�O�T�U�S�B�U�P�S�T �E�F�W�F�M�P�Q�F�E �B�U �$�&�"���-�F�U�J�� �U�I�F �.�P�S�Q�I�P�T�F�O�T�F
�S�J�C�C�P�O �<�4�Q�S�������B�> �	�M�F�G�U�
 �B�O�E �U�I�F �.�P�S�Q�I�P�T�I�B�Q�F �Q�B�U�D�I �<�4�B�H�������> �	�S�J�H�I�U�
��

�B �N�P�E�J���F�E �B�M�H�P�S�J�U�I�N �P�G �/�J�F�M�T�P�O �<�/�J�F�����> �V�T�J�O�H �)�F�S�N�J�U�F �J�O�U�F�S�Q�P�M�B�U�J�P�O �P�O �U�I�F �T�Q�I�F�S�F
�F�Y�Q�M�P�J�U�J�O�H �U�I�F �L�O�P�X�M�F�E�H�F �P�G �T�V�S�G�B�D�F �O�P�S�N�B�M�T �B�M�P�O�H �U�I�F �B�D�R�V�J�S�F�E �D�V�S�W�F�T��

�.�F�U�I�P�E�T �U�I�B�U �S�F�D�P�O�T�U�S�V�D�U �U�I�F �D�V�S�W�F �J�O �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�F �	�B�O�H�M�F �G�V�O�D�U�J�P�O� ¹sº�
 �T�Q�I�F�S��
�J�D�B�M �T�Q�M�J�O�F�T�
 �S�F�R�V�J�S�F �O�V�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O �U�P �S�F�U�S�J�F�W�F �U�I�F �B�D�U�V�B�M �D�V�S�W�F �Q�P�J�O�U�T �J�O’ 2

�P�S’ 3�� �)�V�B�S�E �F�U �B�M�� �<�)�V�B�������> �Q�S�P�Q�P�T�F�E �B�O �B�M�U�F�S�O�B�U�J�W�F �G�P�S�N�V�M�B�U�J�P�O �G�P�S �T�Q�B�D�F �D�V�S�W�F�T
�V�T�J�O�H�1�Z�U�I�B�H�P�S�F�B�O���I�P�E�P�H�S�B�Q�I�R�V�J�O�U�J�D �T�Q�M�J�O�F�T�� �" �1�Z�U�I�B�H�P�S�F�B�O���)�P�E�P�H�S�B�Q�I �D�V�S�W�Fx �J�T
�D�I�B�S�B�D�U�F�S�J�[�F�E �C�Z �U�I�F �G�B�D�U �U�I�B�U �J�U�T �I�P�E�P�H�S�B�Q�Ix0 � x0¹sº �T�B�U�J�T���F�T �U�I�F �1�Z�U�I�B�H�P�S�F�B�O �S�F�M�B��
�U�J�P�Okx0k � � �G�P�S �T�P�N�F �Q�P�M�Z�O�P�N�J�B�M� � � ¹sº�� �5�I�J�T �G�P�S�N�V�M�B�U�J�P�O �B�M�M�P�X�T �S�F�D�P�O�T�U�S�V�D�U�J�O�H
�U�I�F �D�V�S�W�F �J�O �J�U�T �B�O�B�M�Z�U�J�D �G�P�S�N�
 �C�V�U �J�T �T�J�H�O�J���D�B�O�U�M�Z �T�M�P�X�F�S �D�P�N�Q�B�S�F�E �U�P �U�I�F �N�F�U�I�P�E�T
�V�T�J�O�H �O�V�N�F�S�J�D�B�M �J�O�U�F�H�S�B�U�J�P�O��

�:���<���; �2�����Ç�^�`�Æ��

�4�Q�S�Z�O�T�L�J �<�4�Q�S�����> �B�M�T�P �J�O�U�S�P�E�V�D�F�E �U�I�F ���S�T�U �B�M�H�P�S�J�U�I�N�T �G�P�S �T�V�S�G�B�D�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �B�O�E
�E�F�G�P�S�N�B�U�J�P�O �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �T�I�B�Q�F �G�S�P�N �T�F�O�T�P�S�T�� �4�I�F �D�P�O�T�J�E�F�S�F�E �D�V�S�W�F �O�F�U�X�P�S�L�T
�D�P�O�T�J�T�U�J�O�H �P�G �U�X�P �G�B�N�J�M�J�F�T �P�G �Q�B�S�B�M�M�F�M �D�V�S�W�F�T �P�S�U�I�P�H�P�O�B�M �U�P �F�B�D�I �P�U�I�F�S �	�'�J�H����������
�	�S�J�H�I�U�
�
�� �4�V�D�I �O�F�U�X�P�S�L�T �E�F���O�F �B �D�P�M�M�F�D�U�J�P�O �P�G �R�V�B�E�S�J�M�B�U�F�S�B�M �T�V�S�G�B�D�F �S�F�H�J�P�O�T�
 �X�I�J�D�I
�D�B�O �C�F �N�P�E�F�M�F�E �W�J�B �$�P�P�O�T �Q�B�U�D�I�F�T �<�$�P�P������ �'�B�S�����>�� �8�I�F�O �X�P�S�L�J�O�H �X�J�U�I �B�D�U�V�B�M
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�T�F�O�T�P�S���B�D�R�V�J�S�F�E �D�V�S�W�F�T�
 �P�C�U�B�J�O�J�O�H �B �D�M�P�T�F�E �O�F�U�X�P�S�L �X�J�U�I �Q�S�P�Q�F�S �D�V�S�W�F �J�O�U�F�S�T�F�D�U�J�P�O�T
�J�T �D�I�B�M�M�F�O�H�J�O�H �J�G �F�B�D�I �D�V�S�W�F �J�T �S�F�D�P�O�T�U�S�V�D�U�F�E �J�O�E�J�W�J�E�V�B�M�M�Z�� �7�B�S�J�P�V�T �I�F�V�S�J�T�U�J�D�T �G�P�S
�B�M�J�H�O�J�O�H �U�I�F �D�V�S�W�F�T �X�F�S�F �Q�S�P�Q�P�T�F�E �C�Z �4�Q�S�Z�O�T�L�J �<�4�Q�S�����>��

�)�V�B�S�E �<�)�V�B�����> �G�P�D�V�T�F�E �P�O �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G�E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�F�T�
 �X�I�J�D�I �B�S�F �J�T�P�N�F�U�S�J�D
�U�P �B �Q�M�B�O�B�S �S�F�H�J�P�O �	�B�O�E �U�I�V�T �I�B�W�F �[�F�S�P �(�B�V�T�T�J�B�O �D�V�S�W�B�U�V�S�F�
�� �'�J�S�T�U�
 �I�F �Q�S�F�T�F�O�U�F�E �B�O
�B�M�H�P�S�J�U�I�N �G�P�S �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �B �E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�FS �G�S�P�N �B �T�J�O�H�M�F �H�F�P�E�F�T�J�D �D�V�S�W�F

 �
 �F�Y�Q�M�P�J�U�J�O�H �U�I�F �G�B�D�U �U�I�B�U �B �E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�FS �J�T �B�M�T�P �B �S�V�M�F�E �T�V�S�G�B�D�F �<�)�V�B�������>��
�" �S�V�M�F�E �T�V�S�G�B�D�F�J�T �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z

x¹t ; vº � p¹t º � vd¹t º; t 2 I ; v 2 ’ ;

�X�I�F�S�F
�
p¹t º 2 ’ 3; d¹t º 2 V ¹’ 3º

	
t 2I �J�T �B �P�O�F���Q�B�S�B�N�F�U�F�S �G�B�N�J�M�Z �P�G �M�J�O�F�T �<�E�P�$�B�����>�� �'�P�S

�B ���Y�F�Et �
Lt � x¹t ; vº �J�T �B �T�U�S�B�J�H�I�U �M�J�O�F �D�B�M�M�F�E �B�S�V�M�J�O�H�� �U�I�F �D�V�S�W�Fp¹t º �J�T �D�B�M�M�F�E �B�E�J�S�F�D�U�S�J�Y
�P�GS�� �5�I�F �L�O�P�X�M�F�E�H�F �P�G �B �T�J�O�H�M�F �H�F�P�E�F�T�J�D �D�V�S�W�F
 � S �F�O�B�C�M�F�T �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �U�I�F
�Q�P�S�U�J�P�O �P�GS �X�I�P�T�F �S�V�M�J�O�H�T �J�O�U�F�S�T�F�D�U
 ��

�4�F�D�P�O�E�
 �)�V�B�S�E �<�)�V�B�����> �Q�S�F�T�F�O�U�F�E �B �N�F�U�I�P�E �G�P�S �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �B�On���T�J�E�F�E �S�F�H�J�P�O
�P�O �B �R�V�B�T�J �E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�F�
 �E�F�M�J�N�J�U�F�E �C�Z �B �D�M�P�T�F�E �T�F�R�V�F�O�D�F �P�G �H�F�P�E�F�T�J�D �D�V�S�W�F�T
�	�'�J�H�����������
 �<�)�V�B�������>�� �5�I�F �N�B�J�O �J�E�F�B �J�T �U�P �T�Q�M�J�U �U�I�Fn���T�J�E�F�E �Q�B�U�D�I �J�O�U�P �B �D�P�M�M�F�D�U�J�P�O �P�G
�U�S�J�B�O�H�V�M�B�S �Q�B�U�D�I�F�T �C�Z �F�T�U�J�N�B�U�J�O�H �U�I�F �N�J�T�T�J�O�H �H�F�P�E�F�T�J�D�T�� �5�I�F �N�J�T�T�J�O�H �H�F�P�E�F�T�J�D�T �B�S�F
�F�T�U�J�N�B�U�F�E �V�T�J�O�H �U�I�F �G�B�D�U �U�I�B�U �B �H�F�P�E�F�T�J�D �P�O �B �E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�F �D�P�S�S�F�T�Q�P�O�E�T �U�P �B
�T�U�S�B�J�H�I�U �M�J�O�F �J�O �Q�M�B�O�F �V�O�E�F�S �J�T�P�N�F�U�S�J�D �N�B�Q�Q�J�O�H�� �5�I�F �S�F�T�V�M�U�J�O�H �U�S�J�B�O�H�V�M�B�S �Q�B�U�D�I�F�T
�B�S�F �J�O�U�F�S�Q�P�M�B�U�F�E �X�J�U�IC1 �Q�B�S�B�N�F�U�S�J�D �J�O�U�F�S�Q�P�M�B�O�U�T��

�'�J�H�V�S�F �����������*�O �)�V�B�S�E �F�U �B�M�� �<�)�V�B�������>�
 �U�I�Fn���T�J�E�F�E �S�F�H�J�P�O �P�O �B �E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�F
�J�T �T�Q�M�J�U �J�O�U�P �U�S�J�B�O�H�V�M�B�S �Q�B�U�D�I�F�T �C�Z �F�T�U�J�N�B�U�J�O�H �J�O�U�F�S�J�P�S �H�F�P�E�F�T�J�D�T�� �*�N�B�H�F
�G�S�P�N �<�)�V�B�������>��
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�1�S�F�W�J�P�V�T �X�P�S�L�T �P�O �T�I�B�Q�F �G�S�P�N �T�F�O�T�P�S�T �V�T�F�E �E�F�W�J�D�F�T �X�J�U�I �B ���Y�F�E �D�P�O�O�F�D�U�J�W�J�U�Z �B�O�E
�L�O�P�X�O �E�J�T�U�B�O�D�F�T �C�F�U�X�F�F�O �T�F�O�T�P�S �O�P�E�F�T�� �5�I�F �T�F�O�T�P�S�T �X�F�S�F �P�S�H�B�O�J�[�F�E �V�O�J�G�P�S�N�M�Z �P�O
�B ���% �S�J�C�C�P�O �	�'�J�H�����������M�F�G�U�
 �P�S �P�O �B �S�F�H�V�M�B�S ���% �H�S�J�E �	�'�J�H�����������S�J�H�I�U�
�� �.�V�M�U�J�Q�M�F �S�J�C�C�P�O�T
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�X�F�S�F �F�N�Q�M�P�Z�F�E �U�P �B�D�R�V�J�S�F �O�F�U�X�P�S�L�T �P�G �D�V�S�W�F�T �P�O �B �T�V�S�G�B�D�F�
 �V�T�J�O�H �B �D�P�N�C �T�U�S�V�D�U�V�S�F
�<�4�-�#�����> �P�S �Q�B�U�D�I�F�T �X�J�U�I �C�P�V�O�E�B�S�Z �G�S�P�N �H�F�P�E�F�T�J�D �D�V�S�W�F�T �<�)�V�B�������>�� �)�P�X�F�W�F�S�
 �U�I�F�T�F
�S�J�C�C�P�O�T �D�B�O�O�P�U �C�F �Q�M�B�D�F�E �P�O �U�I�F �T�V�S�G�B�D�F �B�S�C�J�U�S�B�S�J�M�Z �B�T �U�I�F�Z �X�J�M�M �J�O�F�W�J�U�B�C�M�Z �G�P�M�M�P�X
�H�F�P�E�F�T�J�D �D�V�S�W�F�T�� �(�S�J�E�T �P�G �T�F�O�T�P�S �O�P�E�F�T �B�S�F �M�J�N�J�U�F�E �U�P �T�Q�F�D�J���D �U�Z�Q�F�T �P�G �T�V�S�G�B�D�F�T �	�F���H��
�E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�F�T �J�T�P�N�F�U�S�J�D �U�P �Q�M�B�O�B�S �T�I�F�F�U�T�
�� �8�I�J�M�F �N�P�T�U �F�Y�J�T�U�J�O�H �N�F�U�I�P�E�T �X�P�S�L
�J�O �S�F�B�M �U�J�N�F�
 �U�I�F�Z �B�E�P�Q�U �W�B�S�J�P�V�T �I�F�V�S�J�T�U�J�D�T �U�P �H�M�V�F �U�I�F �B�D�R�V�J�S�F�E �D�V�S�W�F�T �U�P�H�F�U�I�F�S �J�O
�P�S�E�F�S �U�P �I�B�W�F �B �D�M�P�T�F�E �O�F�U�X�P�S�L �X�J�U�I �Q�S�P�Q�F�S �U�P�Q�P�M�P�H�Z��
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�8�F �F�Y�Q�M�P�S�F �B �O�P�W�F�M�E�Z�O�B�N�J�D�T�F�U�V�Q �G�P�S �B�D�R�V�J�T�J�U�J�P�O �P�G �P�S�J�F�O�U�B�U�J�P�O�T �X�J�U�I �T�F�O�T�P�S���J�O�T�U�S�V��
�N�F�O�U�F�E �E�F�W�J�D�F�T�� �*�O �P�V�S �T�F�U�V�Q�
 �B �E�F�W�J�D�F �X�J�U�I �B �T�J�O�H�M�F �*�.�6 �J�T �N�P�W�F�E �B�M�P�O�H �B�W�J�S�U�V�B�M
�O�F�U�X�P�S�L �P�G �D�V�S�W�F�T �P�O �U�I�F �T�D�B�O�O�F�E �T�V�S�G�B�D�F�
 �B�O�E �U�I�F �E�B�U�B �B�S�F �B�D�R�V�J�S�F�E �J�O�U�F�S�B�D�U�J�W�F�M�Z��
�6�O�U�J�M �O�P�X�
 �U�I�J�T �U�Z�Q�F �P�G �B�D�R�V�J�T�J�U�J�P�O �T�F�U�V�Q �V�T�J�O�H �T�F�O�T�P�S�T �I�B�T �O�P�U �C�F�F�O �T�U�V�E�J�F�E��

�0�V�S �E�Z�O�B�N�J�D �T�F�U�V�Q �I�B�T �T�F�W�F�S�B�M �B�E�W�B�O�U�B�H�F�T �D�P�N�Q�B�S�F�E �U�P �U�I�F �F�Y�J�T�U�J�O�H �N�F�U�I�P�E�T�� �4�J�O�D�F
�B �E�Z�O�B�N�J�D �E�F�W�J�D�F �D�B�O �C�F �N�P�W�F�E �G�S�F�F�M�Z �P�O �U�I�F �T�V�S�G�B�D�F�
 �U�I�F �U�P�Q�P�M�P�H�Z �P�G �U�I�F �D�V�S�W�F �O�F�U��
�X�P�S�L �J�T �O�P �M�P�O�H�F�S ���Y�F�E�
 �J�O �D�P�O�U�S�B�T�U �U�P �B �T�U�B�U�J�D �T�F�U�V�Q�� �5�I�J�T �B�M�M�P�X�T �V�T �U�P �B�D�R�V�J�S�F �N�P�S�F
�D�V�S�W�F �O�F�U�X�P�S�L�T �B�O�E �S�F�D�P�O�T�U�S�V�D�U �B �C�S�P�B�E�F�S �G�B�N�J�M�Z �P�G �T�I�B�Q�F�T �U�I�B�O �X�I�B�U �J�T �Q�P�T�T�J�C�M�F
�X�J�U�I �U�I�F �F�Y�J�T�U�J�O�H �N�F�U�I�P�E�T�� �.�P�S�F�P�W�F�S�
 �J�O �P�V�S �E�Z�O�B�N�J�D �T�F�U�V�Q�
 �U�I�F �T�J�[�F �P�G �U�I�F �T�D�B�O�O�F�E
�P�C�K�F�D�U �J�T �O�P�U �M�J�N�J�U�F�E �C�Z �U�I�F �B�D�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F��
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�B�D�R�V�J�T�J�U�J�P�O �U�J�N�F�T�U�B�N�Q�T�� �0�Q�U�J�P�O�B�M�M�Z�
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�U�I�F�T�J�T��

�0�V�S �B�Q�Q�S�P�B�D�I �G�P�S �D�P�N�Q�V�U�J�O�H �T�I�B�Q�F�T �G�S�P�N �U�I�F �N�F�B�T�V�S�F�E �E�B�U�B �J�T �U�P �G�P�S�N�V�M�B�U�F �U�I�F
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�O�P�S�N�B�M�T �B�S�F �Q�S�P�Q�B�H�B�U�F�E �U�I�S�P�V�H�I�P�V�U �U�I�F �N�F�T�I�� �5�P�H�F�U�I�F�S �X�J�U�I �U�I�F �J�O�J�U�J�B�M �N�F�T�I�
 �U�I�F
�Q�S�P�Q�B�H�B�U�F�E �O�P�S�N�B�M�T �B�S�F �V�T�F�E �U�P �F�T�U�J�N�B�U�F �N�F�B�O �D�V�S�W�B�U�V�S�F �W�F�D�U�P�S�T�� �8�F �U�I�F�O �D�P�N��
�Q�V�U�F �U�I�F ���O�B�M �N�F�T�I �C�Z �D�P�N�C�J�O�J�O�H �U�I�F �T�U�B�O�E�B�S�E �-�B�Q�M�B�D�J�B�O���C�B�T�F�E �W�B�S�J�B�U�J�P�O�B�M �N�F�U�I��
�P�E�T �X�J�U�I �U�I�F �D�V�S�W�B�U�V�S�F �J�O�G�P�S�N�B�U�J�P�O �F�Y�U�S�B�D�U�F�E �G�S�P�N �U�I�F �J�O�Q�V�U �O�P�S�N�B�M�T�� �5�I�F �O�P�S�N�B�M
�J�O�Q�V�U �J�O�D�S�F�B�T�F�T �T�I�B�Q�F ���E�F�M�J�U�Z �B�O�E �B�M�M�P�X�T �U�P �B�D�I�J�F�W�F �H�M�P�C�B�M�M�Z �T�N�P�P�U�I �B�O�E �W�J�T�V�B�M�M�Z
�Q�M�F�B�T�J�O�H �T�I�B�Q�F�T��

�*�O �$�I�B�Q�U�F�S���
 �X�F �T�I�P�X �I�P�X �X�F �D�P�N�C�J�O�F �U�I�F �B�M�H�P�S�J�U�I�N�T �G�P�S �O�F�U�X�P�S�L �S�F�D�P�O�T�U�S�V�D�U�J�P�O
�	�$�I�B�Q�U�F�S���
 �B�O�E �O�F�U�X�P�S�L �T�V�S�G�B�D�J�O�H �	�$�I�B�Q�U�F�S���
 �J�O �P�S�E�F�S �U�P �B�D�R�V�J�S�F �E�J�H�J�U�B�M �N�P�E�F�M�T
�P�G �Q�I�Z�T�J�D�B�M �T�I�B�Q�F�T�� �8�F �E�F�T�D�S�J�C�F �U�I�F �U�F�T�U �T�V�S�G�B�D�F�T �V�T�F�E �G�P�S �U�I�F �F�W�B�M�V�B�U�J�P�O�
 �B�T �X�F�M�M �B�T
�U�I�F �Q�S�P�D�F�T�T �P�G �E�B�U�B �B�D�R�V�J�T�J�U�J�P�O�� �*�O �B�E�E�J�U�J�P�O �U�P �S�F�D�P�O�T�U�S�V�D�U�J�P�O�
 �X�F �E�F�N�P�O�T�U�S�B�U�F �I�P�X
�U�I�F �T�B�N�F �G�S�B�N�F�X�P�S�L �D�B�O �C�F �V�T�F�E �U�P �T�L�F�U�D�I ���% �T�I�B�Q�F�T �V�T�J�O�H �O�P�U�I�J�O�H �C�V�U �B �T�N�B�S�U��
�Q�I�P�O�F��

�5�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N�F�U�I�P�E�T �U�I�B�U �X�F �J�O�U�S�P�E�V�D�F �X�F�S�F �P�S�J�H�J�O�B�M�M�Z �E�F�T�J�H�O�F�E �G�P�S �V�T�F
�X�J�U�I �E�Z�O�B�N�J�D �E�F�W�J�D�F�T �	�4�F�D�U�J�P�O�������
�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �P�V�S �G�S�B�N�F�X�P�S�L �J�T �O�P�U �M�J�N�J�U�F�E �U�P
�U�I�F �E�Z�O�B�N�J�D �T�F�U�V�Q�
 �B�O�E �D�P�V�M�E �B�M�T�P �C�F �V�T�F�E �J�O �D�P�N�C�J�O�B�U�J�P�O �X�J�U�I ���Y�F�E���U�P�Q�P�M�P�H�Z �E�F��
�W�J�D�F�T �X�J�U�I�P�V�U �N�P�E�J���D�B�U�J�P�O�� �1�P�T�T�J�C�M�F �B�Q�Q�M�J�D�B�U�J�P�O�T �B�S�F �D�P�V�O�U�M�F�T�T �B�O�E �J�O�D�M�V�E�F �T�N�B�S�U
�N�B�U�F�S�J�B�M�T �<�)�V�B�������>�
 �T�I�B�Q�F �E�J�H�J�U�J�[�B�U�J�P�O �<�4�U�B�������B�>�
 �N�F�E�J�D�B�M �T�D�B�O�O�J�O�H �<�)�$�(���� �> �B�O�E
�4�U�S�V�D�U�V�S�B�M �)�F�B�M�U�I �.�P�O�J�U�P�S�J�O�H �	�4�)�.�
 �<�4�B�H�������>��
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�3�F�N�B�S�L�T �P�O �U�F�S�N�J�O�P�M�P�H�Z���5�I�S�P�V�H�I�P�V�U �U�I�F �U�I�F�T�J�T�
 �X�F �T�P�N�F�U�J�N�F�T �V�T�F �U�I�F �U�F�S�N�T�D�B�O�O�J�O�H
�U�P �E�F�T�D�S�J�C�F �U�I�F �B�D�R�V�J�T�J�U�J�P�O �P�G �T�I�B�Q�F�T�� �#�Z �U�I�J�T�
 �X�F �E�P �O�P�U �N�F�B�O �U�I�F �V�T�V�B�M ���% �B�D�R�V�J�T�J��
�U�J�P�O �B�T�T�P�D�J�B�U�F�E �X�J�U�I �P�Q�U�J�D�B�M ���% �T�D�B�O�O�F�S�T�
 �C�V�U �S�B�U�I�F�S �U�I�F �B�D�R�V�J�T�J�U�J�P�O �P�G �P�S�J�F�O�U�B�U�J�P�O�T
�B�O�E �E�J�T�U�B�O�D�F�T �V�T�J�O�H �P�O�F �P�G �P�V�S �E�F�W�J�D�F�T��

�-�J�L�F�X�J�T�F�
 �U�I�F �N�F�B�O�J�O�H �P�G �U�I�F �U�F�S�N�S�F�D�P�O�T�U�S�V�D�U�J�P�O�N�J�H�I�U �T�M�J�H�I�U�M�Z �W�B�S�Z�
 �C�V�U �U�I�F �N�F�B�O��
�J�O�H �J�T �B�M�X�B�Z�T �D�M�F�B�S �G�S�P�N �U�I�F �D�P�O�U�F�Y�U�� �*�O �$�I�B�Q�U�F�S���
 �S�F�D�P�O�T�U�S�V�D�U�J�P�O �S�F�G�F�S�T �U�P �U�I�F �D�P�N��
�Q�V�U�B�U�J�P�O �P�G �B �D�V�S�W�F �O�F�U�X�P�S�L�� �*�O �$�I�B�Q�U�F�S���
 �S�F�D�P�O�T�U�S�V�D�U�J�P�O �S�F�G�F�S�T �U�P �U�I�F �X�I�P�M�F �Q�S�P��
�D�F�T�T �P�G �D�P�N�Q�V�U�J�O�H �B �T�N�P�P�U�I �T�V�S�G�B�D�F �G�S�P�N �T�F�O�T�P�S �E�B�U�B��





��
�'�P�V�O�E�B�U�J�P�O�T

�8�ã �ä�í�á�ó�ñ �í�ì �á�ó�ð�ô�ã�ñ �í�ì �ñ�ó�ð�ä�ß�á�ã�ñ �ç�ë�ë�ã�ð�ñ�ã�â �ç�ì �ò�æ�ã �&�ó�á�ê�ç�â�ã�ß�ì �ñ�î�ß�á�ã’ 3��
�5�I�J�T �D�I�B�Q�U�F�S �F�T�U�B�C�M�J�T�I�F�T �U�I�F�P�S�F�U�J�D�B�M �C�B�D�L�H�S�P�V�O�E �G�P�S �X�P�S�L�J�O�H �X�J�U�I �T�V�D�I �P�C�K�F�D�U�T�� �5�I�F
�D�P�N�N�P�O �E�F�O�P�N�J�O�B�U�P�S �J�T �U�I�F �D�P�O�D�F�Q�U �P�G �B �T�N�P�P�U�I �N�B�O�J�G�P�M�E�� �%�B�S�C�P�V�Y �G�S�B�N�F�T �G�S�P�N
�U�I�F �H�S�P�V�Q �P�G �S�P�U�B�U�J�P�O�T �	�����N�B�O�J�G�P�M�E�
 �B�S�F �V�T�F�E �U�P �E�F�T�D�S�J�C�F �B �D�V�S�W�F �O�F�U�X�P�S�L �	�D�P�M�M�F�D�U�J�P�O
�P�G �����N�B�O�J�G�P�M�E�T�
 �P�O �B �T�V�S�G�B�D�F �	�����N�B�O�J�G�P�M�E�
��

�5�I�J�T �D�I�B�Q�U�F�S �J�T �P�S�H�B�O�J�[�F�E �B�T �G�P�M�M�P�X�T�� �4�F�D�U�J�P�O�T�������U�P�������T�V�N�N�B�S�J�[�F �J�N�Q�P�S�U�B�O�U �G�B�D�U�T
�B�C�P�V�U �D�V�S�W�F�T �B�O�E �T�V�S�G�B�D�F�T �J�O’ 3�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �4�F�D�U�J�P�O�������H�F�O�F�S�B�M�J�[�F�T �U�I�F �D�P�O�D�F�Q�U
�P�G �N�B�O�J�G�P�M�E �J�N�N�F�S�T�F�E �J�On���E�J�N�F�O�T�J�P�O�B�M �&�V�D�M�J�E�F�B�O �T�Q�B�D�F �B�O�E �J�O�U�S�P�E�V�D�F�T �F�T�T�F�O�U�J�B�M
�O�P�U�J�P�O�T �G�S�P�N �3�J�F�N�B�O�O�J�B�O �H�F�P�N�F�U�S�Z�� �4�F�D�U�J�P�O�������E�F�T�D�S�J�C�F�T �S�P�U�B�U�J�P�O�T �J�O �U�I�S�F�F �E�J�N�F�O��
�T�J�P�O�T �B�T �Q�P�J�O�U�T �P�O �U�I�F �N�B�O�J�G�P�M�ESO¹3º�� �4�F�D�U�J�P�O�������J�O�U�S�P�E�V�D�F�T �U�I�F �D�P�O�D�F�Q�U �P�G �B �D�F�M�M
�D�P�N�Q�M�F�Y�
 �X�I�J�D�I �X�F �V�T�F �U�P �E�F���O�F �D�V�S�W�F �O�F�U�X�P�S�L�T �B�O�E �U�S�J�B�O�H�M�F �N�F�T�I�F�T�� �4�F�D�U�J�P�O������
�E�F�T�D�S�J�C�F�T �E�J�T�D�S�F�U�J�[�B�U�J�P�O �P�G �U�I�F �-�B�Q�M�B�D�F���#�F�M�U�S�B�N�J �P�Q�F�S�B�U�P�S �G�P�S �U�S�J�B�O�H�M�F �N�F�T�I�F�T�� �4�F�D��
�U�J�P�O�������T�V�N�N�B�S�J�[�F�T �W�B�S�J�B�U�J�P�O�B�M �N�F�U�I�P�E�T �G�P�S �T�I�B�Q�F �N�P�E�F�M�J�O�H��

�-�F�U �V�T �T�U�B�S�U �C�Z �J�O�U�S�P�E�V�D�J�O�H �U�I�F �O�P�U�B�U�J�P�O �B�O�E �D�P�O�W�F�O�U�J�P�O�T �V�T�F�E �U�I�S�P�V�H�I�P�V�U �U�I�F �U�I�F��
�T�J�T��’ n �E�F�O�P�U�F�T �C�P�U�I �U�I�Fn���E�J�N�F�O�T�J�P�O�B�M �W�F�D�U�P�S �T�Q�B�D�F �P�W�F�S �S�F�B�M �O�V�N�C�F�S�T �B�O�E �U�I�F
n���E�J�N�F�O�T�J�P�O�B�M �&�V�D�M�J�E�F�B�O �T�Q�B�D�F �X�J�U�I �U�I�F �V�T�V�B�M �N�F�U�S�J�D�� �8�F �B�E�P�Q�U �U�I�F �D�P�M�V�N�O �W�F�D�U�P�S
�D�P�O�W�F�O�U�J�P�O�� �B �Q�P�J�O�Ux 2 ’ n �J�T �Bn���U�V�Q�M�F¹x1; : : : ;xnº| �� �5�I�F �T�U�B�O�E�B�S�E �E�P�U �Q�S�P�E�V�D�U
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u| v �G�P�S �U�X�P �W�F�D�U�P�S�T �J�O’ n �J�T �E�F�O�P�U�F�E �C�Z �B �E�P�Uu � v �P�S �C�Z �B�O�H�M�F �C�S�B�D�L�F�U�Thu; vi �� �5�I�F
�D�B�O�P�O�J�D�B�M �C�B�T�J�T �J�O’ 3 �J�T �E�F�O�P�U�F�E �C�Z

e1 � ¹1; 0; 0º| ; e2 � ¹0; 1; 0º| ; e3 � ¹0; 0; 1º| :

�-�F�Uu � ¹ux ; uy ; uzº| ; v � ¹vx ; vy ; vzº| ; w � ¹wx ; wy ; wzº| 2 ’ 3�� �5�I�F �D�S�P�T�T �Q�S�P�E�V�D�U
�P�G �U�X�P �W�F�D�U�P�S�T �J�T �E�F���O�F�E �B�T

u � v � det
©
­
«

e1 ux vx
e2 uy vy
e3 uz vz

ª
®
¬

� e1 det

�
uy vx
uz vz

�
� e2 det

�
ux vx
uz vz

�
� e3 det

�
ux vx
uy vy

�
:

�*�U �G�P�M�M�P�X�T �U�I�B�Ue1 � e2 � e3�� �5�I�F �N�J�Y�F�E �Q�S�P�E�V�D�U �P�G �U�I�S�F�F �W�F�D�U�P�S�T �J�T �E�F���O�F�E �B�T

w �u � v � det
©
­
«

wx ux vx
wy uy vy
wz uz vz

ª
®
¬

� wx det

�
uy vx
uz vz

�
� wy det

�
ux vx
uz vz

�
� wz det

�
ux vx
uy vy

�
:

�*�G �U�I�F �W�F�D�U�P�S�Tu �B�O�Ev �B�S�F �V�O�J�U �B�O�E �P�S�U�I�P�H�P�O�B�M�
 �U�I�F �P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�Ff u; v; u � vg
�J�T �S�J�H�I�U���I�B�O�E�F�E �B�O�E �Q�P�T�J�U�J�W�F�M�Z �P�S�J�F�O�U�F�E��

�5�I�F �U�S�B�D�F �P�G �B �T�R�V�B�S�Fn � n �N�B�U�S�J�YA � ¹ai j º �J�T �E�F���O�F�E �B�T �U�I�F �T�V�N �P�G �F�M�F�N�F�O�U�T �P�O �U�I�F
�N�B�J�O �E�J�B�H�P�O�B�M�
 �B�O�E �J�T �F�R�V�B�M �U�P �U�I�F �T�V�N �P�G �F�J�H�F�O�W�B�M�V�F�T�


trace¹Aº �
nÕ

i � 1

ai i �
nÕ

i � 1

� i :

�'�P�S �U�X�P �W�F�D�U�P�S�Tx; y 2 ’ n �
 �U�I�F �T�U�B�O�E�B�S�E �E�P�U �Q�S�P�E�V�D�U �J�T �S�F�M�B�U�F�E �U�P �U�I�F �N�B�U�S�J�Y �U�S�B�D�F �C�Z
�U�I�F �G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O�T��

trace
�
xy| �

� x| y � x � y � y| x � trace
�
yx| �

:

�5�I�F �D�S�P�T�T �Q�S�P�E�V�D�U �N�B�U�S�J�Y �P�Q�F�S�B�U�P�S»u� ¼�J�T �E�F���O�F�E �W�J�B �U�I�F �S�F�M�B�U�J�P�Ou � v � »u� ¼v�� �*�U
�I�P�M�E�T �U�I�B�U

»u� ¼�
©
­
«

0 � uz uy
uz 0 � ux

� uy ux 0

ª
®
¬

:

�5�I�F �N�B�U�S�J�Y»u� ¼�J�T �B�O �F�Y�B�N�Q�M�F �P�G �B�T�L�F�X���T�Z�N�N�F�U�S�J�D�P�S�B�O�U�J�T�Z�N�N�F�U�S�J�D�N�B�U�S�J�Y�� �*�O �H�F�O��
�F�S�B�M�
 �B �T�R�V�B�S�F �N�B�U�S�J�YA �J�T �T�L�F�X���T�Z�N�N�F�U�S�J�D �J�G �J�U�T �U�S�B�O�T�Q�P�T�F �F�R�V�B�M�T �J�U�T �O�F�H�B�U�J�W�F�


A � A| � 0:

�/�P�U�F �U�I�B�U �U�I�F �U�S�B�D�F �P�G �B �T�L�F�X���T�Z�N�N�F�U�S�J�D �N�B�U�S�J�Y �B�M�X�B�Z�T �W�B�O�J�T�I�F�T �T�J�O�D�F �J�U�T �E�J�B�H�P�O�B�M
�J�T �[�F�S�P��



�;�:

�5�I�F �'�S�P�C�F�O�J�V�T �J�O�O�F�S �Q�S�P�E�V�D�U �P�G �U�X�Pm � n �N�B�U�S�J�D�F�TA � ¹ai j º; B � ¹bi j º 2 ’ m� n �J�T

hA ; Bi F � trace
�
A| B

�
�

mÕ

i � 1

nÕ

j � 1

ai j bi j �	�������


�B�O�E �J�O�E�V�D�F�T �U�I�F �'�S�P�C�F�O�J�V�T �O�P�S�N��

kA kF �
p

hA ; Ai F �

vut mÕ

i � 1

nÕ

j � 1

a2
i j : �	�������


�#�P�U�II �B�O�EIn �X�J�M�M �E�F�O�P�U�F �U�I�Fn � n �J�E�F�O�U�J�U�Z �N�B�U�S�J�Y��0m� n �P�S0 �E�F�O�P�U�F�T �U�I�Fm� n �[�F�S�P
�N�B�U�S�J�Y �B�O�E0 � 0m� 1 �J�T �U�I�F �[�F�S�P �W�F�D�U�P�S��

�-�F�UU � ’ m �B�O�EV � ’ n �C�F �P�Q�F�O �T�F�U�T�� �$�P�O�T�J�E�F�S �B �N�B�Q�Q�J�O�Hf �G�S�P�NU �U�PV ��

f : U � ’ m �! V � ’ n

x � ¹x1; : : : ;xmº| 7�! f ¹xº � ¹ f1¹xº; : : : ; fn¹xºº|

�Y f �J�T�D�P�O�U�J�O�V�P�V�T�P�S�P�G �D�M�B�T�TC0 �J�G �B�M�M �D�P�N�Q�P�O�F�O�U�Tfi �B�S�F �D�P�O�U�J�O�V�P�V�T��

�Y f �J�T�E�J���F�S�F�O�U�J�B�C�M�F�J�G �B�M�M �Q�B�S�U�J�B�M �E�F�S�J�W�B�U�J�W�F�T@f • @x j �F�Y�J�T�U��

�Y f �J�T�D�P�O�U�J�O�V�P�V�T�M�Z �E�J���F�S�F�O�U�J�B�C�M�F�J�Gf �J�T �E�J���F�S�F�O�U�J�B�C�M�F �B�O�E �B�M�M �Q�B�S�U�J�B�M �E�F�S�J�W�B�U�J�W�F�T
@f • @x j �B�S�F �D�P�O�U�J�O�V�P�V�T��

�Y f �J�T�P�G �D�M�B�T�TCk �J�G �B�M�M �Q�B�S�U�J�B�M �E�F�S�J�W�B�U�J�W�F�T@f • @x j �B�S�F �P�G �D�M�B�T�TCk� 1��

�Y f �J�T�P�G �D�M�B�T�TC1 �J�G �B�M�M �Q�B�S�U�J�B�M �E�F�S�J�W�B�U�J�W�F�T@k f • @x i1 : : : @x ik �F�Y�J�T�U �B�O�E �B�S�F �D�P�O�U�J�O��
�V�P�V�T �G�P�S �B�O�Zk��

�'�P�S �B �P�O�F���Q�B�S�B�N�F�U�F�S �D�V�S�W�Fx : I � ’ ! ’ 3�
 �U�I�F �Q�S�J�N�F �B�O�E �U�I�F �E�P�V�C�M�F �Q�S�J�N�F �E�F�O�P�U�F
���S�T�U �B�O�E �T�F�D�P�O�E �T�Q�B�U�J�B�M �E�F�S�J�W�B�U�J�W�F�T��

x0 �
dx
ds

; x00�
d2x
ds2

:

�'�P�S �B �U�X�P���Q�B�S�B�N�F�U�F�S �T�V�S�G�B�D�Fx : 
 � ’ 2 ! ’ 3�
 �U�I�F �Q�B�S�U�J�B�M �E�F�S�J�W�B�U�J�W�F�T �B�S�F �E�F�O�P�U�F�E
�C�Z �T�V�C�T�D�S�J�Q�U�T��

xu �
@x
@u

; xuv �
@2x

@u@v
:



�;�; �; �%���������^�
��������

�;���: �2�	�^�`�Í �`�������Í��

�%�F���O�J�U�J�P�O �������	�$�V�S�W�F�
 �M�F�O�H�U�I�
�� �" �Q�B�S�B�N�F�U�S�J�D �T�Q�B�D�F �D�V�S�W�F
 �J�T �B�O �J�N�B�H�F �P�G �B �E�J���F�S�F�O��
�U�J�B�C�M�F �N�B�Q

x : »a; b¼ � ’ ! ’ 3 : s 7! x¹sº �
�
x¹sº; y¹sº; z¹sº

� |
:

�5�I�F �N�B�Qx �J�T �D�B�M�M�F�E �B�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�P�G
 �� �5�I�F �E�F�S�J�W�B�U�J�W�F �P�G �U�I�F �D�V�S�W�F �E�F���O�F�T �U�I�F �U�B�O�H�F�O�U
���F�M�Et � x0�� �5�I�F �D�V�S�W�F
 �J�T �D�B�M�M�F�E�S�F�H�V�M�B�S�J�� �U�I�F �U�B�O�H�F�O�U ���F�M�E �O�F�W�F�S �W�B�O�J�T�I�F�T�
 �J���F�� �J��x0 , 0
�G�P�S �B�M�Ms 2 »a; b¼��

�'�P�S �B �S�F�H�V�M�B�S �D�V�S�W�F�
 �U�I�F �M�F�O�H�U�I �P�G �U�I�F �T�F�H�N�F�O�U �C�F�U�X�F�F�O �U�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�Ux¹aº �B�O�E �B �Q�P�J�O�U
x¹sº �P�O �U�I�F �D�V�S�W�F �J�T

l ¹sº �
¹ s

a




 x0¹t º




 dt :

�5�I�F �U�P�U�B�M �M�F�O�H�U�I �P�G
 �J�TL � l ¹bº��

�%�F���O�J�U�J�P�O �������	�/�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�
�� �" �S�F�H�V�M�B�S �D�V�S�W�F
 �J�T �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �J�U�T
�B�S�D �M�F�O�H�U�I �J�Gl¹sº � s � a �G�P�S �B�M�Ms 2 »a; b¼�� �4�F�U�U�J�O�Ha � 0 �U�I�F�O �Z�J�F�M�E�T �U�I�F �V�O�J�R�V�F�O�B�U�V�S�B�M
�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O

x : »0; L¼ � ’ ! 
 � ’ 3:

�4�J�O�D�Fl ¹sº �
¯ s

0




 x0¹t º




 dt � s�
 �U�I�F �E�F�S�J�W�B�U�J�W�F �P�G �U�I�F �O�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �I�B�T �V�O�J�U

�M�F�O�H�U�I �F�W�F�S�Z�X�I�F�S�F��




 x0¹sº




 �




 t¹sº




 � 1 �G�P�S �B�M�Ms 2 »0; L¼:

�5�I�F �O�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �J�T �B�O �J�T�P�N�P�S�Q�I�J�T�N �B�O�E �J�T �B�M�T�P �D�B�M�M�F�E �U�I�F�B�S�D���M�F�O�H�U�I�P�S
�U�I�F�V�O�J�U���T�Q�F�F�E�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�� �*�O�U�V�J�U�J�W�F�M�Z�
 �B �D�V�S�W�F �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �U�I�F �B�S�D �M�F�O�H�U�I
�J�T �B�O �J�N�B�H�F �P�G �U�I�F �M�J�O�F �T�F�H�N�F�O�U»0; L¼�X�J�U�I �O�P �T�U�S�F�U�D�I�J�O�H �P�S �T�R�V�J�T�I�J�O�H�� �"�O�Z �S�F�H�V�M�B�S
�D�V�S�W�F �D�B�O �C�F �S�F�Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �U�I�F �B�S�D �M�F�O�H�U�I��

�6�O�M�F�T�T �T�U�B�U�F�E �P�U�I�F�S�X�J�T�F�
 �X�F �B�T�T�V�N�F �U�I�B�U �B�M�M �D�V�S�W�F�T �B�S�F �S�F�H�V�M�B�S �B�O�E �H�J�W�F�O �C�Z �U�I�F
�O�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O��

�1�S�P�Q�P�T�J�U�J�P�O ���������'�P�S �B�O �B�S�D���M�F�O�H�U�I �Q�B�S�B�N�F�U�S�J�[�F�E �D�V�S�W�F
 �
 �U�I�F �W�F�D�U�P�S�Tt � x0 �B�O�Et0 � x00

�B�S�F �P�S�U�I�P�H�P�O�B�M��

�1�S�P�P�G���%�J���F�S�F�O�U�J�B�U�J�O�H �U�I�F �S�F�M�B�U�J�P�Oktk2 � t � t � 1 �P�O�D�F �Z�J�F�M�E�Tt � t0 � 0��

�%�F���O�J�U�J�P�O �������	�'�S�B�N�F�
�� �" �G�S�B�N�F �P�G �U�I�F �D�V�S�W�F
 �J�T �B�O �P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�FA � f t; n1; n2g
�E�F���O�F�E �C�Z �U�I�F �V�O�J�U �U�B�O�H�F�O�Ut � x0 �B�O�E �U�I�F �D�I�P�J�D�F �P�G �U�I�F �W�F�D�U�P�Sn1 ? t �W�B�S�Z�J�O�H �T�N�P�P�U�I�M�Z �B�M�P�O�H
�U�I�F �D�V�S�W�F�� �5�I�F �G�S�B�N�F �J�T �U�I�F�O �D�P�N�Q�M�F�U�F�E �C�Zn2 � t � n1��



�;���; �1�Í�Ì�����^�� �������Î�^�`�Í�� �;�<

�1�S�P�Q�P�T�J�U�J�P�O �������	�'�S�B�N�J�O�H �G�P�S�N�V�M�B�T�
�� �5�I�F �G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O�T �I�P�M�E��

©
­
«

t0

n0
1

n0
2

ª
®
¬

�
©
­
«

0 � 1 � 2
� � 1 0 �
� � 2 � � 0

ª
®
¬

©
­
«

t
n1
n2

ª
®
¬

; �	�������


�X�I�F�S�Ft0 � � 1n1 � � 2n2 �J�T �U�I�F�D�V�S�W�B�U�V�S�F �W�F�D�U�P�S�P�G
 �
 �B�O�E �U�I�F�U�P�S�T�J�P�O� �N�F�B�T�V�S�F�T �U�I�F
�U�X�J�T�U�J�O�H �P�G �U�I�F �P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�FA ��

�*�G �U�I�F �D�V�S�W�B�U�V�S�F �W�F�D�U�P�St0 � x00�O�F�W�F�S �W�B�O�J�T�I�F�T�
 �X�F �D�B�O �X�S�J�U�F �J�U �J�O �U�F�S�N�T �P�G �U�I�F�Q�S�J�O�D�J�Q�B�M
�O�P�S�N�B�Mn �B�O�E �U�I�F �D�V�S�W�B�U�V�S�F� � 1• r �B�Tt0 � � n�� �)�F�S�F�
r �J�T �U�I�F �S�B�E�J�V�T �P�G �U�I�F �P�T�D�V�M�B�U�J�O�H
�D�J�S�D�M�F �B�U
 ¹sº�
 �X�I�J�D�I �J�T �M�P�D�B�M�M�Z �U�I�F �D�M�P�T�F�T�U �T�F�D�P�O�E���P�S�E�F�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �D�V�S�W�F
�	�T�F�F �'�J�H���������M�F�G�U�
 �Q�������
�� �*�O�U�V�J�U�J�W�F�M�Z�
 �U�I�F �D�V�S�W�B�U�V�S�F� �N�F�B�T�V�S�F�T �U�I�F �E�F�W�J�B�U�J�P�O �P�G
 �G�S�P�N
�B �T�U�S�B�J�H�I�U �M�J�O�F�� �U�I�F �U�P�S�T�J�P�O� �N�F�B�T�V�S�F�T �U�I�F �E�F�W�J�B�U�J�P�O �P�G
 �G�S�P�N �B �Q�M�B�O�B�S �D�V�S�W�F��

�%�F���O�J�U�J�P�O �������	�'�S�F�O�F�U���4�F�S�S�F�U �G�S�B�N�F�
�� �5�I�F �'�S�F�O�F�U���4�F�S�S�F�U �G�S�B�N�FF � f t; n; bg�J�T �H�J�W�F�O
�C�Z

t � x0; n � x00•



 x00




 ; b � t � n:

�5�I�F �W�F�D�U�P�Sb �J�T �D�B�M�M�F�E �U�I�F�C�J�O�P�S�N�B�M�� �4�V�C�T�U�J�U�V�U�J�P�O �J�O�U�P �&�R���	�������
 �Z�J�F�M�E�T �U�I�F�'�S�F�O�F�U���4�F�S�S�F�U
�G�P�S�N�V�M�B�T

©
­
«

t0

n0

b0

ª
®
¬

�
©
­
«

0 � 0
� � 0 �
0 � � 0

ª
®
¬

©
­
«

t
n
b

ª
®
¬

: �	�������


�"�U �J�O���F�D�U�J�P�O �Q�P�J�O�U�T �	� � 0�
�
 �U�I�F �'�S�F�O�F�U���4�F�S�S�F�U �G�S�B�N�F �J�T �O�P�U �E�F���O�F�E�� �"�N�P�O�H �U�I�F
�J�O���O�J�U�Z �P�G �G�S�B�N�F�T �X�I�J�D�I �F�Y�J�T�U �G�P�S �U�I�F �D�V�S�W�F
 �
 �U�I�F �'�S�F�O�F�U���4�F�S�S�F�U �G�S�B�N�F �B�S�J�T�F�T �G�S�P�N �U�I�F
�P�S�U�I�P�H�P�O�B�M�J�U�Z �P�G �U�I�F ���S�T�U �U�X�P �E�F�S�J�W�B�U�J�W�F�T �P�G �U�I�F �D�V�S�W�F �	x0� x00� 0�
 �D�G�� �1�S�P�Q�P�T�J�U�J�P�O�������

�B�O�E �O�B�U�V�S�B�M�M�Z �S�F���F�D�U�T �U�I�F �M�P�D�B�M �E�J���F�S�F�O�U�J�B�M �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �D�V�S�W�F��

�0�O�F �P�G �U�I�F �D�F�O�U�S�B�M �D�P�O�D�F�Q�U�T �J�O �U�I�J�T �U�I�F�T�J�T �J�T �U�I�F�%�B�S�C�P�V�Y �G�S�B�N�F�
 �X�I�J�D�I �J�T �V�T�F�G�V�M �G�P�S
�T�U�V�E�Z�J�O�H �D�V�S�W�F�T �P�O �T�V�S�G�B�D�F�T�� �#�F�G�P�S�F �X�F �E�F���O�F �J�U �J�O �4�F�D�U�J�P�O�������
 �M�F�U �V�T �G�P�S�N�B�M�J�[�F �U�I�F
�O�P�U�J�P�O �P�G �B �S�F�H�V�M�B�S �T�V�S�G�B�D�F��

�;���; �1�Í�Ì�����^�� �������Î�^�`�Í��

�%�F���O�J�U�J�P�O �������	�3�F�H�V�M�B�S �T�V�S�G�B�D�F �J�O’ 3�
�� �" �T�V�C�T�F�US � ’ 3 �J�T �D�B�M�M�F�E �B�S�F�H�V�M�B�S �T�V�S�G�B�D�F
�J�G �G�P�S �F�B�D�I �Q�P�J�O�Up 2 S�
 �U�I�F�S�F �F�Y�J�T�U�T �B �O�F�J�H�I�C�P�S�I�P�P�EV � ’ 3 �P�Gp �B�O�E �B �E�J���F�S�F�O�U�J�B�C�M�F
�I�P�N�F�P�N�P�S�Q�I�J�T�N �P�G �B�O �P�Q�F�O �T�F�UU � ’ 2 �	�'�J�H���������


x : U ! V \ S : ¹u; vº 7! x ¹u; vº ;

�T�V�D�I �U�I�B�U �U�I�F �+�B�D�P�C�J�B�O �N�B�U�S�J�Y

J¹xº¹u; vº �
�

@x
@u

@x
@v

�
�

�
xu xv

�



�;�= �; �%���������^�
��������

�I�B�T �S�B�O�L �� �G�P�S �B�M�M¹u; vº 2 U�� �5�I�F �N�B�Qx �J�T �D�B�M�M�F�E �B�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�P�G �U�I�F �S�F�H�J�P�OV \ S ��

’ 2 ’ 3

U

¹u; vº

x
p � x¹u; vº

V

�'�J�H�V�S�F ���������1�B�S�B�N�F�U�S�J�[�B�U�J�P�O �P�G �B �S�F�H�V�M�B�S �T�V�S�G�B�D�F

�'�J�Y�J�O�H �B �Q�P�J�O�Ux 2 S�
 �U�I�F �M�P�D�B�M �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �T�V�S�G�B�D�F �B�S�F �T�U�V�E�J�F�E �W�J�B �U�I�F �(�B�V�T�T
�N�B�QN��

�%�F���O�J�U�J�P�O �������	�(�B�V�T�T �N�B�Q�� �5�B�O�H�F�O�U �Q�M�B�O�F�� �4�I�B�Q�F �P�Q�F�S�B�U�P�S�
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 �E�B�S�L �C�M�V�F �N �Q�S�J�O�D�J�Q�B�M �O�P�S�N�B�Mn �� �T�V�S�G�B�D�F �O�P�S�N�B�MN�
 �M�J�H�I�U �C�M�V�F
�N �C�J�O�P�S�N�B�Mb �� �D�P�O�P�S�N�B�MB�>

�%�F���O�J�U�J�P�O ���������	�%�B�S�C�P�V�Y �G�S�B�N�F�
�� �4�V�Q�Q�P�T�F �U�I�F �D�V�S�W�F
 �J�T �M�Z�J�O�H �P�O �B �T�V�S�G�B�D�F�
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�� �5�I�F�%�B�S�C�P�V�Y �G�S�B�N�FD � f t; N ; Bg �J�T �E�F���O�F�E �C�Z �U�I�F �V�O�J�U �U�B�O�H�F�O�Ut�
 �U�I�F �V�O�J�U
�T�V�S�G�B�D�F �O�P�S�N�B�MN�
 �B�O�E �U�I�F�D�P�O�P�S�N�B�M�P�S �U�I�F�U�B�O�H�F�O�U �O�P�S�N�B�MB � t � N��

�/�P�U�F �U�I�B�U �V�O�M�J�L�F �'�S�F�O�F�U���4�F�S�S�F�U �G�S�B�N�F�
 �%�B�S�C�P�V�Y �G�S�B�N�F �J�T �E�F���O�F�E �F�W�F�O �B�U �J�O���F�D�U�J�P�O
�Q�P�J�O�U�T �X�I�F�S�F �U�I�F �D�V�S�W�B�U�V�S�F� �W�B�O�J�T�I�F�T�� �4�J�O�D�F �U�I�F �D�V�S�W�B�U�V�S�F �W�F�D�U�P�St0 � � n �M�J�F�T �J�O �U�I�F
�O�P�S�N�B�M �Q�M�B�O�F �T�Q�B�O�O�F�E �C�ZN �B�O�EB �	�1�S�P�Q�P�T�J�U�J�P�O�������
�
t0 �E�F�D�P�N�Q�P�T�F�T �J�O�U�P �U�I�F �O�P�S�N�B�M
�D�P�N�Q�P�O�F�O�U �B�O�E �U�I�F �C�J�O�P�S�N�B�M �D�P�N�Q�P�O�F�O�U �B�T

t0 � � n � �
�
cos N � sin  B

�
;

�X�I�F�S�F � ^ ¹n; Nº �J�T �U�I�F �	�P�S�J�F�O�U�F�E�
 �B�O�H�M�F �C�F�U�X�F�F�O �U�I�F �Q�S�J�O�D�J�Q�B�M �O�P�S�N�B�Mn �B�O�E �U�I�F
�T�V�S�G�B�D�F �O�P�S�N�B�MN�� �5�I�J�T �M�F�B�E�T �U�P �U�I�F �G�P�M�M�P�X�J�O�H �E�J���F�S�F�O�U�J�B�M �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G �U�I�F
�%�B�S�C�P�V�Y �G�S�B�N�F��

�1�S�P�Q�P�T�J�U�J�P�O �����������5�I�F �D�I�B�O�H�F �P�G �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�FD � f t; N ; Bg �J�T �H�J�W�F�O �C�Z
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�X�I�F�S�F� n �J�T �U�I�F�O�P�S�N�B�M �D�V�S�W�B�U�V�S�F�
� g �J�T �U�I�F�H�F�P�E�F�T�J�D �D�V�S�W�B�U�V�S�F�
 �B�O�E� g �J�T �U�I�F�H�F�P�E�F�T�J�D
�U�P�S�T�J�P�O��

�1�S�P�P�G���4�J�O�D�F �C�P�U�I �U�I�F �'�S�F�O�F�U���4�F�S�S�F�U �G�S�B�N�FF � f t; n; bg �B�O�E �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�F
D � f t; N ; Bg �B�S�F �S�J�H�I�U���I�B�O�E�F�E �B�O�E �T�I�B�S�F �U�I�F �T�B�N�F �U�B�O�H�F�O�Ut�
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�%�J���F�S�F�O�U�J�B�U�J�O�H �U�I�J�T �S�F�M�B�U�J�P�O �Z�J�F�M�E�T

N0 � dN
ds � d cos 

d 
d  
ds n � cos dn

ds � d sin  
d 

d  
ds b � sin  db

ds ;

B0 � dB
ds � � d sin  

d 
d  
ds n � sin  dn

ds � d cos 
d 

d  
ds b � cos db

ds :
�	���������


�6�T�J�O�H �U�I�F �'�S�F�O�F�U���4�F�S�S�F�U �G�P�S�N�V�M�B�T �	�������
 �B�O�E �N�V�M�U�J�Q�M�Z�J�O�H �U�I�F �B�C�P�W�F �J�E�F�O�U�J�U�J�F�T �C�Z �U�I�F
�M�F�O�H�U�I �F�M�F�N�F�O�Uds �H�J�W�F�T

dN � � sin  d n � cos ¹� � t � � bº ds � cos d b � sin  ¹� � nº ds

� t
�
� � cos 

�
ds �

�
d � � ds

� �
� sin  n � cos b

�
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B
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dB � � cos d n � sin  ¹� � t � � bº ds � sin  d b � cos ¹� � nº ds

� t
�
� sin  

�
ds �

�
d � � ds

� �
cos n � sin  b

�
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cos N � sin  B
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 �J�T �P�C�U�B�J�O�F�E �C�Z �N�V�M�U�J�Q�M�Z�J�O�H �U�I�F �M�B�T�U �J�E�F�O�U�J�U�Z �C�Z1•ds �B�O�E �T�F�U�U�J�O�H� n �

� cos �
� g � � � sin  �
� g � � � d  
ds ��

�5�I�F �O�P�S�N�B�M �D�V�S�W�B�U�V�S�F� n �J�T �J�O�U�S�J�O�T�J�D �U�P �U�I�F �T�V�S�G�B�D�FS �B�O�E �E�F�Q�F�O�E�T �P�O�M�Z �P�O �U�I�F �E�J�S�F�D��
�U�J�P�O �P�G �U�I�F �U�B�O�H�F�O�Ut�
 �O�P�U �P�O �U�I�F �B�D�U�V�B�M �D�I�P�J�D�F �P�G �U�I�F �D�V�S�W�F
 �� �5�I�F �H�F�P�E�F�T�J�D �D�V�S�W�B�U�V�S�F
� g �J�T �J�O�U�S�J�O�T�J�D �U�P �U�I�F �D�V�S�W�F
 �B�O�E �E�F�T�D�S�J�C�F�T �U�I�F �F�N�C�F�E�E�J�O�H �P�G
 �J�O�U�P �U�I�F �T�V�S�G�B�D�F
S�� �5�I�F �H�F�P�E�F�T�J�D �U�P�S�T�J�P�O� g �N�F�B�T�V�S�F�T �U�I�F �U�X�J�T�U�J�O�H �P�G �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�F �B�S�P�V�O�E
�U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�S�� �5�I�F �G�P�M�M�P�X�J�O�H �T�Q�F�D�J�B�M �D�B�T�F�T �B�S�F �S�F�D�P�H�O�J�[�F�E �X�I�F�O �P�O�F �P�G �U�I�F�T�F
�R�V�B�O�U�J�U�J�F�T �W�B�O�J�T�I�F�T �B�M�P�O�H
 ��

�Y 
 �J�T �B�H�F�P�E�F�T�J�D �D�V�S�W�F�J�G� g � 0��

�Y 
 �J�T �B�O�B�T�Z�N�Q�U�P�U�J�D �D�V�S�W�F�J�G� n � 0��

�Y 
 �J�T �B�M�J�O�F �P�G �D�V�S�W�B�U�V�S�F�J�G� g � 0��

�/�P�U�F �U�I�B�U �%�B�S�C�P�V�Y �G�S�B�N�F �J�T�S�P�U�B�U�J�P�O���N�J�O�J�N�J�[�J�O�H�B�M�P�O�H �M�J�O�F�T �P�G �D�V�S�W�B�U�V�S�F �N �G�P�S �T�V�D�I
�D�V�S�W�F�T�
 �U�I�F �G�S�B�N�F �E�P�F�T �O�P�U �S�P�U�B�U�F �B�S�P�V�O�E �U�I�F �J�O�T�U�B�O�U�F�O�F�P�V�T �U�B�O�H�F�O�U �<�#�'�4�������8�B�O�������>��
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�$�V�S�W�F�T �B�O�E �T�V�S�G�B�D�F�T �J�O’ 3 �J�O�U�S�P�E�V�D�F�E �J�O �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�T �B�S�F �F�Y�B�N�Q�M�F�T �P�G�N�B�O�J��
�G�P�M�E�T�� �*�O�G�P�S�N�B�M�M�Z�
 �N�B�O�J�G�P�M�E�T �B�S�F �P�C�K�F�D�U�T �U�I�B�U �B�S�F �M�P�D�B�M�M�Z �&�V�D�M�J�E�F�B�O�� �*�O �U�I�J�T �T�F�D�U�J�P�O�

�X�F �G�P�S�N�B�M�J�[�F �U�I�F �O�P�U�J�P�O �P�G �B �T�N�P�P�U�I �N�B�O�J�G�P�M�E �	�F�N�C�F�E�E�F�E �J�O’ n �
 �B�O�E �J�O�U�S�P�E�V�D�F �D�P�O��
�D�F�Q�U�T �G�S�P�N �3�J�F�N�B�O�O�J�B�O �H�F�P�N�F�U�S�Z �T�V�D�I �B�T �U�B�O�H�F�O�U �C�V�O�E�M�F�
 �J�O�O�F�S �Q�S�P�E�V�D�U�
 �T�D�B�M�B�S �B�O�E
�W�F�D�U�P�S ���F�M�E�T �P�O �B �N�B�O�J�G�P�M�E�
 �E�J�T�U�B�O�D�F�
 �H�F�P�E�F�T�J�D �D�V�S�W�F�
 �F�Y�Q�P�O�F�O�U�J�B�M �N�B�Q�
 �M�P�H�B�S�J�U�I�N�J�D
�N�B�Q�� �5�I�F�T�F �D�P�O�D�F�Q�U�T �X�J�M�M �T�F�S�W�F �V�T �G�P�S �H�F�O�F�S�B�M�J�[�B�U�J�P�O �P�G �F�O�F�S�H�Z���N�J�O�J�N�J�[�J�O�H �T�Q�M�J�O�F�T
�G�S�P�N �&�V�D�M�J�E�F�B�O �T�Q�B�D�F�T �U�P �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�T �J�O �4�F�D�U�J�P�O������������

�8�F �D�M�P�T�F�M�Z �G�P�M�M�P�X �#�P�V�N�B�M �<�#�P�V�����> �B�O�E �"�C�T�J�M �F�U �B�M�� �<�"�.�4���� �>�� �T�P�N�F �E�F���O�J�U�J�P�O�T �B�S�F
�J�O�T�Q�J�S�F�E �C�Z �.�J�M�O�P�S �<�.�J�M�����>�
 �#�F�S�H�F�S �<�#�F�S�����> �B�O�E �E�P �$�B�S�N�P �<�E�P�$�B������ �E�P�$�B�����>�� �"�M�M
�S�F�T�V�M�U�T �B�S�F �H�J�W�F�O �X�J�U�I�P�V�U �Q�S�P�P�G�T��

�%�F���O�J�U�J�P�O ���������	�%�J���F�P�N�P�S�Q�I�J�T�N�
�� �" �N�B�Qf : X ! Y �J�T �D�B�M�M�F�E �B�E�J���F�P�N�P�S�Q�I�J�T�N�J�G
f �D�B�S�S�J�F�TX �I�P�N�F�P�N�P�S�Q�I�J�D�B�M�M�Z �P�O�U�PY �B�O�E �C�P�U�If �B�O�E �J�U�T �J�O�W�F�S�T�Ff � 1 �B�S�FC1 ��

�/�P�U�F �U�I�B�U �U�I�F �B�C�P�W�F �E�F���O�J�U�J�P�O �J�N�Q�M�J�F�T �U�I�B�Uf �J�T �B �P�O�F���U�P���P�O�F �N�B�Q�Q�J�O�H��

�%�F���O�J�U�J�P�O ���������	�4�N�P�P�U�I �N�B�O�J�G�P�M�E �P�G �E�J�N�F�O�T�J�P�Ok�
�� �" �T�V�C�T�F�UM � ’ n �J�T �D�B�M�M�F�E �B
�T�N�P�P�U�I �N�B�O�J�G�P�M�E�P�G�E�J�N�F�O�T�J�P�Ok �J�G �F�B�D�Ix 2 M �I�B�T �B �O�F�J�H�I�C�P�S�I�P�P�EV \ M �U�I�B�U �J�T
�E�J���F�P�N�P�S�Q�I�J�D �U�P �B�O �P�Q�F�O �T�V�C�T�F�UU �P�G �U�I�F �&�V�D�M�J�E�F�B�O �T�Q�B�D�F’ k��

�"�O�Z �Q�B�S�U�J�D�V�M�B�S �E�J���F�P�N�P�S�Q�I�J�T�Ng : U ! V \ M �J�T �D�B�M�M�F�E �B�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�P�G �U�I�F �S�F�H�J�P�O
V \M �� �5�I�F �J�O�W�F�S�T�F �E�J���F�P�N�P�S�Q�I�J�T�Ng� 1 : V \M ! U �J�T �D�B�M�M�F�E �B�T�Z�T�U�F�N �P�G �D�P�P�S�E�J�O�B�U�F�T
�P�OV \ M �P�S �B�D�I�B�S�U��

�"�O �F�Y�B�N�Q�M�F �P�G �B �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �	�P�G �B �S�F�H�V�M�B�S �T�V�S�G�B�D�F�
 �J�T �T�I�P�X�O �J�O �'�J�H����������

�4�J�N�J�M�B�S�M�Z �U�P �W�F�D�U�P�S �T�Q�B�D�F�T�
 �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�F �U�P �B �N�B�O�J�G�P�M�EM �B�Ux �J�T �J�O�U�V�J�U�J�W�F�M�Z �U�I�F
�C�F�T�U �M�J�O�F�B�S �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�GM �J�O �U�I�F �O�F�J�H�I�C�P�S�I�P�P�E �P�Gx �N �J�U �J�T �U�I�F �W�F�D�U�P�S �T�Q�B�D�F
�J�O�E�V�D�F�E �C�Z �U�I�F �I�Z�Q�F�S�Q�M�B�O�F �X�I�J�D�I �J�T �U�B�O�H�F�O�U �U�PM �B�Ux�� �7�F�D�U�P�S�T �J�O �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�F
�B�S�F �E�F���O�F�E �W�J�B �F�R�V�J�W�B�M�F�O�D�F �D�M�B�T�T�F�T �P�G �D�V�S�W�F�T �Q�B�T�T�J�O�H �U�I�S�P�V�H�Ix�� �)�F�S�F�
 �B�D�V�S�W�F�J�T
�B �E�J���F�S�F�O�U�J�B�C�M�F �N�B�Qc : ¹� �; � º ! M �� �$�P�O�T�J�E�F�S �U�I�F �T�F�U �P�G �B�M�M �T�V�D�I �E�J���F�S�F�O�U�J�B�C�M�F
�D�V�S�W�F�Tc¹t º �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �B ���Y�F�E �Q�P�J�O�Ux 2 M �B�Ut � 0��
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n
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�B�O�E �B�O �F�R�V�J�W�B�M�F�O�D�F �S�F�M�B�U�J�P�Os �P�OCx �E�F���O�F�E �C�Z
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� ��
�
t � 0

� d
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c2¹t º
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�
t � 0
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�X�I�F�S�Fc1; c2 2 Cx �B�S�F �U�X�P �D�V�S�W�F�T �Q�B�T�T�J�O�H �U�I�S�P�V�H�Ix �B�O�Eg� 1 : V \ M ! U � ’ k �J�T �B
�D�I�B�S�U �	�B �T�Z�T�U�F�N �P�G �D�P�P�S�E�J�O�B�U�F�T�
 �P�OM �T�V�D�I �U�I�B�Ux �J�T �D�P�O�U�B�J�O�F�E �J�OV �� �5�I�F �E�F���O�J�U�J�P�O
�P�Gs �J�T �J�O�E�F�Q�F�O�E�F�O�U �G�S�P�N �U�I�F �D�I�P�J�D�F �P�G �B �D�I�B�S�Ug� 1��
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�%�F���O�J�U�J�P�O ���������	�5�B�O�H�F�O�U �T�Q�B�D�FTxM �
�� �5�I�F�U�B�O�H�F�O�U �T�Q�B�D�F�U�P �U�I�F �T�N�P�P�U�I �N�B�O�J�G�P�M�EM
�P�G �E�J�N�F�O�T�J�P�Ok �B�U �B ���Y�F�E �Q�P�J�O�Ux �J�T �B �	k���E�J�N�F�O�T�J�P�O�B�M�
 �W�F�D�U�P�S �T�Q�B�D�F �E�F�O�P�U�F�E �C�ZTxM �B�O�E
�E�F���O�F�E �B�T �U�I�F �R�V�P�U�J�F�O�U �T�Q�B�D�F

TxM � Cx •s

�'�P�S �B �D�V�S�W�Fc 2 Cx�
 �U�I�F �F�R�V�J�W�B�M�F�O�D�F �D�M�B�T�T»c¼ 2TxM �J�T �D�B�M�M�F�E �B�U�B�O�H�F�O�U �W�F�D�U�P�S�U�PM �B�Ux��

�%�F���O�J�U�J�P�O ���������	�5�B�O�H�F�O�U �C�V�O�E�M�FTM �
�� �5�I�F�U�B�O�H�F�O�U �C�V�O�E�M�FTM �P�G �B �T�N�P�P�U�I �N�B�O�J�G�P�M�E
M �J�T �U�I�F �E�J�T�K�P�J�O�U �V�O�J�P�O �P�G �U�B�O�H�F�O�U �T�Q�B�D�F�TTxM �


TM �
Þ

x2M

TxM :

�8�F �E�F���O�F �U�I�F �O�B�U�V�S�B�M �Q�S�P�K�F�D�U�J�P�O �P�O �U�I�F �S�P�P�U�T �P�G �W�F�D�U�P�S�T �B�T �U�I�F �N�B�Q�Q�J�O�H� : TM ! M �T�V�D�I
�U�I�B�U

� ¹uº � x �J�� u 2 TxM :

�4�J�O�D�F �F�B�D�I �U�B�O�H�F�O�U �T�Q�B�D�FTxM �J�T �B �W�F�D�U�P�S �T�Q�B�D�F�
 �X�F �D�B�O �B�T�T�P�D�J�B�U�F �B�O �J�O�O�F�S �Q�S�P�E��
�V�D�U �U�PTxM �� �" �D�P�M�M�F�D�U�J�P�O �P�G �T�V�D�I �J�O�O�F�S �Q�S�P�E�V�D�U�T �X�J�U�I �T�Q�F�D�J�B�M �Q�S�P�Q�F�S�U�J�F�T �E�F���O�F�T �B
�3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�D��

�%�F���O�J�U�J�P�O ���������	�*�O�O�F�S �Q�S�P�E�V�D�U �P�OTxM �
�� �"�O�J�O�O�F�S �Q�S�P�E�V�D�Uh�; �i x �P�O �B �U�B�O�H�F�O�U �T�Q�B�D�F
TxM �J�T �B �C�J�M�J�O�F�B�S�
 �T�Z�N�N�F�U�S�J�D�
 �Q�P�T�J�U�J�W�F���E�F���O�J�U�F �G�P�S�N�� �'�P�S �B�O�Zu; v; w 2 TxM �B�O�E�; � 2 ’ �


�	�J�



� u � � v; w

�
x � � hu; wi x � � hv; wi x �	�C�J�M�J�O�F�B�S�J�U�Z�


�	�J�J�
hu; vi x � hv; ui x �	�T�Z�N�N�F�U�S�Z�


�	�J�J�J�
hu; ui x � 0 �B�O�Ehu; ui x � 0 �J��u � 0 �	�Q�P�T�J�U�J�W�F���E�F���O�J�U�O�F�T�T�


�8�F �O�P�X �E�F�T�D�S�J�C�F �I�P�X �B �G�B�N�J�M�Z �P�G �J�O�O�F�S �Q�S�P�E�V�D�U�T �E�F���O�F�E �P�O �U�I�F �U�B�O�H�F�O�U �C�V�O�E�M�F
�J�O�E�V�D�F�T �B �3�J�F�N�B�O�O�J�B�O �T�U�S�V�D�U�V�S�F �P�OM ��

�'�J�Y �B �Q�P�J�O�Ux 2 M �B�O�E �M�F�Uf : V \M ! U � ’ k �C�F �B �D�I�B�S�U �T�V�D�I �U�I�B�Ux �J�T �D�P�O�U�B�J�O�F�E �J�O
V �� �-�F�Uf e1; : : : ;ekg �C�F �B �C�B�T�J�T �P�G’ k�� �%�F�O�P�U�F �C�ZEi � f � 1ei �J�U�T �J�O�W�F�S�T�F �J�N�B�H�F�
 �X�I�J�D�I
�J�T �B �C�B�T�J�T �P�GTxM �� �'�J�Y�J�O�H �U�X�P �U�B�O�H�F�O�U �W�F�D�U�P�S�Tu; v 2 TxM �
 �X�F �D�B�O �U�I�F�S�F�G�P�S�F �X�S�J�U�F

u �
kÕ

i � 1

u iEi ; v �
kÕ

j � 1

v jEj ;

�P�S�
 �V�T�J�O�H �U�I�F �W�F�D�U�P�S �O�P�U�B�U�J�P�O��u � ¹u1; : : : ;ukº| �B�O�Ev � ¹v1; : : : ;vkº| �� �5�I�F �J�O�O�F�S
�Q�S�P�E�V�D�U �P�Gu �B�O�Ev �J�T

hu; vi x �

*
kÕ

i � 1

u iEi ;
kÕ

j � 1

v jEj

+

x

�
kÕ

i � 1

kÕ

j � 1

u i v j


Ei ; Ej

�
x � u| Gxv



�;���= �2�������
�� ���^�����Î�������� �<�:

�X�I�F�S�FGx �J�T �B �T�Z�N�N�F�U�S�J�D �Q�P�T�J�U�J�W�F���E�F���O�J�U�F �N�B�U�S�J�Y �X�I�P�T�F �F�M�F�N�F�O�U�T �B�S�F �H�J�W�F�O �C�Z¹Gxºi j �
hEi ; Ej i x�� �" �G�B�N�J�M�Z �P�G �T�N�P�P�U�I�M�Z���W�B�S�Z�J�O�H �N�B�U�S�J�D�F�TGx �J�O�E�V�D�F�T �B �3�J�F�N�B�O�O�J�B�O �T�U�S�V�D�U�V�S�F
�P�OM ��

�%�F���O�J�U�J�P�O ���������	�3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�
�� �" �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�J�T �B �T�N�P�P�U�I �N�B�O��
�J�G�P�M�EM �F�R�V�J�Q�Q�F�E �X�J�U�I �B �3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�Dg�� �" �3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�D�P�OM �J�T �B �G�B�N�J�M�Z
�P�G �J�O�O�F�S �Q�S�P�E�V�D�U�T �P�OTxM �T�V�D�I �U�I�B�U �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �N�B�U�S�J�D�F�TGx �B�S�F �T�N�P�P�U�I�M�Z���W�B�S�Z�J�O�H�

�N�F�B�O�J�O�H �U�I�F �N�B�Q�T¹Gxºi j : U ! ’ �B�S�FC1 ��

�%�F���O�J�U�J�P�O ���������	�3�J�F�N�B�O�O�J�B�O �T�V�C�N�B�O�J�G�P�M�E �P�G’ n �
�� �" �3�J�F�N�B�O�O�J�B�O �T�V�C�N�B�O�J�G�P�M�EM
�P�G’ n �J�T �B �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E �J�N�N�F�S�T�F�E �J�O’ n �F�R�V�J�Q�Q�F�E �X�J�U�I �U�I�F �3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�D
�J�O�I�F�S�J�U�F�E �G�S�P�N’ n ��

�%�F���O�J�U�J�P�O ���������	�4�D�B�M�B�S �B�O�E �W�F�D�U�P�S ���F�M�E�T�
 �E�J�S�F�D�U�J�P�O�B�M �E�F�S�J�W�B�U�J�W�F�
�� �" �T�D�B�M�B�S ���F�M�E�P�O
�B �T�N�P�P�U�I �N�B�O�J�G�P�M�EM �J�T �BC1 �G�V�O�D�U�J�P�Of : M ! ’ ��

�" �E�J�S�F�D�U�J�P�O�B�M �E�F�S�J�W�B�U�J�W�F�P�G �B �T�D�B�M�B�S ���F�M�Ef �P�OM �B�Ux �J�O �U�I�F �E�J�S�F�D�U�J�P�Ou � »c¼ 2TxM �J�T
�U�I�F �T�D�B�M�B�S

D f ¹xº»u¼� d
dt f ¹c¹t ºº

�
�
�
t � 0

�" �W�F�D�U�P�S ���F�M�E�P�O �B �T�N�P�P�U�I �N�B�O�J�G�P�M�EM �J�T �B �N�B�Q�Q�J�O�H �X�I�J�D�I �B�T�T�P�D�J�B�U�F�T �U�P �F�B�D�I �Q�P�J�O�Ux �B
�W�F�D�U�P�SX¹xº � Xx �G�S�P�N �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�FTxM ��

X : M ! TM : x 7! Xx

�.�P�S�F�P�W�F�S�
X �T�B�U�J�T���F�T �U�I�F �D�P�O�E�J�U�J�P�O �U�I�B�U �U�I�F �D�P�N�Q�P�T�J�U�J�P�O� � X �J�T �U�I�F �J�E�F�O�U�J�U�Z �N�B�Q �	�F�B�D�I
x 2 M �J�T �N�B�Q�Q�F�E �U�P �J�U�T�F�M�G�
��

�"�O �J�N�Q�P�S�U�B�O�U �W�F�D�U�P�S ���F�M�E �J�T �U�I�F �H�S�B�E�J�F�O�U �P�G �B �T�D�B�M�B�S ���F�M�Ef �P�OM �� �"�O�B�M�P�H�P�V�T�M�Z
�U�P �&�V�D�M�J�E�F�B�O �T�Q�B�D�F�T�
 �U�I�F �H�S�B�E�J�F�O�U �B�U �B ���Y�F�E �Q�P�J�O�Ux �J�T �U�I�F �E�J�S�F�D�U�J�P�O �P�G �U�I�F �T�U�F�F�Q�F�T�U
�B�T�D�F�O�U �P�Gf �B�Ux�� �/�P�U�F �U�I�B�U �G�P�S �T�D�B�M�B�S ���F�M�E�T �P�OM � ’ n �
 �U�I�F �3�J�F�N�B�O�O�J�B�O �H�S�B�E�J�F�O�U
�B�H�S�F�F�T �X�J�U�I �U�I�F �V�T�V�B�M �&�V�D�M�J�E�F�B�O �H�S�B�E�J�F�O�Ur f � ¹@f • @x1; : : : ; @f • @xnº��

�%�F���O�J�U�J�P�O ���������	�3�J�F�N�B�O�O�J�B�O �H�S�B�E�J�F�O�U�
�� �5�I�F�H�S�B�E�J�F�O�U�P�G �B �T�D�B�M�B�S ���F�M�Ef �P�OM �B�Ux;
�E�F�O�P�U�F�E �C�Zgrad f ¹xº�
 �J�T �U�I�F �V�O�J�R�V�F �F�M�F�N�F�O�U �P�GTxM �U�I�B�U �T�B�U�J�T���F�T

D f ¹xº»u¼�


grad f ¹xº; u

�
�G�P�S �B�M�Mu 2 TxM :

�$�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z�
 �U�I�J�T �E�F���O�J�U�J�P�O �J�T �P�G�U�F�O �J�O�D�P�O�W�F�O�J�F�O�U�� �'�P�S �B �T�V�C�N�B�O�J�G�P�M�EM �P�G
’ n �
 �U�I�F �3�J�F�N�B�O�O�J�B�O �H�S�B�E�J�F�O�U �D�B�O �C�F �P�C�U�B�J�O�F�E �C�Z �Q�S�P�K�F�D�U�J�O�H �U�I�F �&�V�D�M�J�E�F�B�O �H�S�B�E�J�F�O�U
�U�P �U�I�F �U�B�O�H�F�O�U �C�V�O�E�M�FTM �� �'�P�S �B ���Y�F�E �Q�P�J�O�Ux 2 M �
 �M�F�U �V�T �E�F���O�F �U�I�F �	�V�O�J�R�V�F�

�P�S�U�I�P�H�P�O�B�M �Q�S�P�K�F�D�U�P�S�T �X�I�J�D�I �E�F�D�P�N�Q�P�T�F �B�O�Zv 2 ’ n �J�O�U�P �U�I�F �U�B�O�H�F�O�U �D�P�N�Q�P�O�F�O�U �J�O
TxM �B�O�E �U�I�F �P�S�U�I�P�H�P�O�B�M �D�P�N�Q�P�O�F�O�U �J�OT?

x M ��

Px : ’ n ! TxM : v 7! Pxv;

P?
x : ’ n ! T?

x M : v 7! P?
x v:



�<�; �; �%���������^�
��������

�-�F�N�N�B ���������	�3�J�F�N�B�O�O�J�B�O �H�S�B�E�J�F�O�U �B�T �Q�S�P�K�F�D�U�J�P�O�
�� �-�F�Uf �C�F �B �T�D�B�M�B�S ���F�M�E �P�O �U�I�F �3�J�F��
�N�B�O�O�J�B�O �T�V�C�N�B�O�J�G�P�M�EM �P�G’ n �E�F���O�F�E �B�T �U�I�F �S�F�T�U�S�J�D�U�J�P�Of � �

�
�
M �P�G �B �T�D�B�M�B�S ���F�M�E� :

’ n ! ’ �U�P �U�I�F �N�B�O�J�G�P�M�EM �� �5�I�F�O

grad f ¹xº � Pxr � ¹xº:

�-�F�U �V�T �S�F�Q�F�B�U �U�I�F �Q�V�S�Q�P�T�F �P�G �U�I�J�T �T�F�D�U�J�P�O�� �P�V�S �H�P�B�M �J�T �U�P �J�O�U�S�P�E�V�D�F �C�B�T�J�D �O�P�U�J�P�O�T
�G�S�P�N �3�J�F�N�B�O�O�J�B�O �H�F�P�N�F�U�S�Z �U�I�B�U �X�F �M�B�U�F�S �V�T�F �U�P �E�F���O�F �F�O�F�S�H�Z���N�J�O�J�N�J�[�J�O�H �T�Q�M�J�O�F�T
�J�O �U�I�F �T�Q�B�D�F �P�G �P�S�J�F�O�U�B�U�J�P�O�T �J�O’ 3 �N �U�I�J�T �T�Q�B�D�F �J�T �J�O�E�F�F�E �B �����N�B�O�J�G�P�M�E �	�T�F�F �U�I�F �O�F�Y�U
�T�F�D�U�J�P�O�
�� �&�O�F�S�H�Z���N�J�O�J�N�J�[�J�O�H �T�Q�M�J�O�F�T �P�O �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�T �D�B�O �C�F �T�F�F�O �B�T �B
�H�F�O�F�S�B�M�J�[�B�U�J�P�O �P�G �D�M�B�T�T�J�D�B�M �	�&�V�D�M�J�E�F�B�O�
 �T�Q�M�J�O�F�T �U�P �D�V�S�W�F�E �T�Q�B�D�F�T�� �*�O �P�S�E�F�S �U�P �E�F���O�F
�T�V�D�I �T�Q�M�J�O�F�T�
 �X�F �O�F�F�E �U�P �E�F���O�F �U�I�F �D�P�O�D�F�Q�U�T �P�G �W�F�M�P�D�J�U�ZÛc �B�O�E �B�D�D�F�M�F�S�B�U�J�P�OÜc �G�P�S �B
�D�V�S�W�F �M�Z�J�O�H �P�O �B �N�B�O�J�G�P�M�E��

�%�F���O�J�U�J�P�O ���������	�7�F�M�P�D�J�U�Z �B�M�P�O�H �B �D�V�S�W�F�
�� �-�F�Uc : »a; b¼ ! M �C�F �BC1 �D�V�S�W�F �P�O �U�I�F
�N�B�O�J�G�P�M�EM � ’ n �� �5�I�F�W�F�M�P�D�J�U�Z�B�M�P�O�Hc �J�T �H�J�W�F�O �C�Z

Ûc¹t º � »ct ¼

�X�I�F�S�Fct : »a � t ; b � t¼ ! M : ct ¹sº � c¹s � t º �J�T �U�I�F �S�F�Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �P�Gc �T�V�D�I
�U�I�B�Uct ¹0º � c¹t º�� �3�F�D�B�M�M �U�I�B�U �U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�S»ct ¼�J�T �E�F���O�F�E �J�O �%�F���O�J�U�J�P�O���������W�J�B �U�I�F
�F�R�V�J�W�B�M�F�O�D�F �S�F�M�B�U�J�P�O �G�S�P�N �&�R���	���������
��

�'�P�S �U�I�F �E�F���O�J�U�J�P�O �P�G �B�D�D�F�M�F�S�B�U�J�P�OD2•dt2c �V�T�J�O�H �U�I�F �D�P�O�D�F�Q�U �P�G �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F�

�T�F�F �"�Q�Q�F�O�E�J�Y�" �� �/�P�U�F �U�I�B�U �J�GM �J�T �B �T�V�C�N�B�O�J�G�P�M�E �P�G’ n �
 �U�I�F �W�F�M�P�D�J�U�ZÛc �S�F�E�V�D�F�T �U�P �U�I�F
�V�T�V�B�M �E�F�S�J�W�B�U�J�W�Fc0�� �5�I�F �S�F�M�B�U�J�P�O �U�P �U�I�F �V�T�V�B�M �B�D�D�F�M�F�S�B�U�J�P�Oc00�J�T �B�M�N�P�T�U �B�T �T�U�S�B�J�H�I�U��
�G�P�S�X�B�S�E �N �T�J�N�J�M�B�S�M�Z �U�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �H�S�B�E�J�F�O�U�
 �U�I�F �D�V�S�W�B�U�V�S�F �W�F�D�U�P�Sc00�I�B�T �U�P
�C�F �S�F�Q�S�P�K�F�D�U�F�E �C�B�D�L �P�O�U�P �U�I�F �N�B�O�J�G�P�M�E�
 �B�T �H�J�W�F�O �C�Z �U�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�P�T�J�U�J�P�O��

�1�S�P�Q�P�T�J�U�J�P�O ���������	�"�D�D�F�M�F�S�B�U�J�P�O �B�M�P�O�H �B �D�V�S�W�F �B�T �Q�S�P�K�F�D�U�J�P�O�
�� �-�F�Uc : ’ ! M �C�F �BC2

�D�V�S�W�F �P�O �U�I�F �T�V�C�N�B�O�J�G�P�M�EM � ’ n �� �5�I�F�B�D�D�F�M�F�S�B�U�J�P�O�B�M�P�O�Hc �J�T �H�J�W�F�O �C�Z

D2

dt2
c¹t º � Pc¹t º

d2

dt2
c¹t º � Pc¹t ºc

00¹t º:

�)�B�W�J�O�H �J�O�U�S�P�E�V�D�F�E �W�F�M�P�D�J�U�Z �B�M�P�O�H �B �D�V�S�W�F�
 �X�F �D�B�O �Q�S�P�D�F�F�E �U�P �E�F���O�J�U�J�P�O�T �P�G �D�V�S�W�F
�M�F�O�H�U�I �B�O�E �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �P�OM �� �"�T �C�F�G�P�S�F�
 �U�I�F�T�F �B�S�F �B�O�B�M�P�H�J�D�B�M �U�P �U�I�F �&�V�D�M�J�E�F�B�O
�D�B�T�F �N �M�F�O�H�U�I �J�T �E�F���O�F�E �B�T �J�O�U�F�H�S�B�M �P�G �W�F�M�P�D�J�U�Z�
 �B�O�E �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �J�T �U�I�F �M�F�O�H�U�I
�P�G �U�I�F �T�I�P�S�U�F�T�U �Q�B�U�Ic � M �C�F�U�X�F�F�O �U�X�P �Q�P�J�O�U�T��

�%�F���O�J�U�J�P�O ���������	�-�F�O�H�U�I �P�G �B �D�V�S�W�F�
�� �5�I�F �M�F�O�H�U�I �P�G �BC1 �D�V�S�W�Fc : »a; b¼ ! M �P�O �B
�3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E �J�TM

L¹cº �
¹ b

a

q 

Ûc¹t º; Ûc¹t º

�
c¹t º dt �

¹ b

a




 Ûc¹t º






c¹t º dt :



�;���= �2�������
�� ���^�����Î�������� �<�<

�
x

TxM

M

� 1

Expx¹� 1º

� 2

Expx¹� 2º

’ n

t

ei t

x � 1

1 � i

Tx“ 1

“ 1

ƒ

Expx

�'�J�H�V�S�F ���������&�Y�Q�P�O�F�O�U�J�B�M �N�B�Q�� �0�O �U�I�F �S�J�H�I�U�
 �B�O �F�Y�B�N�Q�M�F �P�O �U�I�F �V�O�J�U �D�J�S�D�M�F“ 1 � ƒ
�W�J�F�X�F�E �B�T �B �����N�B�O�J�G�P�M�E �J�O �U�I�F �D�P�N�Q�M�F�Y �Q�M�B�O�F��

�8�I�F�OM �J�T �F�N�C�F�E�E�F�E �J�O’ n �
 �U�I�J�T �S�F�E�V�D�F�T �U�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �M�F�O�H�U�I �G�S�P�N �%�F���O�J�U�J�P�O������
�G�P�S �S�F�H�V�M�B�S �D�V�S�W�F�T�
 �J���F��Ûc �J�T �S�F�Q�M�B�D�F�E �C�Zc0��

�%�F���O�J�U�J�P�O ���������	�3�J�F�N�B�O�O�J�B�O �E�J�T�U�B�O�D�F�
�� �3�J�F�N�B�O�O�J�B�O �E�J�T�U�B�O�D�F�P�S�H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F
�P�O �U�I�F �N�B�O�J�G�P�M�EM �J�T �H�J�W�F�O �C�Z

dist : M � M ! ’ � : ¹x; yº 7! dist
�
x; y

�
� inf

c2�
L¹cº:

�)�F�S�F�
� �J�T �U�I�F �T�F�U �P�G �B�M�MC1 �D�V�S�W�F�Tc : »0; 1¼ ! M �D�P�O�O�F�D�U�J�O�Hx �B�O�Ey �J���F��c¹0º � x �B�O�E
c¹1º � y��

�%�F���O�J�U�J�P�O ���������	�(�F�P�E�F�T�J�D �D�V�S�W�F�
�� �" �D�V�S�W�Fc : »a; b¼ ! M �J�T �H�F�P�E�F�T�J�D �J�� �J�U �I�B�T �[�F�S�P
�B�D�D�F�M�F�S�B�U�J�P�O �P�O �B�M�M �J�U�T �E�P�N�B�J�O��

�%�J�T�U�B�O�D�F�
 �W�F�M�P�D�J�U�Z �B�O�E �B�D�D�F�M�F�S�B�U�J�P�O �S�F�T�Q�F�D�U�J�W�F�M�Z �D�P�O�U�S�P�M �E�B�U�B �J�O�U�F�S�Q�P�M�B�U�J�P�O�
 �T�U�S�F�U�D�I��
�J�O�H�
 �B�O�E �C�F�O�E�J�O�H �P�G �B �T�N�P�P�U�I�J�O�H �T�Q�M�J�O�F �P�O �B �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�� �*�O �$�I�B�Q�U�F�S�� �X�F
�X�P�S�L �X�J�U�I�E�J�T�D�S�F�U�F�T�Q�M�J�O�F�T �P�O �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�T�� �J�O �T�V�D�I �T�F�U�U�J�O�H�
 �B �D�P�O�U�J�O�V�P�V�T
�D�V�S�W�Fc 2 M �J�T �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z �B ���O�J�U�F �T�F�R�V�F�O�D�F �P�G �Q�P�J�O�U�Txi 2 M �� �5�P �E�J�T�D�S�F�U�J�[�F
�E�J�T�U�B�O�D�F�
 �W�F�M�P�D�J�U�Z �B�O�E �B�D�D�F�M�F�S�B�U�J�P�O�
 �X�F �O�F�F�E �U�I�F �D�P�O�D�F�Q�U�T �P�G�F�Y�Q�P�O�F�O�U�J�B�M �N�B�Q�
 �B�O�E
�J�U�T �J�O�W�F�S�T�F�
 �U�I�F�M�P�H�B�S�J�U�I�N�J�D �N�B�Q�� �-�P�P�T�F�M�Z �T�Q�F�B�L�J�O�H�
 �U�I�F �F�Y�Q�P�O�F�O�U�J�B�M �N�B�Q �H�F�O�F�S�B�M�J�[�F�T
�B�E�E�J�U�J�P�O �J�O �W�F�D�U�P�S �T�Q�B�D�F�T�
 �X�I�J�M�F �U�I�F �M�P�H�B�S�J�U�I�N�J�D �N�B�Q �H�F�O�F�S�B�M�J�[�F�T �E�J���F�S�F�O�D�F��

�%�F���O�J�U�J�P�O ���������	�&�Y�Q�P�O�F�O�U�J�B�M �N�B�Q�
�� �-�F�UM �C�F �B �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E �B�O�Ex 2 M �� �'�P�S
�F�W�F�S�Z �U�B�O�H�F�O�U �W�F�D�U�P�S� 2 TxM �
 �U�I�F�S�F �F�Y�J�T�U�T �B�O �P�Q�F�O �J�O�U�F�S�W�B�MI 3 0 �B�O�E �B �V�O�J�R�V�F �H�F�P�E�F�T�J�D
c¹t ; x; � º : I ! M �T�V�D�I �U�I�B�Uc¹0º � x �B�O�EÛc¹0º � � �� �.�P�S�F�P�W�F�S�
 �X�F �I�B�W�F �U�I�F �I�P�N�P�H�F�O�F�J�U�Z
�Q�S�P�Q�F�S�U�Z

c¹t ; x; a� º � c¹at; x; � º:
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�5�I�F�F�Y�Q�P�O�F�O�U�J�B�M �N�B�Q�B�Ux �J�T �E�F���O�F�E �B�T �	�'�J�H���������


Expx : TxM ! M : � 7! Expx ¹� º � c¹1;x; � º:

�%�F���O�J�U�J�P�O ���������	�-�P�H�B�S�J�U�I�N�J�D �N�B�Q�
�� �5�I�F �J�O�W�F�S�T�F �P�G �U�I�F �F�Y�Q�P�O�F�O�U�J�B�M �N�B�Q �J�T �D�B�M�M�F�E �U�I�F
�M�P�H�B�S�J�U�I�N�J�D �N�B�Q�B�Ux�� �J�U �J�T �E�F���O�F�E �B�T

Logx : M ! TxM : y 7! Logx

�
y
�

� � �T�V�D�I �U�I�B�UExpx ¹� º � y �B�O�Ek� kx � dist
�
x; y

�
:

�;���> �1���
�^�
�������� ���� �<��

�5�I�F �O�P�U�J�P�O �P�G �%�B�S�C�P�V�Y �G�S�B�N�FD � f t; N ; Bg�
 �J�O�U�S�P�E�V�D�F�E �J�O �4�F�D�U�J�P�O�������
 �J�T �D�P�O�W�F�O�J�F�O�U
�G�P�S �S�F�M�B�U�J�O�H �T�V�S�G�B�D�F�T �X�J�U�I �D�V�S�W�F�T �M�Z�J�O�H �P�O �U�I�F�N�� �5�I�F �%�B�S�C�P�V�Y �G�S�B�N�F �J�T �E�F���O�F�E �V�T��
�J�O�H �U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�St �P�G �U�I�F �D�V�S�W�F�
 �U�I�F �O�P�S�N�B�M �W�F�D�U�P�SN �P�G �U�I�F �T�V�S�G�B�D�F�
 �B�O�E �U�I�F
�C�J�O�P�S�N�B�MB � t � N�� �-�B�U�F�S�
 �X�F �X�J�M�M �T�F�F �U�I�B�U �J�U �J�T �D�P�O�W�F�O�J�F�O�U �U�P �S�F�Q�S�F�T�F�O�U �U�I�F �%�B�S�C�P�V�Y
�G�S�B�N�FD �V�T�J�O�H �U�I�F�S�P�U�B�U�J�P�O�C�F�U�X�F�F�O �U�I�F �D�B�O�P�O�J�D�B�M �G�S�B�N�Ff e1; e2; e3g �B�O�ED ��

�;���>���: �1���
�^�
�������� �^�� ���	�Æ�`���^�� �����
�������������^�� ���^�
�����`�Æ��

�" �S�P�U�B�U�J�P�O �J�T �B �M�J�O�F�B�S �U�S�B�O�T�G�P�S�N�B�U�J�P�O �P�G �B �W�F�D�U�P�S �T�Q�B�D�F�
 �X�I�J�D�I �Q�S�F�T�F�S�W�F�T �M�F�O�H�U�I�T �	�O�P
�T�U�S�F�U�D�I�J�O�H�
 �B�O�E �P�S�J�F�O�U�B�U�J�P�O �	�O�P ���J�Q�Q�J�O�H�
�� �.�B�U�I�F�N�B�U�J�D�B�M�M�Z�
 �U�I�J�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �B
�D�I�B�O�H�F �P�G �C�B�T�J�T �U�I�B�U �E�P�F�T �O�P�U �D�I�B�O�H�F �U�I�F �P�S�J�F�O�U�B�U�J�P�O�� �J�U �U�S�B�O�T�G�P�S�N�T �B �S�J�H�I�U���I�B�O�E�F�E
�G�S�B�N�F �J�O�U�P �B�O�P�U�I�F�S �S�J�H�I�U���I�B�O�E�F�E �G�S�B�N�F�� �$�P�O�W�F�S�T�F�M�Z�
 �B�O�Z �S�P�U�B�U�J�P�OR �D�B�O �C�F �U�I�P�V�H�I�U
�P�G �B�T �B �U�S�B�O�T�G�P�S�N�B�U�J�P�O�
 �X�I�J�D�I �U�B�L�F�T �U�I�F �D�B�O�P�O�J�D�B�M �G�S�B�N�FE � f e1; e2; e3g �B�O�E �U�S�B�O�T��
�G�P�S�N�T �J�U �J�O�U�P �B �E�J���F�S�F�O�U �	�S�J�H�I�U���I�B�O�E�F�E�
 �G�S�B�N�F

A � f a1; a2; a3g; ai 2 ’ 3 : ai � ai � 1; ai � aj � 0 �G�P�Si , j ; a1 � a2 � a3;

�T�P �U�I�B�U
R¹e1º � a1; R¹e2º � a2; R¹e3º � a3:

�4�V�D�I �M�J�O�F�B�S �U�S�B�O�T�G�P�S�N�B�U�J�P�OR �D�B�O �C�F �S�F�Q�S�F�T�F�O�U�F�E �C�Z �B�O �P�S�U�I�P�H�P�O�B�M �N�B�U�S�J�YA �X�J�U�I
�U�I�F �W�F�D�U�P�S�Tai �J�O �D�P�M�V�N�O�T��

A �
�
a1 a2 a3

�
: �	���������


�6�T�J�O�H �U�I�J�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�
 �U�I�F �U�S�B�O�T�G�P�S�N�B�U�J�P�OR �J�T �D�P�N�Q�V�U�F�E �W�J�B �U�I�F �N�B�U�S�J�Y���W�F�D�U�P�S
�N�V�M�U�J�Q�M�J�D�B�U�J�P�O��

R¹vº � Av:

�5�I�F �J�O�W�F�S�T�F �S�P�U�B�U�J�P�O �J�T �H�J�W�F�O �C�ZA � 1 � A| �� �*�O�E�F�F�E�


A| A �
©
­
­
«

a|
1

a|
2

a|
3

ª
®
®
¬

�
a1 a2 a3

�
� I3: �	���������
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�4�F�U�� SO¹3º �
�
A 2 ’ 3� 3 : A| A � I3 �B�O�Edet¹Aº � 1

	

�5�B�O�H�F�O�U �T�Q�B�D�F�T��TA SO¹3º �
�
A
 2 ’ 3� 3 : 
 � 
 | � 0

	

�*�O�O�F�S �Q�S�P�E�V�D�U��hA
 1; A
 2i � trace
�

 |

1
 2

�

�7�F�D�U�P�S �O�P�S�N�� kA
 k �
p

hA
 ; A
 i
�%�J�T�U�B�O�D�F�� dist ¹A ; Bº �




 log

�
A| B

� 


F

�&�Y�Q�P�O�F�O�U�J�B�M��ExpA ¹A
 º � A exp ¹
 º
�-�P�H�B�S�J�U�I�N�� LogA ¹Bº � A log

�
A| B

�

�1�S�P�K�F�D�U�P�S�� PA ¹Hº � A skew
�
A| H

�

�5�B�C�M�F ���������5�P�P�M�C�P�Y �G�P�S �U�I�F �T�Q�F�D�J�B�M �P�S�U�I�P�H�P�O�B�M �H�S�P�V�QSO¹3º �<�#�P�V�����>��

�5�I�F �E�F�U�F�S�N�J�O�B�O�U �P�GA �J�T �D�P�N�Q�V�U�F�E �B�T �U�I�F �N�J�Y�F�E �Q�S�P�E�V�D�U �P�G �U�I�F �G�S�B�N�F �W�F�D�U�P�S�T��

det¹Aº � a3 � ¹a1 � a2º � a3 � a3 � 1: �	���������


�/�P�U�F �U�I�B�U �&�R�� �	���������
 �E�P�F�T �O�P�U �I�P�M�E �J�G �U�I�F �G�S�B�N�FA �J�T �M�F�G�U���I�B�O�E�F�E�
 �J���F�� �J�Ga1� a2 � � a3�� �J�O
�U�I�J�T �D�B�T�F�
 �U�I�F �E�F�U�F�S�N�J�O�B�O�U �J�T �O�F�H�B�U�J�W�F�� �5�I�J�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F �D�I�B�O�H�F �P�G �P�S�J�F�O�U�B�U�J�P�O
�B�O�E �U�I�F �S�F�T�V�M�U�J�O�H �U�S�B�O�T�G�P�S�N�B�U�J�P�O �J�T �O�P �M�P�O�H�F�S �B �S�P�U�B�U�J�P�O�
 �F�W�F�O �U�I�P�V�H�I �J�U �Q�S�F�T�F�S�W�F�T
�M�F�O�H�U�I�T��

�5�I�F �O�B�U�V�S�B�M �C�ó�F�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �T�F�U �P�G �S�P�U�B�U�J�P�O�T �J�O’ 3 �B�O�E �U�I�F �T�F�U �P�G �S�J�H�I�U���I�B�O�E�F�E
�P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�F�T �J�O’ 3 �N�F�B�O�T �U�I�B�U �S�P�U�B�U�J�P�O�T �D�B�O �C�F �S�F�Q�S�F�T�F�O�U�F�E �C�Z �P�S�U�I�P�H�P�O�B�M
�N�B�U�S�J�D�F�T �X�J�U�I �V�O�J�U �E�F�U�F�S�N�J�O�B�O�U�� �5�I�F �T�F�U �P�G �B�M�M �T�V�D�I �N�B�U�S�J�D�F�T �J�T �U�I�F�T�Q�F�D�J�B�M �P�S�U�I�P�H�P�O�B�M
�H�S�P�V�Q�P�G �E�J�N�F�O�T�J�P�O3��

SO¹3º �
n
A 2 ’ 3� 3 : A| A � �J�E�F�O�U�J�U�Z �B�O�Edet¹Aº � 1

o
: �	���������


�;���>���; �1���Æ���^�������^�� ���
�����`�
�����Æ ���Ç �2�)�K�<�M

SO¹3º �J�T �B �-�J�F �H�S�P�V�Q�� �J�U �I�B�T �B �T�U�S�V�D�U�V�S�F �P�G �B �D�P�N�Q�B�D�U �D�M�P�T�F�E �����N�B�O�J�G�P�M�E�� �5�I�F �V�T�V�B�M
�3�J�F�N�B�O�O�J�B�O �T�U�S�V�D�U�V�S�F �P�OSO¹3º �J�T �U�I�B�U �P�G �B �3�J�F�N�B�O�O�J�B�O �T�V�C�N�B�O�J�G�P�M�E �P�G’ 3� 3 �X�J�U�I
�U�I�F �'�S�P�C�F�O�J�V�T �J�O�O�F�S �Q�S�P�E�V�D�U �E�F���O�F�E �B�ThA ; Bi � trace

�
A| B

�
�� �6�T�J�O�H �U�I�J�T �T�U�S�V�D�U�V�S�F�


�U�I�F �F�Y�Q�P�O�F�O�U�J�B�M �B�O�E �M�P�H�B�S�J�U�I�N�J�D �N�B�Q�T �S�F�E�V�D�F �U�P �N�B�U�S�J�Y �F�Y�Q�P�O�F�O�U�J�B�M �B�O�E �M�P�H�B�S�J�U�I�N��
�5�I�F �N�B�U�S�J�Y �F�Y�Q�P�O�F�O�U�J�B�M �J�T �E�F���O�F�E �W�J�B �U�I�F �G�P�M�M�P�X�J�O�H �Q�P�X�F�S �T�F�S�J�F�T��

exp ¹Aº �
1Õ

n� 0

A n

n!
:

�.�B�U�S�J�Y �M�P�H�B�S�J�U�I�N �J�T �E�F���O�F�E �B�T �U�I�F �J�O�W�F�S�T�F �P�G �N�B�U�S�J�Y �F�Y�Q�P�O�F�O�U�J�B�M�� �X�F �T�B�Z �U�I�B�UA �J�T �B
�N�B�U�S�J�Y �M�P�H�B�S�J�U�I�N �P�GB�
log ¹Bº � A�
 �J�Gexp ¹Aº � B�� �3�J�F�N�B�O�O�J�B�O �U�P�P�M�C�P�Y �G�P�S �4�0�	���
 �J�T
�T�V�N�N�B�S�J�[�F�E �J�O �5�B�C�M�F�������
 �X�J�U�I �U�I�Fskew �N�B�U�S�J�Y �P�Q�F�S�B�U�P�S �E�F���O�F�E �B�T

skew ¹Mº �
1
2

�
M � M | �

: �	���������




�<�? �; �%���������^�
��������

�5�I�F �D�I�P�S�E�B�M �	�'�S�P�C�F�O�J�V�T�
 �N�F�U�S�J�D

dF ¹A ; Bº � kB � A kF

�E�J���F�S�T �G�S�P�N �U�I�F �H�F�P�E�F�T�J�D �3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�D �P�OSO¹3º�
 �X�I�J�D�I �J�T �E�F���O�F�E �B�T �	�D�G�� �5�B��
�C�M�F�������


dist ¹A ; Bº �



 log

�
A| B

� 


F :

�)�P�X�F�W�F�S�
 �G�P�S �S�P�U�B�U�J�P�O�T �U�I�B�U �B�S�F �	�H�F�P�E�F�T�J�D�B�M�M�Z�
 �O�P�U �U�P�P �E�J�T�U�B�O�U �G�S�P�N �F�B�D�I �P�U�I�F�S�
 �U�I�F
�D�I�P�S�E�B�M �N�F�U�S�J�D �J�T �B �H�P�P�E �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�D �<�#�P�V�����>�� �*�O�E�F�F�E�

�M�F�U
 2 ’ 3� 3 �C�F �T�L�F�X���T�Z�N�N�F�U�S�J�D �X�J�U�Ik
 kF � 1 �N�F�B�O�J�O�H �U�I�B�UA
 �J�T �B�O �F�M�F�N�F�O�U �P�G
�U�I�F �U�B�O�H�F�O�U �T�Q�B�D�FTA SO¹3º�� �.�P�S�F�P�W�F�S�
 �M�F�UB � ExpA ¹A
 º � A exp¹t 
 º�� �5�I�F�O �U�I�F
�H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �P�GA �B�O�EB �J�T

dist2¹A ; Bº �



 log

�
A| B

� 

 2
F �




 log

�
A| A exp¹t 
 º

� 

 2
F �




 log

�
exp¹t 
 º

� 

 2
F

� t2 k
 k2
F � t2:

�	���������


�'�P�S �U�I�F �D�I�P�S�E�B�M �E�J�T�U�B�O�D�F �P�GA �B�O�EB �X�F �I�B�W�F

kB � A k2
F �




 A exp ¹t 
 º � A




 2

F �



 A

�
exp ¹t 
 º � I3

� 

 2
F �




 �

exp ¹t 
 º � I3
� 

 2

F

�






Õ 1

n� 0
¹t 
 ºn • n! � I3








2

F
�






 
 � 1

2 t2
 2 � O¹t3º







2

F

� t2 � t3
D

 ; 
 2

E
� O¹t4º � t2 � O¹t4º � dist2¹A ; Bº � O¹t4º:

�	���������


�)�F�S�F �X�F �V�T�F�E �U�I�F �G�B�D�U �U�I�B�U



 ; 
 2

�
� trace

�

 3

�
�W�B�O�J�T�I�F�T �T�J�O�D�F �U�I�F �N�B�U�S�J�Y
 3 �J�T

�T�L�F�X���T�Z�N�N�F�U�S�J�D��

�5�P �D�P�O�D�M�V�E�F�
 �U�I�F �'�S�P�C�F�O�J�V�T �N�F�U�S�J�D �J�T �M�P�D�B�M�M�Z �B �D�V�C�J�D �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �3�J�F�N�B�O��
�O�J�B�O �N�F�U�S�J�D�� �5�I�F �N�P�U�J�W�B�U�J�P�O �G�P�S �S�F�Q�M�B�D�J�O�H �U�I�F �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �C�Z �U�I�F �D�I�P�S�E�B�M �E�J�T��
�U�B�O�D�F �J�T �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �F���D�J�F�O�D�Z �N �V�T�J�O�H �U�I�F �D�I�P�S�E�B�M �E�J�T�U�B�O�D�F �U�B�L�F�T �M�F�T�T �U�J�N�F
�T�J�O�D�F �J�U �B�W�P�J�E�T �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �M�P�H�B�S�J�U�I�N�J�D �N�B�Q�� �5�I�J�T �J�N�Q�P�S�U�B�O�U �G�B�D�U �X�J�M�M
�C�F �V�T�F�E �M�B�U�F�S�
 �J�O �4�F�D�U�J�P�O�����������
 �J�O �P�S�E�F�S �U�P �T�J�N�Q�M�J�G�Z �B �D�P�T�U �G�V�O�D�U�J�P�O �G�P�S �B �T�N�P�P�U�I�J�O�H
�T�Q�M�J�O�F �E�F���O�F�E �P�O �U�I�F �N�B�O�J�G�P�M�ESO¹3º��

�;���>���< �1���
�^�
�������� �^�� �������
 �
���^�
�Æ������������

�'�J�S�T�U �E�F�T�D�S�J�C�F�E �C�Z �)�B�N�J�M�U�P�O�
 �R�V�B�U�F�S�O�J�P�O�Tˆ �B�S�F �B �O�P�O���D�P�N�N�V�U�B�U�J�W�F �B�M�H�F�C�S�B �P�G �E�J��
�N�F�O�T�J�P�O �G�P�V�S �X�F�M�M���T�V�J�U�F�E �G�P�S �S�F�Q�S�F�T�F�O�U�J�O�H �S�P�U�B�U�J�P�O�T �J�O’ 3�� �" �R�V�B�U�F�S�O�J�P�O �J�T �B ����
�U�V�Q�M�Fq � ¹x; y; z; wº �P�G �S�F�B�M �O�V�N�C�F�S�T�
 �X�I�J�D�I �E�F���O�F�T �B �Q�P�J�O�U �J�O’ 4�� �%�F�O�P�U�J�O�H �C�Z
i � ¹1; 0; 0º�
j � ¹0; 1; 0º�
k � ¹0; 0; 1º �U�I�F �D�B�O�P�O�J�D�B�M �C�B�T�J�T �J�O’ 3�
 �U�I�F �R�V�B�U�F�S�O�J�P�Oq �J�T
�T�P�N�F�U�J�N�F�T �T�Z�N�C�P�M�J�D�B�M�M�Z �X�S�J�U�U�F�O �B�T �U�I�F �T�V�N �P�G �U�I�F �T�D�B�M�B�S �Q�B�S�Uw �B�O�E �U�I�F �W�F�D�U�P�S �Q�B�S�U
v � ¹x; y; zº�


q � w � v � w � xi � yj � zk : �	���������




�;���> �1���
�^�
�������� ���� �<�� �<�@

�2�V�B�U�F�S�O�J�P�O �B�M�H�F�C�S�B �J�T �E�F���O�F�E �C�Z �U�I�F �F�R�V�B�U�J�P�O�T

i2 � j2 � k2 � ijk � � 1:

�5�I�F �S�P�U�B�U�J�P�O �B�S�P�V�O�E �B �V�O�J�U �&�V�M�F�S �B�Y�J�Te 2 ’ 3 �C�Z �U�I�F �B�O�H�M�F� �J�T �S�F�Q�S�F�T�F�O�U�F�E �C�Z �U�I�F
�V�O�J�U �R�V�B�U�F�S�O�J�P�Oq 2 ˆ � ��

q � cos
�
2

� esin
�
2

: �	���������


�5�I�F �J�O�W�F�S�T�F �S�P�U�B�U�J�P�O �D�P�S�S�F�T�Q�P�O�E�T �U�P �U�I�F�D�P�O�K�V�H�B�U�F�R�V�B�U�F�S�O�J�P�O

�q � cos
�
2

� esin
�
2

:

�5�I�F �P�Q�F�S�B�U�J�P�O �P�G �R�V�B�U�F�S�O�J�P�O �D�P�O�K�V�H�B�U�J�P�O �D�B�O �C�F �J�O�U�F�S�Q�S�F�U�F�E �F�J�U�I�F�S �B�T �E�J�S�F�D�U�J�P�O �J�O��
�W�F�S�T�J�P�O� e �P�S �B�O�H�M�F �J�O�W�F�S�T�J�P�O� � �
 �Z�J�F�M�E�J�O�H �U�I�F �T�B�N�F�q�� �*�O�W�F�S�U�J�O�H�C�P�U�I�U�I�F �E�J�S�F�D�U�J�P�O
�B�O�E �U�I�F �B�O�H�M�F �H�J�W�F�T �U�I�F�B�O�U�J�Q�P�E�B�M�R�V�B�U�F�S�O�J�P�O

� q � � cos
�
2

� esin
�
2

;

�X�I�J�D�I �S�F�Q�S�F�T�F�O�U�T �U�I�F �S�P�U�B�U�J�P�O �B�S�P�V�O�E� e �C�Z �U�I�F �B�O�H�M�F� � �� �*�O �F�T�T�F�O�D�F�
 �U�I�J�T �J�T �F�R�V�J�W��
�B�M�F�O�U �U�P �U�I�F �S�P�U�B�U�J�P�O �S�F�Q�S�F�T�F�O�U�F�E �C�Zq��

�"�O�Z �V�O�J�U �R�V�B�U�F�S�O�J�P�Oq � w� xi � yj � zk 2 ˆ � �T�B�U�J�T���F�T �U�I�F �S�F�M�B�U�J�P�Ox2� y2� z2� w2 � 1��
�*�U �G�P�M�M�P�X�T �U�I�B�U �U�I�F�S�F �J�T �B �C�ó�F�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �V�O�J�U �R�V�B�U�F�S�O�J�P�O�Tˆ � �B�O�E �U�I�F �����T�Q�I�F�S�F

“ 3 �
n
¹x; y; z; wº : x2 � y2 � z2 � w2 � 1

o
� ’ 4: �	���������


�5�I�F �����T�Q�I�F�S�F �J�T �B �V�T�F�G�V�M �U�P�Q�P�M�P�H�J�D�B�M �N�P�E�F�M �P�G �S�P�U�B�U�J�P�O�T �J�O’ 3�� �8�F �N�V�T�U �I�P�X�F�W�F�S
�O�P�U �G�P�S�H�F�U �U�I�B�U �V�O�J�U �R�V�B�U�F�S�O�J�P�O�T �B�S�F �B ���������D�P�W�F�S�J�O�H �P�GSO¹3º �T�J�O�D�F �B�O�U�J�Q�P�E�B�M �R�V�B�U�F�S��
�O�J�P�O�Tq �B�O�E� q �S�F�Q�S�F�T�F�O�U �U�I�F �T�B�N�F �S�P�U�B�U�J�P�O�� �5�I�F�S�F�G�P�S�F�
 �U�I�F �N�B�O�J�G�P�M�ESO¹3º �J�T �O�P�U
�I�P�N�F�P�N�P�S�Q�I�J�D �U�P �U�I�F �����T�Q�I�F�S�F �J�U�T�F�M�G�
 �C�V�U �S�B�U�I�F�S �U�P �U�I�F �R�V�P�U�J�F�O�U �H�S�P�V�Q

“ 3• f I ; � I g � SO¹3º;

�X�I�F�S�FI � ¹1; 0; 0; 0º �J�T �U�I�F �O�P�S�U�I �Q�P�M�F �B�O�E� I �J�T �U�I�F �T�P�V�U�I �Q�P�M�F�� �C�P�U�I �Q�P�M�F�T �D�P�S��
�S�F�T�Q�P�O�E �U�P �U�I�F �J�E�F�O�U�J�U�Z �S�P�U�B�U�J�P�O�� �5�I�J�T �N�F�B�O�T �U�I�B�U �D�P�O�D�F�Q�U�V�B�M�M�Z�
 �X�F �D�B�O �W�J�T�V�B�M�J�[�F �B
�S�P�U�B�U�J�P�O �N �B �Q�P�J�O�U �J�OSO¹3º �N �B�T �B�Q�B�J�S�P�G �B�O�U�J�Q�P�E�B�M �Q�P�J�O�U�T �P�O �U�I�F �����T�Q�I�F�S�F �	�'�J�H���������
��

�5�I�F �D�P�O�W�F�S�T�J�P�O �P�G �B �V�O�J�U �R�V�B�U�F�S�O�J�P�Oq � ¹x; y; z; wº 2 “ 3 �U�P �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H
�S�P�U�B�U�J�P�O �N�B�U�S�J�YA¹qº 2 SO¹3º �J�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O �<�4�I�P�����>��

A¹qº �
©
­
­
«

2w2 � 2x2 � 1 2xy � 2wz 2xz � 2wy
2xy � 2wz 2w2 � 2y2 � 1 2yz � 2wx
2xz � 2wy 2yz � 2wx 2w2 � 2z2 � 1

ª
®
®
¬

: �	���������


�/�P�U�F �U�I�B�U �B�M�M �J�O�E�J�W�J�E�V�B�M �U�F�S�N�T �B�S�F �R�V�B�E�S�B�U�J�D �J�Oq�� �*�U �G�P�M�M�P�X�T �U�I�B�UA¹� qº � A¹qº �B�O�E
A¹ �qº � A¹qº| ��
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 �G�S�P�Nq0 �U�Pq1 �X�J�U�I �B �Q�B�S�B�N�F�U�F�S
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�J�T �O�P�U �V�O�J�R�V�F �N �B�O�Z �P�O�F �P�G �U�I�F �U�X�P �B�O�U�J�Q�P�E�B�M �R�V�B�U�F�S�O�J�P�O�T �D�B�O �C�F �Q�J�D�L�F�E�� �(�F�O�F�S�B�M�M�Z�

�U�I�F �R�V�B�U�F�S�O�J�P�O �J�T �Q�J�D�L�F�E �J�O �B �X�B�Z �U�I�B�U �N�J�O�J�N�J�[�F�T �U�I�F �M�F�O�H�U�I �P�G �U�I�F �S�F�T�V�M�U�J�O�H �T�Q�I�F�S��
�J�D�B�M �B�S�D��

�;���? �"�Í���� �`�����	���Í���Í��
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X k � X � � � � � X
|         {z         }

k �U�J�N�F�T

:

�5�I�F �F�M�F�N�F�O�U�T �P�GX k �B�S�Fk���U�V�Q�M�F �W�B�S�J�B�U�J�P�O�T¹x1; : : : ;xkº�� �5�P �E�F���O�F �B �D�F�M�M �D�P�N�Q�M�F�Y�
 �X�F
�X�B�O�U �T�P�N�F �P�G �U�I�F�T�F �W�B�S�J�B�U�J�P�O�T �U�P �C�F �F�R�V�J�W�B�M�F�O�U�� �'�P�S �J�O�T�U�B�O�D�F�
 �J�GX � f 0; 1; 2g �S�F�Q�S�F��
�T�F�O�U�T �U�I�F �W�F�S�U�J�D�F�T�
 �U�I�F �T�J�Y �U�S�J�Q�M�F�U�T¹0; 1; 2º�
¹1; 2; 0º�
¹2; 0; 1º�
¹2; 1; 0º�
¹0; 2; 1º�
¹1; 0; 2º
�E�F���O�F �U�I�F �T�B�N�F �U�S�J�B�O�H�M�F4 �� �5�I�J�T �M�F�B�E�T �U�P �U�I�F �G�P�M�M�P�X�J�O�H �E�F���O�J�U�J�P�O��

�%�F���O�J�U�J�P�O �����������5�I�F �T�F�U �P�G �B�M�M�D�Z�D�M�J�D�B�M�M�Z �B�O�E �S�F�W�F�S�T�F �V�O�P�S�E�F�S�F�Ek���U�V�Q�M�F�T�G�P�S �B �H�J�W�F�O
�T�F�UX �J�T �E�F�O�P�U�F�E �C�ZX»k¼�B�O�E �E�F���O�F�E �B�T �U�I�F �G�B�D�U�P�S �T�F�U

X»k¼� X k•s

�V�O�E�F�S �U�I�F �F�R�V�J�W�B�M�F�O�D�F �S�F�M�B�U�J�P�O

¹x1; x2; : : : ;xk� 1; xkº s ¹xk; x1; : : : ;xk� 1º s ¹xk; xk� 1; : : : ;x2; x1º:

�"�O �F�M�F�N�F�O�Ua 2 X»k¼�J�T �D�B�M�M�F�E �B�D�F�M�M�B�O�E �E�F�O�P�U�F�E �C�Zx � »x1; : : : ;xk¼�� �" �T�V�C�F�M�F�N�F�O�U
y � »y1; : : : ; ym¼ 2X»m¼�P�Gx�
 �X�S�J�U�U�F�O �B�Ty � x�
 �T�B�U�J�T���F�Tx � »y1; : : : ; ym; z1; : : : ;zk� m¼
�G�P�S �T�P�N�Fz � »z1; : : : ;zk� m¼ 2X»k� m¼�� �8�F �T�B�Z �U�I�B�Uy �C�F�M�P�O�H�T�U�Px �B�O�E �J�T�J�O�D�J�E�F�O�U�U�Pz��

�%�F���O�J�U�J�P�O ���������	�$�F�M�M �D�P�N�Q�M�F�Y�
 �T�J�N�Q�M�J�D�J�B�M �D�P�N�Q�M�F�Y�
�� �"�O�B�C�T�U�S�B�D�U �����E�J�N�F�O�T�J�P�O�B�M �D�F�M�M
�D�P�N�Q�M�F�Y�P�S �T�J�N�Q�M�Z �B�D�F�M�M �D�P�N�Q�M�F�Y�J�T �B �U�P�Q�P�M�P�H�J�D�B�M �T�U�S�V�D�U�V�S�FC � ¹V ; E; F º �X�I�J�D�I �D�P�O�T�J�T�U�T
�P�G �����D�F�M�M�T �P�S �W�F�S�U�J�D�F�TV , œ�
 �����D�F�M�M�T �P�S �F�E�H�F�TE � V »2¼�B�O�E �����D�F�M�M�T �P�S �G�B�D�F�TF �

Ð 1
k� 3 V »k¼��

�'�P�S �B �W�F�S�U�F�Yv 2 V �
 �E�F�O�P�U�F �C�Zlink ¹vº �U�I�F �T�F�U �P�G �B�M�M �W�F�S�U�J�D�F�T �I�B�W�J�O�H �B �D�P�N�N�P�O �G�B�D�F �X�J�U�Iv��

link ¹vº �
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v i 2 V : v i , v �B�O�Ev; v i 2 f 2 F
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�	�J�
�/�P �J�T�P�M�B�U�F�E �W�F�S�U�J�D�F�T���F�B�D�I �W�F�S�U�F�Yv 2 V �C�F�M�P�O�H�T �U�P �T�P�N�F �F�E�H�Fe 2 E��

�	�J�J�
�/�P �E�B�O�H�M�J�O�H �F�E�H�F�T���F�B�D�I �F�E�H�Fe 2 E �C�F�M�P�O�H�T �U�P �F�Y�B�D�U�M�Z �P�O�F �G�B�D�Ff 2 F �	�C�P�V�O�E�B�S�Z
�F�E�H�F�
 �P�S �U�P �F�Y�B�D�U�M�Z �U�X�P �G�B�D�F�Tf1; f2 2 F �	�J�O�U�F�S�J�P�S �F�E�H�F�
��

�	�J�J�J�
�"�M�M �F�E�H�F�T �J�OE���F�B�D�I �T�V�C�F�M�F�N�F�O�Ue � »v1; v2¼ � f 2 F �J�T �B�O �F�E�H�Fe 2 E��

�	�J�W�
�/�P �B�S�U�J�D�V�M�B�U�J�P�O �W�F�S�U�J�D�F�T���*�G �U�I�F �T�F�Ulink ¹vº �J�T ���O�J�U�F �X�J�U�Ik �W�F�S�U�J�D�F�Tv i �
 �U�I�F�S�F �F�Y�J�T�U�T
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 �J�G»vk; v1¼ 2 E�
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F � V »3¼��
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�
 �J�O�E�V�D�F�T �B �D�F�M�M �D�P�N�Q�M�F�Y
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v : V ! ’ 3 : v i 7! v i :

�5�I�F �F�N�C�F�E�E�J�O�H �P�G �B�O �F�E�H�Fe � ¹v i ; v j º �J�T �U�I�F �M�J�O�F �T�F�H�N�F�O�U �C�F�U�X�F�F�Ov i �B�O�Ev j �� �5�I�F �F�N�C�F�E�E�J�O�H
�P�G �B �G�B�D�Ff � ¹v i ; v j ; vkº �J�T �U�I�F �U�S�J�B�O�H�M�F �X�J�U�I �W�F�S�U�J�D�F�Tv i �
v j �
vk��
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�$�I�B�Q�U�F�S�� �J�O�U�S�P�E�V�D�F�E �U�I�F �Q�S�P�C�M�F�N �P�G �B�D�R�V�J�T�J�U�J�P�O �B�O�E �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �T�I�B�Q�F�T �V�T�J�O�H
�T�F�O�T�P�S�T�� �$�I�B�Q�U�F�S�� �Q�S�F�T�F�O�U�F�E �U�I�F �N�B�U�I�F�N�B�U�J�D�B�M �G�P�V�O�E�B�U�J�P�O�T �P�G �U�I�J�T �U�I�F�T�J�T�
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 �X�F
�E�F�T�D�S�J�C�F �U�I�F ���S�T�U �D�P�O�U�S�J�C�V�U�J�P�O �P�G �U�I�J�T �U�I�F�T�J�T�� �B �N�F�U�I�P�E �G�P�S �S�F�D�P�O�T�U�S�V�D�U�J�O�H �T�N�P�P�U�I
�D�V�S�W�F �O�F�U�X�P�S�L�T �G�S�P�N �P�S�J�F�O�U�B�U�J�P�O �B�O�E �E�J�T�U�B�O�D�F �E�B�U�B �Q�S�P�W�J�E�F�E �C�Z �T�F�O�T�P�S�T��
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 �X�F �P�C�U�B�J�O �B �T�B�N�Q�M�F �P�G �T�V�S�G�B�D�F �P�S�J�F�O�U�B�U�J�P�O�T �X�J�U�I �B�T�T�P�D�J�B�U�F�E �E�J�T�U�B�O�D�F
�Q�B�S�B�N�F�U�F�S�T�� �*�O �P�V�S �E�Z�O�B�N�J�D �T�F�U�V�Q�
 �U�I�F�T�F �P�S�J�F�O�U�B�U�J�P�O�T �B�S�F �B�D�R�V�J�S�F�E �B�M�P�O�H �B �O�F�U�X�P�S�L
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�5�I�F �H�P�B�M �P�G �U�I�F �B�M�H�P�S�J�U�I�N�T �Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �D�I�B�Q�U�F�S �J�T �U�P �S�F�D�P�O�T�U�S�V�D�U �B �T�N�P�P�U�I �D�V�S�W�F
�O�F�U�X�P�S�L �G�S�P�N �U�I�F �B�D�R�V�J�S�F�E �P�S�J�F�O�U�B�U�J�P�O�T �X�I�J�M�F �S�F�T�Q�F�D�U�J�O�H �U�I�F �U�P�Q�P�M�P�H�Z �B�O�E �D�P�O�T�J�T��
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�F�U �B�M�� �<�$�1�4�����> �X�I�P �V�T�F�E �1�P�J�T�T�P�O�R�T �F�R�V�B�U�J�P�O� x � r � T �U�P �S�F�U�S�J�F�W�F �Q�P�T�J�U�J�P�O�Tx �P�G �B
�D�M�P�T�F�E �Q�M�B�O�B�S �D�V�S�W�F �G�S�P�N �J�U�T �U�B�O�H�F�O�U ���F�M�ET �E�V�S�J�O�H �J�T�P�N�F�U�S�J�D �D�V�S�W�B�U�V�S�F ���P�X�� �8�F
�F�Y�U�F�O�E �U�I�J�T �B�Q�Q�S�P�B�D�I �U�P �D�M�P�T�F�E �D�V�S�W�F �O�F�U�X�P�S�L�T �P�O �T�V�S�G�B�D�F�T�
 �B�O�E �V�T�F �J�U �U�P �S�F�D�P�O�T�U�S�V�D�U
�Q�P�T�J�U�J�P�O�T �P�G �U�I�F �T�D�B�O�O�F�E �D�V�S�W�F�T �	�4�F�D�U�J�P�O�������
��
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�(�J�W�F�O �B �T�N�P�P�U�I �D�P�O�O�F�D�U�F�E �����N�B�O�J�G�P�M�E �T�V�S�G�B�D�FS � ’ 3�
 �X�F �D�P�O�T�J�E�F�S �B �D�V�S�W�F �O�F�U�X�P�S�L
� �
 �X�I�J�D�I �J�T �B �D�P�M�M�F�D�U�J�P�O �P�GG1 �T�N�P�P�U�I �D�V�S�W�F�T �F�N�C�F�E�E�F�E �P�OS�� �5�I�F �O�F�U�X�P�S�L� �J�T
�U�I�F�S�F�G�P�S�F �B �U�P�Q�P�M�P�H�J�D�B�M �T�V�C�T�Q�B�D�F �P�GS�� �$�V�S�W�F�T �J�O� �E�J�W�J�E�F �U�I�F �T�V�S�G�B�D�F �J�O�U�P �B ���O�J�U�F
�O�V�N�C�F�S �P�G �D�F�M�M�T �G�P�S�N�J�O�H �B �U�X�P���E�J�N�F�O�T�J�P�O�B�M�D�F�M�M �D�P�N�Q�M�F�YC � ¹V ; E; F º �P�OS �	�D�G��
�&�Y�B�N�Q�M�F���������B�O�E �'�J�H���������P�O �Q�������
�
 �D�P�O�T�J�T�U�J�O�H �P�G �O�P�E�F�TV �	�����D�F�M�M�T�
�
 �T�F�H�N�F�O�U�TE �	����
�D�F�M�M�T�
 �B�O�E �D�Z�D�M�F�TF �	�����D�F�M�M�T�
�� �.�P�S�F�P�W�F�S�
 �X�F �T�V�Q�Q�P�T�F �U�I�F �D�F�M�M �D�P�N�Q�M�F�Y �J�T �D�P�O�O�F�D�U�F�E
�B�O�E �U�I�F �D�Z�D�M�F�T �B�S�F �D�P�O�U�S�B�D�U�J�C�M�F �	�'�J�H���������
�� �&�B�D�I �D�V�S�W�F
 2 � �D�B�O �C�F �U�I�P�V�H�I�U �P�G �B�T �B
�Q�B�U�I�J�OC�� �8�F �T�B�Z �U�I�B�U �U�X�P �D�V�S�W�F�T �J�O�U�F�S�T�F�D�U �B�U �B �O�P�E�Fv 2 V �J�G �U�I�F�J�S �D�P�S�S�F�T�Q�P�O�E�J�O�H
�Q�B�U�I�T �D�P�O�U�B�J�Ov��
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�'�J�H�V�S�F ���������$�V�S�W�F �O�F�U�X�P�S�L�T�� �J�O �U�I�J�T �F�Y�B�N�Q�M�F�
 �P�O�M�Z �U�I�F �U�P�Q �M�F�G�U �D�V�S�W�F �O�F�U�X�P�S�L �J�T
�B �W�B�M�J�E �J�O�Q�V�U �U�P �P�V�S �B�M�H�P�S�J�U�I�N�� �5�I�F �P�U�I�F�S �U�I�S�F�F �O�F�U�X�P�S�L�T �I�B�W�F �O�P�O��
�D�P�O�U�S�B�D�U�J�C�M�F �D�Z�D�M�F�T �	�U�P�Q �S�J�H�I�U�
�
 �W�J�P�M�B�U�F �U�I�F �E�F���O�J�U�J�P�O �P�G �B �D�F�M�M �D�P�N�Q�M�F�Y �	�C�P�U��
�U�P�N �M�F�G�U�
 �P�S �U�I�F�Z �B�S�F �E�J�T�D�P�O�O�F�D�U�F�E �	�C�P�U�U�P�N �S�J�H�I�U�
��

�%�F�O�P�U�F �C�Zx : »0; L¼ ! ’ 3 �U�I�F �O�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �P�G
 2 � �X�I�F�S�FL �J�T �U�I�F �M�F�O�H�U�I
�P�G
 �� �'�P�S �B ���Y�F�E �Q�P�J�O�Ux �P�O �U�I�F �D�V�S�W�F�
 �U�I�F �P�S�U�I�P�O�P�S�N�B�M �%�B�S�C�P�V�Y �G�S�B�N�FD � f t; N ; Bg
�J�T �E�F���O�F�E �B�T �	�4�F�D�U�J�P�O�������


t � x0; N ? TxS; B � t � N :

�)�F�S�F�
TxS �E�F�O�P�U�F�T �U�I�F �U�X�P���E�J�N�F�O�T�J�P�O�B�M �U�B�O�H�F�O�U �T�Q�B�D�F �P�GS �B�U �U�I�F �Q�P�J�O�Ux 2 S �B�O�E
N �J�T �D�I�P�T�F�O �B�T �U�I�F �P�V�U�X�B�S�E �T�V�S�G�B�D�F �O�P�S�N�B�M�� �8�F �S�F�Q�S�F�T�F�O�U �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�FD
�B�T �B�O �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�YA � »t N B ¼2 SO¹3º�
 �X�I�J�D�I �J�T �B �N�F�N�C�F�S �P�G �U�I�F �T�Q�F�D�J�B�M
�P�S�U�I�P�H�P�O�B�M �H�S�P�V�Q �	�D�G�� �&�R�� �	���������
 �J�O �4�F�D�U�J�P�O�������


SO¹3º �
n
A 2 ’ 3� 3 : A| A � �J�E�F�O�U�J�U�Z �B�O�Edet¹Aº � 1

o
:

�8�I�F�O �U�B�M�L�J�O�H �B�C�P�V�U �B�O �T�P�S�J�F�O�U�B�U�J�P�O�U �P�S �B �T�G�S�B�N�F�U�
 �X�F �S�F�G�F�S �U�P �U�I�F �T�B�N�F �D�P�O�D�F�Q�U
�N �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�F �P�G �B �D�V�S�W�F �Q�P�J�O�U �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �V�O�E�F�S�M�Z�J�O�H �T�V�S�G�B�D�F�� �5�I�F
�Q�S�P�K�F�D�U�J�P�O�T �P�O �U�I�F �U�B�O�H�F�O�U �B�O�E �U�I�F �O�P�S�N�B�M �D�P�N�Q�P�O�F�O�U �P�G �U�I�F �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�YA
�B�S�F �E�F�O�P�U�F�E �C�Z

A jt : A � »t N B ¼7! t; A jN : A � »t N B ¼7! N:
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A¹xº

A jN A jt

�'�J�H�V�S�F ���������'�P�S �B �D�M�P�T�F�E �O�F�U�X�P�S�L�
 �U�I�F �P�S�J�F�O�U�B�U�J�P�O �G�V�O�D�U�J�P�Ox 7! A¹xº �J�T�O�P�U�D�P�O�U�J�O��
�V�P�V�T �	�S�J�H�I�U�
 �T�J�O�D�F �U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�S �J�T �E�J���F�S�F�O�U �G�P�S �F�B�D�I �D�V�S�W�F �Q�B�T�T�J�O�H
�U�I�S�P�V�H�I �B�O �J�O�U�F�S�T�F�D�U�J�P�O�� �/�P�U�F �U�I�B�U �U�I�F �Q�S�P�K�F�D�U�J�P�O �P�O �U�I�F �O�P�S�N�B�M �D�P�N�Q�P��
�O�F�O�UA jN : � ! “ 2 �	�(�B�V�T�T �N�B�Q �P�GS �S�F�T�U�S�J�D�U�F�E �U�P �D�V�S�W�F�T�
 �J�T �D�M�P�T�F�E �B�T �U�I�F
�T�V�S�G�B�D�F �O�P�S�N�B�M �W�B�S�J�F�T �D�P�O�U�J�O�V�P�V�T�M�Z �	�M�F�G�U�
��

�5�I�F �G�V�O�D�U�J�P�OA : � ! SO¹3º�
 �X�I�J�D�I �B�T�T�P�D�J�B�U�F�T �F�B�D�I �D�V�S�W�F �Q�P�J�O�U �U�P �J�U�T �%�B�S�C�P�V�Y
�G�S�B�N�F�
 �J�T �O�P�U �D�P�O�U�J�O�V�P�V�T�� �*�O�E�F�F�E�
 �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T �U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�St �E�J���F�S�T �G�P�S
�F�B�D�I �B�E�K�B�D�F�O�U �D�V�S�W�F �	�'�J�H���������
�� �/�P�U�F �I�P�X�F�W�F�S �U�I�B�U �U�I�F �Q�S�P�K�F�D�U�J�P�O �P�O �U�I�F �O�P�S�N�B�M �D�P�N��
�Q�P�O�F�O�UA jN �J�T �D�P�O�U�J�O�V�P�V�T �B�O�E �J�T �J�E�F�O�U�J�D�B�M �U�P �U�I�F �(�B�V�T�T �N�B�Q �P�GS �S�F�T�U�S�J�D�U�F�E �U�P �U�I�F
�D�V�S�W�F�T �J�O� ��

�0�V�S �H�P�B�M �J�T �U�P �S�F�U�S�J�F�W�F �U�I�F �V�O�L�O�P�X�O �Q�P�T�J�U�J�P�O�Tx �Q�S�P�W�J�E�F�E �B �T�B�N�Q�M�F �P�G �P�S�J�F�O�U�B�U�J�P�O�T
A i � A

�
x ¹di º

�
�G�P�S �F�B�D�I �D�V�S�W�F
 �B�U �L�O�P�X�O �E�J�T�U�B�O�D�F�Tdi 2 »0; L¼�� �8�F �T�V�Q�Q�P�T�F �U�I�F

�U�P�Q�P�M�P�H�Z �P�G �U�I�F �V�O�E�F�S�M�Z�J�O�H �D�F�M�M �D�P�N�Q�M�F�YC �J�T �L�O�P�X�O��

�5�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O �Q�S�P�W�J�E�F�T �B�O �P�W�F�S�W�J�F�X �P�G �P�V�S �N�F�U�I�P�E �G�P�S �T�P�M�W�J�O�H �U�I�J�T �Q�S�P�C��
�M�F�N��

�<���< �,�Í�
������ �����Í�������Í��

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �Q�S�F�T�F�O�U �U�I�F �P�W�F�S�W�J�F�X �P�G �P�V�S �N�F�U�I�P�E �G�P�S �S�F�T�P�M�W�J�O�H �U�I�F �Q�S�P�C�M�F�N �E�F��
���O�F�E �J�O �4�F�D�U�J�P�O�������� �(�J�W�F�O �B �T�F�U �P�G �O�P�J�T�Z �P�S�J�F�O�U�B�U�J�P�O�T �B�D�R�V�J�S�F�E �B�M�P�O�H �B �T�F�U �P�G �D�V�S�W�F�T
�P�O �B �T�V�S�G�B�D�F�
 �P�V�S �N�F�U�I�P�E �F�O�T�V�S�F�T �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �B �T�N�P�P�U�I �D�V�S�W�F �O�F�U�X�P�S�L
�X�J�U�I �O�P�S�N�B�M�T�� �'�J�H���������T�V�N�N�B�S�J�[�F�T �U�I�F �N�B�J�O �T�U�F�Q�T��

�'�J�S�T�U�
 �X�F �V�T�F �U�I�F �F�Y�J�T�U�J�O�H �B�M�H�P�S�J�U�I�N�T �U�P �F�T�U�J�N�B�U�F �P�S�J�F�O�U�B�U�J�P�O�T �G�S�P�N �S�B�X �T�F�O�T�P�S �N�F�B��
�T�V�S�F�N�F�O�U�T�� �"�T �E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O�������
 �F�B�D�I �T�F�O�T�P�S �N�F�B�T�V�S�F�T �B �U�I�S�F�F���E�J�N�F�O�T�J�P�O�B�M
�W�F�D�U�P�S�� �5�P �F�T�U�J�N�B�U�F �U�I�F �U�P�U�B�M �P�S�J�F�O�U�B�U�J�P�O�
 �U�I�F �N�F�B�T�V�S�F�E �W�F�D�U�P�S�T �B�S�F �N�B�U�D�I�F�E �X�J�U�I �U�I�F
�S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T�
 �B�O�E �U�I�F �P�S�J�F�O�U�B�U�J�P�O�
 �S�F�Q�S�F�T�F�O�U�F�E �C�Z �B �R�V�B�U�F�S�O�J�P�O�
 �J�T �D�P�N�Q�V�U�F�E �B�T
�B �T�P�M�V�U�J�P�O �P�G �B�O �F�J�H�F�O�Q�S�P�C�M�F�N�� �.�P�S�F �E�F�U�B�J�M�T �P�O �P�S�J�F�O�U�B�U�J�P�O �F�T�U�J�N�B�U�J�P�O �B�S�F �H�J�W�F�O �J�O
�4�F�D�U�J�P�O��������

�/�F�Y�U�
 �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �B�O�E �E�J�T�U�B�O�D�F�T �B�D�R�V�J�S�F�E �G�S�P�N �U�I�F �Q�I�Z�T�J�D�B�M �T�V�S�G�B�D�F �B�S�F �Q�S�F��
���M�U�F�S�F�E �	�4�F�D�U�J�P�O�����������
 �V�T�J�O�H �F���D�J�F�O�U �B�W�F�S�B�H�J�O�H �T�D�I�F�N�F�T �J�O �U�I�F �R�V�B�U�F�S�O�J�P�O �T�Q�B�D�F
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�	�4�F�D�U�J�P�O�����������
�� �5�I�F �Q�S�F�����M�U�F�S�F�E �E�B�U�B �B�S�F �T�N�P�P�U�I�F�E �V�T�J�O�H �S�F�H�S�F�T�T�J�P�O �P�O �U�I�F �N�B�O�J��
�G�P�M�E �P�G �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�D�F�T �	�4�F�D�U�J�P�O�����������
 �U�P �P�C�U�B�J�O �T�N�P�P�U�I�M�Z �W�B�S�Z�J�O�H �G�S�B�N�F�T �X�J�U�I
�D�P�O�T�J�T�U�F�O�U �O�P�S�N�B�M�T��

�8�I�F�O �X�P�S�L�J�O�H �X�J�U�I �P�S�J�F�O�U�B�U�J�P�O�T�
 �X�F �V�T�F �U�X�P �E�J���F�S�F�O�U �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�T �	�4�F�D�U�J�P�O�������
��
�2�V�B�U�F�S�O�J�P�O�T�B�S�F �V�T�F�E �G�P�S �F�T�U�J�N�B�U�J�P�O �B�O�E �G�P�S �Q�S�F�����M�U�F�S�J�O�H�
 �M�F�W�F�S�B�H�J�O�H �F���D�J�F�O�U �R�V�B�U�F�S��
�O�J�P�O �B�M�H�P�S�J�U�I�N�T �G�P�S �F�T�U�J�N�B�U�J�P�O �B�O�E �B�W�F�S�B�H�J�O�H �P�G �P�S�J�F�O�U�B�U�J�P�O�T�� �'�P�S �U�I�F �T�V�C�T�F�R�V�F�O�U
�S�F�H�S�F�T�T�J�P�O�
 �X�F �S�F�Q�S�F�T�F�O�U �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �C�Z�S�P�U�B�U�J�P�O �N�B�U�S�J�D�F�T�G�S�P�NSO¹3º�� �5�I�J�T �D�I�P�J�D�F
�G�B�D�J�M�J�U�B�U�F�T �U�I�F �J�O�D�M�V�T�J�P�O �P�G �O�P�S�N�B�M �D�P�O�T�J�T�U�F�O�D�Z �D�P�O�T�U�S�B�J�O�U�T�
 �X�I�J�D�I �B�S�F �E�J���D�V�M�U �U�P �I�B�O��
�E�M�F �V�T�J�O�H �U�I�F �R�V�B�U�F�S�O�J�P�O �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �	�"�Q�Q�F�O�E�J�Y�#�
��

�'�J�O�B�M�M�Z�
 �J�O �4�F�D�U�J�P�O�������
 �X�F �G�P�S�N�V�M�B�U�F �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �Q�P�T�J�U�J�P�O�T �G�S�P�N �U�I�F ���M�U�F�S�F�E
�P�S�J�F�O�U�B�U�J�P�O�T �B�T �B �1�P�J�T�T�P�O �Q�S�P�C�M�F�N�� �1�P�J�T�T�P�O�R�T �F�R�V�B�U�J�P�O �J�T �E�J�T�D�S�F�U�J�[�F�E �V�T�J�O�H ���O�J�U�F
�E�J���F�S�F�O�D�F�T�
 �X�I�J�M�F �S�F�T�Q�F�D�U�J�O�H �U�I�F �U�P�Q�P�M�P�H�Z �P�G �U�I�F �O�F�U�X�P�S�L�� �5�I�J�T �S�F�T�V�M�U�T �J�O �B �T�Q�B�S�T�F
�H�M�P�C�B�M �M�J�O�F�B�S �T�Z�T�U�F�N �G�P�S �U�I�F �X�I�P�M�F �O�F�U�X�P�S�L�
 �X�I�J�D�I �J�T �F���D�J�F�O�U�M�Z �S�F�T�P�M�W�F�E �J�O �P�S�E�F�S �U�P
�S�F�U�S�J�F�W�F �U�I�F �Q�P�T�J�U�J�P�O�T��
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�'�J�H�V�S�F ���������" �T�D�I�F�N�B�U�J�D �P�W�F�S�W�J�F�X �P�G �U�I�F �D�V�S�W�F �O�F�U�X�P�S�L �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N�F�U�I�P�E �Q�S�F��
�T�F�O�U�F�E �J�O �U�I�J�T �D�I�B�Q�U�F�S�� �0�S�J�F�O�U�B�U�J�P�O�T �B�G�U�F�S �F�B�D�I �T�U�F�Q �P�G �U�I�F �N�F�U�I�P�E �B�S�F �W�J��
�T�V�B�M�J�[�F�E �W�J�B �U�I�F �(�B�V�T�T �N�B�Q �	�O�P�S�N�B�M �D�P�N�Q�P�O�F�O�U �P�G �U�I�F �P�S�J�F�O�U�B�U�J�P�O �Q�M�P�U��
�U�F�E �P�O �U�I�F �V�O�J�U �����T�Q�I�F�S�F�
�� �*�N�B�H�F �P�O �U�I�F �S�J�H�I�U �T�I�P�X�T �U�I�F �S�F�D�P�O�T�U�S�V�D�U�F�E
�O�F�U�X�P�S�L��
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�����^�
������ ���Î �������Í���
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������ ���Î �������Í���
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�0�V�S �B�D�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F�T �J�O�U�S�P�E�V�D�F�E �J�O �4�F�D�U�J�P�O�������B�S�F �F�R�V�J�Q�Q�F�E �X�J�U�I �*�.�6�T�
 �X�I�J�D�I
�D�P�O�U�B�J�O �U�X�P �T�F�O�T�P�S�T �	�,�����	�����������Í�� �
 �P�S �U�I�S�F�F �T�F�O�T�P�S�T �	�����^���
�	�������Í �
�� �&�B�D�I �T�F�O�T�P�S �N�F�B��
�T�V�S�F�T �B �T�J�O�H�M�F�W�F�D�U�P�S�J�O ���%�� �)�P�X�F�W�F�S�
 �U�I�F �Q�S�P�C�M�F�N �E�F���O�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O
�S�F�R�V�J�S�F�T �B �T�B�N�Q�M�F �P�G �P�S�J�F�O�U�B�U�J�P�O�TA i 2 SO¹3º �B�T �U�I�F �J�O�Q�V�U��

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �E�F�T�D�S�J�C�F �U�I�F �Q�S�F���Q�S�P�D�F�T�T�J�O�H �T�U�F�Q�
 �J�O �X�I�J�D�I �U�I�F �J�O�E�J�W�J�E�V�B�M �T�F�O�T�P�S
�N�F�B�T�V�S�F�N�F�O�U�T �B�S�F �D�P�N�C�J�O�F�E �J�O �P�S�E�F�S �U�P �E�F�U�F�S�N�J�O�F �U�I�F �P�W�F�S�B�M�M �P�S�J�F�O�U�B�U�J�P�O �P�G �U�I�F
�P�C�K�F�D�U �	�'�J�H���������
�� �8�F �V�T�F �U�I�F �F�Y�J�T�U�J�O�H �N�F�U�I�P�E�T �U�P �U�I�J�T �F�O�E�
 �X�I�J�D�I �B�S�F �G�P�S�N�V�M�B�U�F�E �B�T
�T�P�M�V�U�J�P�O�T �U�P �U�I�F �8�B�I�C�B�R�T �Q�S�P�C�M�F�N �<�8�B�I�����>��

�1�S�P�C�M�F�N �������	�8�B�I�C�B�R�T �Q�S�P�C�M�F�N�
�� �(�J�W�F�O �B �T�F�Uf m i g
n
i � 1 �P�G �N�F�B�T�V�S�F�E �W�F�D�U�P�S�T �X�J�U�I �V�O�J�U

�M�F�O�H�U�I �B�O�E �B �T�F�Uf ei g
n
i � 1 �P�G �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �V�O�J�U �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T�
 ���O�E �U�I�F �P�S�J�F�O�U�B�U�J�P�O

�N�B�U�S�J�YA �U�I�B�U �N�J�O�J�N�J�[�F�T �U�I�F �D�P�T�U �G�V�O�D�U�J�P�OJ¹Aº��

min
A2SO¹3º

J¹Aº �X�J�U�I J¹Aº �
1
2

nÕ

i � 1

� i km i � Aei k
2 ; �	�������


�X�I�F�S�F� i �B�S�F �X�F�J�H�I�U�T �B�T�T�P�D�J�B�U�F�E �U�P �F�B�D�I �N�F�B�T�V�S�F�N�F�O�U��

�-�P�P�T�F�M�Z �T�Q�F�B�L�J�O�H�
 �N�J�O�J�N�J�[�J�O�H �8�B�I�C�B�R�T �F�O�F�S�H�Z �N�F�B�O�T ���O�E�J�O�H �U�I�F �S�P�U�B�U�J�P�O �U�I�B�U �Q�S�P��
�W�J�E�F�T �U�I�F �D�M�P�T�F�T�U �Q�B�J�S�X�J�T�F �N�B�U�D�I �C�F�U�X�F�F�O �U�I�F �T�F�U �P�G �N�F�B�T�V�S�F�E �W�F�D�U�P�S�T �B�O�E �U�I�F �T�F�U
�P�G �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T�� �/�P�U�F �U�I�B�U �J�O �U�I�F �D�B�T�F �P�G�,�����	�����������Í�� �
 �U�X�P �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T �B�S�F
�B�W�B�J�M�B�C�M�F �	n � 2�
��e1 � e�B�D�D�B�O�Ee2 � e�N�B�H�	�T�F�F �4�F�D�U�J�P�O�������
��

�5�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�P�T�J�U�J�P�O �D�M�B�S�J���F�T �U�I�F �U�I�F�P�S�F�U�J�D�B�M �B�O�E �Q�S�B�D�U�J�D�B�M �B�T�Q�F�D�U�T �G�P�S �T�P�M�W�J�O�H
�8�B�I�C�B�R�T �Q�S�P�C�M�F�N�� �1�S�P�P�G�T �J�O �U�I�J�T �T�F�D�U�J�P�O �N�J�H�I�U �C�F �P�N�J�U�U�F�E �P�O �B ���S�T�U �S�F�B�E�J�O�H��

�1�S�P�Q�P�T�J�U�J�P�O ���������5�I�F �D�P�T�U �G�V�O�D�U�J�P�OJ¹Aº �G�S�P�N �&�R���	�������
 �J�T �F�R�V�B�M �U�P

J¹Aº � � � trace
�
AB| �

�	�������


�X�I�F�S�F

� �
nÕ

i � 1

� i ; B �
nÕ

i � 1

� i m i e|
i :

�$�P�S�P�M�M�B�S�Z ���������.�J�O�J�N�J�[�J�O�H �U�I�F �D�P�T�UJ¹Aº �J�T �F�R�V�J�W�B�M�F�O�U �U�P �U�I�F �N�B�Y�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N

max
A2SO¹3º

trace
�
AB| �

: �	�������


�1�S�P�P�G�	�1�S�P�P�G �P�G �1�S�P�Q�P�T�J�U�J�P�O�������
�� �4�J�N�Q�M�J�G�Z�J�O�H �U�I�F �U�F�S�N �J�O�T�J�E�F �U�I�F �T�V�N�


km i � Aei k
2 � hm i � Aei ; m i � Aei i � km i k

2

|{z}
� 1

� kAei k
2

|   {z   }
� 1

� 2 hm i ; Aei i � 2¹1� hm i ; Aei i º:



�?�9 �< �"�������Í ���Í�
���������� �Î������ �������Í���
�^�
��������

�4�V�C�T�U�J�U�V�U�J�O�H �J�O�U�PJ¹Aº�


J¹Aº �
1
2

nÕ

i � 1

� i km i � Aei k
2 �

nÕ

i � 1

� i ¹1 � hm i ; Aei i º �
nÕ

i � 1

� i

|{z}
�

�
nÕ

i � 1

� i hm i ; Aei i :

�/�P�U�F �U�I�B�U �U�I�F �T�U�B�O�E�B�S�E �E�P�U �Q�S�P�E�V�D�U �T�B�U�J�T���F�T �U�I�F �S�F�M�B�U�J�P�O


x; y

�
� x| y � trace

�
yx| �

:

�5�I�F�S�F�G�P�S�F�


hm i ; Aei i � trace
�
Aeim

|
i

�
:

�%�F�O�P�U�J�O�HBi � m ie
|
i �
 �U�I�F �T�V�C�T�U�J�U�V�U�J�P�O �P�G �U�I�F �B�C�P�W�F �S�F�M�B�U�J�P�O �J�O�U�P �U�I�F �T�F�D�P�O�E �T�V�N �J�O

J¹Aº �Z�J�F�M�E�T

nÕ

i � 1

� i hm i ; Aei i �
nÕ

i � 1

� i trace
�
Aeim

|
i

�
�

nÕ

i � 1

� i trace
�
AB|

i

�
� trace

©
­
«

A
nÕ

i � 1

� iB
|
i
ª
®
¬

;

�X�I�J�D�I �D�P�N�Q�M�F�U�F�T �U�I�F �Q�S�P�P�G �T�J�O�D�FB �
Í n

i � 1 � iBi ��

�<���=���: ���^���Æ���	�����
�R�� �
 ���Æ�
������

�8�F �O�P�X �E�F�T�D�S�J�C�F �U�I�F�R �N�F�U�I�P�E�
 �X�I�J�D�I �J�T �E�V�F �U�P �%�B�W�F�O�Q�P�S�U �<�%�B�W�����>�� �5�I�J�T �B�M�H�P�S�J�U�I�N
�Q�S�P�W�J�E�F�T �B �D�M�P�T�F�E���G�P�S�N �T�P�M�V�U�J�P�O �U�P �U�I�F �N�B�Y�J�N�J�[�B�U�J�P�O �J�O �&�R�� �	�������
 �V�T�J�O�H �U�I�F �R�V�B�U�F�S��
�O�J�P�O �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�� �%�F�O�P�U�F �C�Zq � ¹v; wº � ¹x; y; z; wº �B �V�O�J�U �R�V�B�U�F�S�O�J�P�O �B�O�E �S�F�D�B�M�M

�U�I�B�U



 q




 2

� kvk2 � w2 � x2 � y2 � z2 � w2 � 1�� �S�F�X�S�J�U�J�O�H �U�I�F �&�R�� �	���������
 �U�I�F�O �H�J�W�F�T �U�I�F
�G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F �R�V�B�U�F�S�O�J�P�Oq �B�O�E �U�I�F �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�YA¹qº��

A¹qº � ¹2w2 � 1º
©
­
«

1 0 0
0 1 0
0 0 1

ª
®
¬

� 2
©
­
­
«

x2 xy xz
xy y2 yz
xz yz z2

ª
®
®
¬

� 2w
©
­
«

0 � z y
z 0 � x

� y x 0

ª
®
¬

|             {z             }
»v�¼

� ¹w2 � kvk2º I3 � 2vv| � 2w»v�¼;

�	�������


�X�I�F�S�F»v�¼ �J�T �U�I�F �D�S�P�T�T���Q�S�P�E�V�D�U �N�B�U�S�J�Y �P�Q�F�S�B�U�P�S��

�1�S�P�Q�P�T�J�U�J�P�O ���������1�B�S�B�N�F�U�S�J�[�J�O�H �U�I�F �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�YA � A¹qº �C�Z �U�I�F �V�O�J�U �R�V�B�U�F�S�O�J�P�O
q � ¹v; wº � ¹x; y; z; wº �B�T �J�O �&�R���	�������
�
 �U�I�F �D�P�T�U �J�O �U�I�F �N�B�Y�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �	�������
 �J�T �F�R�V�B�M
�U�P

trace
�
A¹qºB| �

� q | Kq �	�������




�<���= �$���
�����^�
������ ���Î �������Í���
�^�
�������� �?�:

�X�I�F�S�F �U�I�F �U�S�B�D�F�M�F�T�T �	�J���F�� �X�J�U�I �[�F�S�P �U�S�B�D�F�
 �T�Z�N�N�F�U�S�J�D �N�B�U�S�J�YK �J�T �H�J�W�F�O �C�Z

K �

�
B � B| � trace¹Bº I3 b

b| trace¹Bº

�
: �	�������


�5�I�F �W�F�D�U�P�Sb �J�T �E�F���O�F�E �W�J�B �U�I�F �S�F�M�B�U�J�P�O»b�¼ � B| � B��

�1�S�P�P�G���6�T�J�O�H �U�I�F �S�F�M�B�U�J�P�O �G�S�P�N �&�R�� �	�������
 �X�F �D�B�O �X�S�J�U�F

A¹qºB| � ¹w2 � kvk2ºB| � 2vv| B| � 2w»v�¼B| :

�"�Q�Q�M�Z�J�O�H �U�I�F �U�S�B�D�F �P�Q�F�S�B�U�P�S �P�O �U�I�F �B�C�P�W�F �F�R�V�B�U�J�P�O�


trace
�
A¹qºB| �

� ¹w2 � kvk2º trace
�
B| �

� 2 trace
�
v ¹Bvº| �

� 2w trace
�
»v�¼B| �

:
�	�������


�5�I�F �T�F�D�P�O�E �U�F�S�N �D�B�O �C�F �T�J�N�Q�M�J���F�E �V�T�J�O�H �U�I�F �G�P�M�M�P�X�J�O�H �S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F �U�S�B�D�F
�B�O�E �U�I�F �E�P�U �Q�S�P�E�V�D�U��

trace
�
xy| �

� x � y � x| y � y| x:

�*�U �G�P�M�M�P�X�T �U�I�B�U
2 trace

�
v ¹Bvº| �

� 2v � ¹Bvº � v| Bv � v| B| v: �	�������


�5�P �T�J�N�Q�M�J�G�Z �U�I�F �M�B�T�U �U�F�S�N �J�O �&�R�� �	�������
�
 �M�F�U �V�T �E�F�O�P�U�F �U�I�F �F�M�F�N�F�O�U�T �P�GB �C�Zb1; : : : ;b9�
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b3y � b2z � �
� b4z � b6x �
� � b8x � b7y

ª
®
¬

� x¹b8 � b6º � y¹b3 � b7º � z¹b4 � b2º � � v � b

�X�I�F�S�F �U�I�F �W�F�D�U�P�Sb � �¹ b8� b6; b3� b7; b4� b2º �J�T �E�F���O�F�E �W�J�B �U�I�F �S�F�M�B�U�J�P�O»b�¼ � B| � B��
�$�P�O�T�F�R�V�F�O�U�M�Z�


� 2w trace
�
»v�¼B| �
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�4�V�C�T�U�J�U�V�U�J�O�H �&�R�� �	�������
 �B�O�E �&�R�� �	�������
 �J�O�U�P �U�S�B�D�F �	�������
 �H�J�W�F�T

trace
�
A¹qºB| �

� ¹w2 � kvk2º trace
�
B| �

� 2 trace
�
v ¹Bvº| �

� 2w trace
�
»v�¼B| �

� ¹w2 � v| vº trace
�
B| �

�
�
v| Bv � v| B| v

�
� ¹wv| b � wb| vº :

� v| �
B � B| � trace¹Bº I3

�
v � wv| b � wb| v � w2 trace

�
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�5�I�F �M�B�T�U �F�Y�Q�S�F�T�T�J�P�O �T�I�P�X�T �U�I�F �U�S�B�D�F �J�T �R�V�B�E�S�B�U�J�D �J�Oq � ¹v; wº � ¹x; y; z; wº �B�O�E �D�B�O
�C�F �X�S�J�U�U�F�O �B�T �B �R�V�B�E�S�B�U�J�D �G�P�S�N

trace
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AB| �
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v
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�X�I�F�S�F �U�I�F �T�Z�N�N�F�U�S�J�D �N�B�U�S�J�YK �J�T �Q�S�F�D�J�T�F�M�Z �U�I�F �N�B�U�S�J�Y �H�J�W�F�O �J�O �&�R�� �	�������
��

�"�U �U�I�J�T �Q�P�J�O�U�
 �B �T�I�P�S�U �S�F�D�B�Q�J�U�V�M�B�U�J�P�O �J�T �J�O �Q�M�B�D�F�� �*�O �U�I�F �C�F�H�J�O�O�J�O�H �P�G �U�I�J�T �T�F�D�U�J�P�O�

�X�F �I�B�W�F �E�F���O�F�E �D�M�P�T�F�T�U �S�P�U�B�U�J�P�O �C�F�U�X�F�F�O �N�F�B�T�V�S�F�E �B�O�E �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T �W�J�B �B
�X�F�J�H�I�U�F�E �M�F�B�T�U���T�R�V�B�S�F�T �F�O�F�S�H�ZJ¹Aº�� �5�I�F �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�Y �X�B�T �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z
�B �R�V�B�U�F�S�O�J�P�O �B�TA¹qº �B�O�E �U�I�F �N�J�O�J�N�J�[�B�U�J�P�O �X�B�T �S�F�G�P�S�N�V�M�B�U�F�E �B�T �U�I�F �N�B�Y�J�N�J�[�B�U�J�P�O
�Q�S�P�C�M�F�N��

q � arg min
q2“ 3

nÕ

i � 1

� i



 m i � A¹qº ei
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F � arg max
q2“ 3

trace
�
A¹qº B| �

� arg max
q2“ 3

q | Kq:

�5�I�F �M�B�T�U �T�U�F�Q �M�F�B�E�T �V�T �U�P �B �D�P�O�T�U�S�B�J�O�F�E �N�B�Y�J�N�J�[�B�U�J�P�O �X�I�P�T�F �T�P�M�V�U�J�P�O �J�T �H�J�W�F�O �C�Z �U�I�F
�G�P�M�M�P�X�J�O�H �Q�S�P�Q�P�T�J�U�J�P�O��

�1�S�P�Q�P�T�J�U�J�P�O ���������-�F�UK 2 ’ n� n �C�F �B �T�Z�N�N�F�U�S�J�D �S�F�B�M���W�B�M�V�F�E �N�B�U�S�J�Y�� �$�P�O�T�J�E�F�S �U�I�F �D�P�O��
�T�U�S�B�J�O�F�E �R�V�B�E�S�B�U�J�D �Q�S�P�C�M�F�N

max
x2’ n

x| K x s:t: kxk � 1; �	���������B�


�X�I�J�D�I �J�T �F�R�V�J�W�B�M�F�O�U �U�P �U�I�F �V�O�D�P�O�T�U�S�B�J�O�F�E �N�B�Y�J�N�J�[�B�U�J�P�O �P�O �B �T�Q�I�F�S�F�


max
x2“ n� 1

x| K x �	���������C�


�5�I�F�O �U�I�F �T�P�M�V�U�J�P�O �U�P �C�P�U�I �B�C�P�W�F �Q�S�P�C�M�F�N�T �J�T �H�J�W�F�O �C�Z �U�I�F �	�V�O�J�U�
�E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�S�P�G
�U�I�F �N�B�U�S�J�YK�
 �X�I�J�D�I �J�T �U�I�F �F�J�H�F�O�W�F�D�U�P�S �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �M�B�S�H�F�T�U �F�J�H�F�O�W�B�M�V�F��

�1�S�P�P�G���5�I�F �N�B�U�S�J�YK �J�T �T�Z�N�N�F�U�S�J�D �B�O�E �S�F�B�M���W�B�M�V�F�E�� �#�Z �T�Q�F�D�U�S�B�M �U�I�F�P�S�F�N�
K �I�B�T �U�I�F
�T�Q�F�D�U�S�B�M �E�F�D�P�N�Q�P�T�J�U�J�P�O �P�G �U�I�F �G�P�S�N
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n
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¬

� � 1v1v|
1 � � � � � � nvnv|

n ; �	���������


�X�I�F�S�F� max � � 1 � � � � � � n � � min �B�S�F �U�I�F �S�F�B�M �F�J�H�F�O�W�B�M�V�F�T �P�GK �P�S�E�F�S�F�E �E�F��
�D�S�F�B�T�J�O�H�M�Z �B�O�Ev i �B�S�F �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �F�J�H�F�O�W�F�D�U�P�S�T�� �5�I�F�O �X�F �D�B�O �T�P�M�W�F �U�I�F �P�S�J�H��
�J�O�B�M �N�B�Y�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �V�T�J�O�H �U�I�F �D�I�B�O�H�F �P�G �Q�B�S�B�N�F�U�F�S�Ty � Qx�� �/�P�U�F �U�I�B�U
kyk � kQxk � 1 �J�G �B�O�E �P�O�M�Z �J�Gkxk � 1�� �$�P�O�T�F�R�V�F�O�U�M�Z�
 �T�P�M�W�J�O�H �U�I�F �Q�S�P�C�M�F�N �	���������C�
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�J�T �F�R�V�J�W�B�M�F�O�U �U�P �N�B�Y�J�N�J�[�J�O�H �U�I�F �R�V�B�E�S�B�U�J�D �G�P�S�Ny| � y �T�V�C�K�F�D�U �U�P �U�I�F �F�R�V�B�M�J�U�Z �D�P�O��
�T�U�S�B�J�O�Ukyk � 1�� �6�T�J�O�H �U�I�F �G�B�D�U �U�I�B�U� 1 � � max �J�T �U�I�F �M�B�S�H�F�T�U �F�J�H�F�O�W�B�M�V�F�
 �U�I�F �G�P�M�M�P�X�J�O�H
�J�O�F�R�V�B�M�J�U�Z �Q�S�P�W�J�E�F�T �B�O �V�Q�Q�F�S �C�P�V�O�E �G�P�S �U�I�J�T �N�B�Y�J�N�V�N��

y| � y � � 1y2
1 � � � � � � n y2

n � � max¹y2
1 � � � � � y2

nº � � maxkyk2 � � max: �	���������


�*�U �J�T �O�P�U �E�J���D�V�M�U �U�P �T�F�F �U�I�B�U �U�I�F �N�B�Y�J�N�V�N �J�T �B�U�U�B�J�O�F�E �J��y � ¹1; 0; : : : ;0º�� �5�I�J�T �N�F�B�O�T
�U�I�B�Ux| Kx �J�T �N�B�Y�J�N�J�[�F�E �J��x �J�T �F�R�V�B�M �U�Pv1�
 �U�I�F �E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�S �P�GK�
 �D�P�S�S�F��
�T�Q�P�O�E�J�O�H �U�P �U�I�F �M�B�S�H�F�T�U �F�J�H�F�O�W�B�M�V�F� 1��

�"�O �F���D�J�F�O�U �B�M�H�P�S�J�U�I�N �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �N�B�U�S�J�YK �J�T �H�J�W�F�O �C�Z �U�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�P��
�T�J�U�J�P�O�
 �X�I�J�D�I �X�F �T�U�B�U�F �X�J�U�I�P�V�U �Q�S�P�P�G �<�$�.�$���� �>��

�1�S�P�Q�P�T�J�U�J�P�O ���������5�I�F �N�B�U�S�J�YK �J�T �H�J�W�F�O �B�TK � �
Í n

i � 1 K i �
 �X�I�F�S�F

K i � � i 
 ¹m i º � ¹ei º � � i

�
� »m i � ¼ m i

� m|
i 0

� �
»ei � ¼ ei
� e|

i 0
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�'�P�S �B�O �F�Y�B�N�Q�M�F �P�G �U�I�F �B�Q�Q�M�J�D�B�U�J�P�O �P�G �U�I�F �R �N�F�U�I�P�E�
 �X�F �E�F�T�D�S�J�C�F �I�P�X �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T
�B�S�F �B�D�R�V�J�S�F�E �V�T�J�O�H�,�����	�����������Í�� �	�4�F�D�U�J�P�O�������
���,�����	�����������Í�� �N�F�B�T�V�S�F�T �U�X�P �W�F�D�U�P�S�T�� �U�I�F
�B�D�D�F�M�F�S�P�N�F�U�F�S �W�F�D�U�P�Sm1 � m �B�D�D�B�O�E �U�I�F �N�B�H�O�F�U�P�N�F�U�F�S �W�F�D�U�P�Sm2 � m �N�B�H�� �'�P�S �U�I�F
�N�F�B�T�V�S�F�N�F�O�U�T �D�B�S�S�J�F�E �P�V�U �J�O �(�S�F�O�P�C�M�F�
 �'�S�B�O�D�F�
 �U�I�F �O�P�S�N�B�M�J�[�F�E �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T
�B�S�F
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�'�P�S �F�B�D�I �E�B�U�B�Q�P�J�O�U�
 �U�I�F �N�F�B�T�V�S�F�E �W�F�D�U�P�S�T �B�O�E �U�I�F �S�F�G�F�S�F�O�D�F �W�F�D�U�P�S�T �B�S�F �Q�M�V�H�H�F�E
�J�O�U�P �&�R�� �	���������
 �J�O �P�S�E�F�S �U�P �D�P�N�Q�V�U�F �U�I�F �N�B�U�S�J�YK�� �5�I�F �P�S�J�F�O�U�B�U�J�P�O�
 �S�F�Q�S�F�T�F�O�U�F�E �C�Z �B
�R�V�B�U�F�S�O�J�P�Oq�
 �J�T �F�T�U�J�N�B�U�F�E �C�Z �D�P�N�Q�V�U�J�O�H �U�I�F �E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�S �P�GK�� �*�O �.�B�U��
�M�B�C�
 �U�I�J�T �J�T �E�P�O�F �C�Z �D�B�M�M�J�O�H �U�I�F �G�V�O�D�U�J�P�O�H�L�J�	�$�P�E�F �T�O�J�Q�Q�F�U�������
�� �"�M�U�F�S�O�B�U�J�W�F�M�Z�
 �P�O�M�Z
�U�I�F �E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�S �D�B�O �C�F �D�P�N�Q�V�U�F�E �X�J�U�I�P�V�U �D�P�N�Q�V�U�J�O�H �U�I�F �X�I�P�M�F �F�J�H�F�O��
�E�F�D�P�N�Q�P�T�J�U�J�P�O �	�B�T �E�P�O�F �C�Z�H�L�J�
 �V�T�J�O�H �B �T�Q�F�D�J�B�M�J�[�F�E �B�M�H�P�S�J�U�I�N �T�V�D�I �B�T �U�I�F �Q�P�X�F�S
�J�U�F�S�B�U�J�P�O��
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�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �E�F�T�D�S�J�C�F �P�V�S �B�Q�Q�S�P�B�D�I �G�P�S ���M�U�F�S�J�O�H �S�B�X �P�S�J�F�O�U�B�U�J�P�O �E�B�U�B �F�T�U�J�N�B�U�F�E
�G�S�P�N �T�F�O�T�P�S �N�F�B�T�V�S�F�N�F�O�U�T �	�4�F�D�U�J�P�O�������
�� �T�F�F �B�M�T�P �U�I�F �P�W�F�S�W�J�F�X �J�O �'�J�H���������� �4�F�O�T�P�S
�O�P�J�T�F �B�O�E �M�J�N�J�U�F�E �T�D�B�O�O�J�O�H �Q�S�F�D�J�T�J�P�O �B�S�F �U�I�F �N�B�J�O �Q�S�P�C�M�F�N�T �U�I�B�U �Q�S�F�W�F�O�U �V�T�J�O�H �S�B�X
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�� �U�H�I�H�U�H�Q�F�H �Y�H�F�W�R�U�V �D�U�H �V�W�R�U�H�G �L�Q �5
�� �P�H�D�V�X�U�H�G �D�Q�G �F�D�O�L�E�U�D�W�H�G �G�D�W�D �D�U�H �V�W�R�U�H�G �L�Q �0
�� �P�F�U�R�V�V �L�V �W�K�H �P�D�W�U�L�[ �F�U�R�V�V �R�S�H�U�D�W�R�U
�2�P�H�J�D � �#���[�� �>�� �P�F�U�R�V�V���[�� �[���� �[ ' �� �@���� �G�H�I�L�Q�H
 ¹º
�7�K�H�W�D � �#���[�� �> �P�F�U�R�V�V���[�� �[���� �[ ' �� �@���� �G�H�I�L�Q�H� ¹º
�.���$�F�F � �2�P�H�J�D�� �0���$�F�F ���
 �7�K�H�W�D�� �5���$�F�F ����
�.���0�D�J � �2�P�H�J�D�� �0���0�D�J ���
 �7�K�H�W�D�� �5���0�D�J ����
�� �F�R�P�S�X�W�H �H�L�J�H�Q�Y�H�F�W�R�U�V
�>�9���a�@ � �H�L�J���� �.���$�F�F�� �.���0�D�J ����
�� �U�H�W�U�L�H�Y�H �W�K�H �T�X�D�W�H�U�Q�L�R�Q ���G�R�P�L�Q�D�Q�W �H�L�J�H�Q�Y�H�F�W�R�U��
�T � �9�������H�Q�G�� ' ��

�$�P�E�F �T�O�J�Q�Q�F�U ���������.�B�U�M�B�C �D�P�E�F �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �P�S�J�F�O�U�B�U�J�P�O �	�R�V�B�U�F�S�O�J�P�Oq�
 �G�S�P�N
�B �Q�B�J�S �P�G �N�F�B�T�V�S�F�E �W�F�D�U�P�S�T

�P�S�J�F�O�U�B�U�J�P�O�T �J�O �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �Q�P�T�J�U�J�P�O�T�� �#�Z �D�P�O�T�F�R�V�F�O�D�F�
 �U�I�F �B�D�R�V�J�S�F�E �O�F�U��
�X�P�S�L �P�G �P�S�J�F�O�U�B�U�J�P�O�T �J�T �P�G�U�F�O�J�O�D�P�O�T�J�T�U�F�O�U�� �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T�
 �U�I�F �O�P�S�N�B�M�T �B�S�F �E�J���F�S�F�O�U
�G�P�S �F�B�D�I �Q�B�T�T�J�O�H �D�V�S�W�F �	�'�J�H�����������
��

�0�V�S �H�P�B�M �J�T �U�P �F�M�J�N�J�O�B�U�F �U�I�F �O�P�J�T�F �B�O�E �U�I�F �J�O�D�P�O�T�J�T�U�F�O�D�Z �B�S�J�T�J�O�H �G�S�P�N �B�D�R�V�J�T�J�U�J�P�O��
�5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F �B �U�X�P���T�U�F�Q ���M�U�F�S�J�O�H �Q�S�P�D�F�T�T �	�'�J�H���������
�� �'�J�S�T�U�
 �S�B�X �P�S�J�F�O�U�B�U�J�P�O�T �B�S�F
�Q�S�F�����M�U�F�S�F�E �J�O �U�I�F �R�V�B�U�F�S�O�J�P�O �T�Q�B�D�F �V�T�J�O�H �E�J�T�U�B�O�D�F���X�F�J�H�I�U�F�E �(�B�V�T�T�J�B�O �D�P�O�W�P�M�V�U�J�P�O
�X�J�U�I ���Y�F�E �F�E�H�F �M�F�O�H�U�I�� �5�I�J�T �X�B�Z�
 �X�F �P�C�U�B�J�O �V�O�J�G�P�S�N �T�B�N�Q�M�J�O�H �P�G �P�S�J�F�O�U�B�U�J�P�O�T �X�J�U�I
�S�F�T�Q�F�D�U �U�P �B�S�D �M�F�O�H�U�I �	�'�J�H���������C���D�
�� �4�F�D�P�O�E�
 �U�I�F �V�O�J�G�P�S�N �T�B�N�Q�M�F�T �B�S�F �T�N�P�P�U�I�F�E �B�O�E
�N�B�E�F �D�P�O�T�J�T�U�F�O�U �V�T�J�O�H �S�F�H�S�F�T�T�J�P�O �P�O �U�I�F �N�B�O�J�G�P�M�ESO¹3º �	�'�J�H���������E�
��

�5�I�J�T �B�Q�Q�S�P�B�D�I �J�T �N�P�U�J�W�B�U�F�E �C�Z �U�I�F �G�B�D�U �U�I�B�U �F�Y�J�T�U�J�O�H �B�M�H�P�S�J�U�I�N�T �G�P�S �R�V�B�U�F�S�O�J�P�O �B�W��
�F�S�B�H�J�O�H �B�S�F �G�B�T�U �B�O�E �F���D�J�F�O�U�
 �C�V�U �V�O�B�C�M�F �U�P �S�F�T�P�M�W�F �U�I�F �B�E�E�J�U�J�P�O�B�M �D�P�O�T�U�S�B�J�O�U�T �P�O
�O�P�S�N�B�M �D�P�O�T�J�T�U�F�O�D�Z�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �F�Y�Q�S�F�T�T�J�O�H �U�I�F�T�F �D�P�O�T�U�S�B�J�O�U�T �E�J�S�F�D�U�M�Z �J�O
SO¹3º �J�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E�� �/�B�U�V�S�B�M�M�Z�
 �X�F �D�P�V�M�E �T�L�J�Q �U�I�F �Q�S�F�����M�U�F�S�J�O�H �T�U�F�Q �D�P�N�Q�M�F�U�F�M�Z
�B�O�E �E�P �U�I�F �S�F�H�S�F�T�T�J�P�O �P�OSO¹3º �E�J�S�F�D�U�M�Z �X�J�U�I �S�B�X �E�B�U�B�� �)�P�X�F�W�F�S�
 �E�V�F �U�P �U�I�F �B�N�P�V�O�U
�P�G �E�B�U�B �V�T�F�E�
 �U�I�F �S�F�T�V�M�U�J�O�H �P�Q�U�J�N�J�[�B�U�J�P�O �X�P�V�M�E �C�F �N�V�D�I �T�M�P�X�F�S�� �#�Z �D�P�N�C�J�O�J�O�H �U�I�F
�U�X�P �T�U�F�Q�T�
 �P�V�S �N�F�U�I�P�E �J�T �B�C�M�F �U�P �D�P�N�Q�V�U�F �T�N�P�P�U�I �B�O�E �D�P�O�T�J�T�U�F�O�U �P�S�J�F�O�U�B�U�J�P�O�T �B�U
�J�O�U�F�S�B�D�U�J�W�F �S�B�U�F�T��

�5�I�F �J�O�Q�V�U �G�P�S �U�I�J�T �T�F�D�U�J�P�O �J�T �B �S�B�X �T�B�N�Q�M�F �P�G �P�S�J�F�O�U�B�U�J�P�O�TA i � A ¹di º 2 SO¹3º �G�P�S
�F�B�D�I �D�V�S�W�F
 �B�U �L�O�P�X�O �E�J�T�U�B�O�D�F�Tdi 2 »0; L¼�X�I�F�S�FL �J�T �U�I�F �M�F�O�H�U�I �P�G
 �� �0�S�J�F�O�U�B�U�J�P�O�T
�B�S�F �S�F�Q�S�F�T�F�O�U�F�E �C�Z �R�V�B�U�F�S�O�J�P�O�TA i � A¹q i º �F�T�U�J�N�B�U�F�E �G�S�P�N �T�F�O�T�P�S �N�F�B�T�V�S�F�N�F�O�U�T
�V�T�J�O�H �U�I�F �R �N�F�U�I�P�E �	�4�F�D�U�J�P�O�������
��

�8�F �T�U�B�S�U �U�I�J�T �T�F�D�U�J�P�O �C�Z �S�F�W�J�F�X�J�O�H �B �D�P�N�N�P�O �B�Q�Q�S�P�B�D�I �U�P �T�N�P�P�U�I�J�O�H�� �U�I�F �N�P�W�J�O�H
�B�W�F�S�B�H�F ���M�U�F�S��



�<���> �%�����
�Í�������Ì ���Î �������Í���
�^�
�������� �?�>

�<���>���: �,���������Å �^���Æ���^�Å�Æ �j���
�Æ��

�*�O �T�J�H�O�B�M �Q�S�P�D�F�T�T�J�O�H�
 �N�B�O�Z �F�Y�J�T�U�J�O�H �N�F�U�I�P�E�T �E�F�B�M
�X�J�U�I �T�N�P�P�U�I�J�O�H �P�G �O�P�J�T�Z �E�J�T�D�S�F�U�F �T�J�H�O�B�M�T �<�4�N�J�����>�� �"
�D�P�N�N�P�O �U�F�D�I�O�J�R�V�F �G�P�S �E�F�T�J�H�O�J�O�H �B �M�P�X���Q�B�T�T ���M�U�F�S �J�T
�U�I�F�N�P�W�J�O�H �B�W�F�S�B�H�F�
 �X�I�J�D�I �X�F �J�O�U�S�P�E�V�D�F �P�O �B�O �F�Y�B�N��
�Q�M�F �J�O �U�I�F �G�P�M�M�P�X�J�O�H �Q�B�S�B�H�S�B�Q�I��

�$�P�O�T�J�E�F�S �B �O�P�J�T�Z �T�F�U �P�G �E�B�U�B�Q�P�J�O�U�Txk 2 ’ 2 �T�B�N�Q�M�F�E
�G�S�P�N �B �Q�M�B�O�B�S �D�V�S�W�F
 � x¹t º�� �*�O �P�S�E�F�S �U�P ���M�U�F�S �P�V�U �U�I�F
�O�P�J�T�F �J�O �U�I�F �E�B�U�B�
 �F�B�D�I �Q�P�J�O�Uxk �	�C�M�V�F �Q�P�J�O�U�T �J�O �U�I�F �J�O��
�T�F�U�
 �J�T �S�F�Q�M�B�D�F�E �C�Z �B �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F�xk �P�G �J�U�T �O�F�J�H�I��
�C�P�S�T �	�C�M�B�D�L �D�V�S�W�F �J�O �U�I�F �J�O�T�F�U�
�� �5�I�F �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F�T �B�S�F �D�P�N�Q�V�U�F�E �W�J�B �E�J�T�D�S�F�U�F
�D�P�O�W�P�M�V�U�J�P�O �B�T

�xk � average
� N � i � N

xk� i �

Í N
i� � N wk;i xk� i
Í N

i� � N wk;i

: �	���������


�)�F�S�F�
N �J�T �U�I�F �T�J�[�F �P�G �U�I�F �N�P�W�J�O�H �X�J�O�E�P�X �B�O�Ewk;i �B�S�F �U�I�F �X�F�J�H�I�U�T�
 �T�V�D�I �B�T �U�I�F
�V�O�J�G�P�S�N �X�F�J�H�I�U�Twk;i � 1�
 �P�S �U�I�F �J�O�W�F�S�T�F���E�J�T�U�B�O�D�F �(�B�V�T�T�J�B�O �X�F�J�H�I�U�T

wk;i � exp

 

�
¹k � i º2

2� 2

!

:

�" �T�J�N�J�M�B�S �U�F�D�I�O�J�R�V�F �D�B�O �C�F �V�T�F�E �U�P �T�N�P�P�U�I �B �T�F�U �P�G �O�P�J�T�Z �P�S�J�F�O�U�B�U�J�P�O�TA i 2 SO¹3º��
�4�J�O�D�F �U�I�F �N�B�O�J�G�P�M�E �P�G �S�P�U�B�U�J�P�O�TSO¹3º �J�T �O�P�U �B �&�V�D�M�J�E�F�B�O �T�Q�B�D�F�
 �U�I�F �B�W�F�S�B�H�J�O�H �Q�S�P��
�D�F�E�V�S�F �G�S�P�N �&�R�� �	���������
 �D�B�O�O�P�U �C�F �V�T�F�E�� �*�O�T�U�F�B�E�
 �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F�T �P�G �P�S�J�F�O�U�B�U�J�P�O�T
�O�F�F�E �U�P �C�F �D�P�N�Q�V�U�F�E �J�O �B �X�B�Z �U�I�B�U �S�F�T�Q�F�D�U�T �U�I�F �D�V�S�W�F�E �H�F�P�N�F�U�S�Z �P�GSO¹3º��

�5�I�F �T�Q�I�F�S�J�D�B�M �M�J�O�F�B�S �J�O�U�F�S�Q�P�M�B�U�J�P�O �P�S �4�M�F�S�Q �	�T�F�F �&�R�� �	���������
 �P�O �Q�������
 �J�T �O�P�U �T�V�J�U�B�C�M�F �G�P�S
�D�P�N�Q�V�U�J�O�H �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F�T �P�G �P�S�J�F�O�U�B�U�J�P�O�T �G�P�S �T�F�W�F�S�B�M �S�F�B�T�P�O�T �<�.�B�S�������>�� �'�J�S�T�U �P�G
�B�M�M�
 �U�I�F �S�F�T�V�M�U �P�G �4�M�F�S�Q �E�F�Q�F�O�E�T �P�O �U�I�F �D�I�P�J�D�F �P�G �U�I�F �S�F�Q�S�F�T�F�O�U�B�U�J�W�F �R�V�B�U�F�S�O�J�P�O�� �"�O�E
�T�F�D�P�O�E�
 �4�M�F�S�Q �J�T �P�O�M�Z �E�F���O�F�E �G�P�S �U�X�P �J�O�Q�V�U �P�S�J�F�O�U�B�U�J�P�O�T�� �B�W�F�S�B�H�J�O�H �U�I�S�F�F �P�S �N�P�S�F
�P�S�J�F�O�U�B�U�J�P�O�T �X�P�V�M�E �S�F�R�V�J�S�F �B �H�F�O�F�S�B�M�J�[�B�U�J�P�O �P�G �U�I�J�T �B�Q�Q�S�P�B�D�I�
 �Q�P�T�T�J�C�M�Z �M�F�B�E�J�O�H �U�P
�U�I�F �T�P���D�B�M�M�F�E �,�B�S�D�I�F�S �N�F�B�O�
 �X�I�J�D�I �J�T �D�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z �F�Y�Q�F�O�T�J�W�F �<�,�B�S�������+�7�7�����>��

�-�V�D�L�J�M�Z�
 �U�I�F�S�F �J�T �B �T�J�N�Q�M�F�S �X�B�Z �U�P �E�F���O�F �B �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F �P�G �P�S�J�F�O�U�B�U�J�P�O�T�
 �V�T�J�O�H
�B �D�P�T�U �G�V�O�D�U�J�P�O �T�J�N�J�M�B�S �U�P �U�I�F �P�O�F �J�O �8�B�I�C�B�R�T �Q�S�P�C�M�F�N �J�O �&�R�� �	�������
�� �4�V�D�I �B�W�F�S�B�H�J�O�H
�Q�S�P�C�M�F�N �D�B�O �C�F �T�P�M�W�F�E �V�T�J�O�H �B �W�B�S�J�B�U�J�P�O �P�G �U�I�F �R �N�F�U�I�P�E �	�4�F�D�U�J�P�O�����������
�� �8�F �F�Y�Q�M�B�J�O
�U�I�F �Q�S�J�O�D�J�Q�M�F �J�O �U�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O��

�<���>���; �����Å�������
���� �Ç���� �`�����	���
�����Å �
���Æ �^���Æ���^�Å�Æ �������Æ���
�^�
������

�5�I�J�T �T�F�D�U�J�P�O �T�V�N�N�B�S�J�[�F�T �B�O �F���D�J�F�O�U �B�M�H�P�S�J�U�I�N �G�P�S �D�P�N�Q�V�U�J�O�H �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F�T �P�G
�P�S�J�F�O�U�B�U�J�P�O�T�
 �B�T �E�F�T�D�S�J�C�F�E �C�Z �.�B�S�L�M�F�Z �F�U �B�M�� �<�.�B�S�������>��



�?�? �< �"�������Í ���Í�
���������� �Î������ �������Í���
�^�
��������

�"�O �J�O�U�V�J�U�J�W�F �X�B�Z �U�P �E�F���O�F �U�I�F �B�W�F�S�B�H�F �P�S�J�F�O�U�B�U�J�P�O �J�T �U�P �V�T�F �B �D�P�T�U �T�J�N�J�M�B�S �U�P �U�I�F �P�O�F
�J�O �8�B�I�C�B�R�T �1�S�P�C�M�F�N�������P�O �Q��������

�1�S�P�C�M�F�N �������	�5�I�F �B�W�F�S�B�H�F �P�S�J�F�O�U�B�U�J�P�O�
�� �(�J�W�F�O �B �T�F�U �P�Gn �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�D�F�TA i 2
SO¹3º; 1 � i � n; �X�J�U�I �X�F�J�H�I�U�T� i 2 ’ �
 �U�I�F �B�W�F�S�B�H�F �P�S�J�F�O�U�B�U�J�P�O �J�T �E�F���O�F�E �B�T �U�I�F �N�J�O�J�N�J�[�F�S
�P�G �U�I�F �F�O�F�S�H�Z

min
A2SO¹3º

nÕ

i � 1

� i






 A � A i








2

F
: �	���������


�6�T�J�O�H �U�I�F �V�O�J�U �R�V�B�U�F�S�O�J�P�O �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�OA � A¹qº�
A i � A¹q i º�
 �U�I�J�T �J�T �F�R�V�J�W�B�M�F�O�U �U�P

min
q2“ 3

nÕ

i � 1

� i



 A¹qº � A¹q i º




 2

F : �	���������


�5�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�P�T�J�U�J�P�O �E�F�T�D�S�J�C�F�E �B�O �F�R�V�J�W�B�M�F�O�U �G�P�S�N �P�G �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �&�R�� �	���������
��
�5�I�J�T �J�T �B�O�B�M�P�H�J�D�B�M �U�P �1�S�P�Q�P�T�J�U�J�P�O�������B�O�E �$�P�S�P�M�M�B�S�Z��������

�1�S�P�Q�P�T�J�U�J�P�O ���������5�I�F �Q�S�P�C�M�F�N �	���������
 �J�T �F�R�V�J�W�B�M�F�O�U �U�P

max
q2“ 3

trace
�
AB| �

�X�I�F�S�F B �
nÕ

i � 1

� iA i : �	���������


�1�S�P�P�G���6�T�J�O�H �U�I�F �E�F���O�J�U�J�P�O �P�G �U�I�F �'�S�P�C�F�O�J�V�T �O�P�S�N �G�S�P�N �&�R�� �	�������
�
 �F�B�D�I �Q�F�O�B�M�U�Z �U�F�S�N
�J�O �U�I�F �F�O�F�S�H�Z �	���������
 �J�T �X�S�J�U�U�F�O �B�T






 A � A i








2

F
� trace

�
»A � A i¼

| »A � A i¼
�

� trace

©
­
­
­
­
«

A| A
|{z}

I3

� A|
i A i

|{z}
I3

� A| A i � AA |
i

ª
®
®
®
®
¬

� 6 � 2 trace
�
AA |

i

�
:

�$�M�F�B�S�M�Z�






 A � A i








2

F
�J�T �N�J�O�J�N�J�[�F�E �X�I�F�Otrace

�
AA |

i

�
�J�T �N�B�Y�J�N�J�[�F�E�� �.�P�S�F�P�W�F�S�


nÕ

i � 1

� i trace
�
AA |

i

�
� trace

©
­
«

nÕ

i � 1

� iAA |
i
ª
®
¬

� trace
©
­
«

A
nÕ

i � 1

� iA
|
i
ª
®
¬

� trace
�
AB| �

:

�/�P�U�J�D�F �U�I�B�U �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �	���������
 �J�T �B�O�B�M�P�H�J�D�B�M �U�P �&�R�� �	�������
 �X�J�U�I �E�J���F�S�F�O�U �E�F���O�J�U�J�P�O
�P�GB�� �"�Q�Q�M�Z�J�O�H �1�S�P�Q�P�T�J�U�J�P�O�������U�I�F�S�F�G�P�S�F �H�J�W�F�T �U�I�F �G�P�M�M�P�X�J�O�H �S�F�T�V�M�U��
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 �J�T �F�R�V�B�M �U�P
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�X�I�F�S�F �U�I�F �N�B�U�S�J�YK �J�T �H�J�W�F�O �J�O �1�S�P�Q�P�T�J�U�J�P�O��������

�4�P �G�B�S�
 �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�T �J�O �U�I�J�T �T�F�D�U�J�P�O �N�P�T�U�M�Z �D�P�Q�J�F�E �U�I�P�T�F �J�O �4�F�D�U�J�P�O�������
 �C�V�U �U�I�J�T
�J�T �X�I�F�S�F �U�I�F �U�X�P �B�Q�Q�S�P�B�D�I�F�T �T�U�B�S�U �U�P �E�J���F�S�� �5�I�F �G�P�M�M�P�X�J�O�H �Q�S�P�Q�P�T�J�U�J�P�O �F�Y�Q�M�P�J�U�T �U�I�F
�Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F �N�B�U�S�J�YB �T�Q�F�D�J���D �U�P �U�I�J�T �T�F�D�U�J�P�O�� �*�U �G�P�S�N�T �U�I�F �C�B�T�J�T �G�P�S �F���D�J�F�O�U
�D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �B�W�F�S�B�H�F �R�V�B�U�F�S�O�J�P�O��

�1�S�P�Q�P�T�J�U�J�P�O �����������5�I�F �N�B�U�S�J�YK �G�S�P�N �U�I�F �&�R���	���������
 �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T

K � 4M � � I4; �	���������
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i � 1 � i �J�T �U�I�F �T�V�N �P�G �B�M�M �X�F�J�H�I�U�T �B�O�E �U�I�F �T�Z�N�N�F�U�S�J�D �N�B�U�S�J�YM �J�T �U�I�F�T�U�S�V�D�U�V�S�F
�U�F�O�T�P�S�E�F���O�F�E �B�T
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i : �	���������


�1�S�P�P�G���3�F�D�B�M�M �U�I�B�UB �
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�X�I�J�D�I �D�P�N�Q�M�F�U�F�T �U�I�F �Q�S�P�P�G��

�$�P�S�P�M�M�B�S�Z �����������5�I�F �T�P�M�V�U�J�P�O �U�P �U�I�F �Q�S�P�C�M�F�N �	���������
 �J�T �H�J�W�F�O �C�Z �U�I�F �	�V�O�J�U�
 �E�P�N�J�O�B�O�U �F�J�H�F�O��
�W�F�D�U�P�S �P�GM��

�1�S�P�P�G���-�F�U �V�T �E�F�O�P�U�F �U�I�F �T�P�M�V�U�J�P�O �U�P �U�I�F �Q�S�P�C�M�F�N �	���������
 �C�Zq�� �#�Z �1�S�P�Q�P�T�J�U�J�P�O�������
q �J�T
�U�I�F �E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�S �P�GK�
 �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �M�B�S�H�F�T�U �F�J�H�F�O�W�B�M�V�F� max�� �4�J�O�D�F
K �I�B�T �U�I�F �F�J�H�F�O�E�F�D�P�N�Q�P�T�J�U�J�P�OK � Q�Q | �	�T�F�F �Q�S�P�P�G �P�G �1�S�P�Q�P�T�J�U�J�P�O�������
�
 �X�F �I�B�W�F

4M � � I4 � Q�Q | ;

�X�I�J�D�I �J�N�Q�M�J�F�T �U�I�F �T�F�U �P�G �F�J�H�F�O�W�F�D�U�P�S�T �P�GM �J�T �U�I�F �T�B�N�F �B�T �U�I�B�U �P�GK�� �$�P�O�D�S�F�U�F�M�Z�
 �U�I�F
�F�J�H�F�O�E�F�D�P�N�Q�P�T�J�U�J�P�O �P�GM �J�T

M � Q ��Q | ;

�X�I�F�S�F �U�I�F �F�J�H�F�O�W�B�M�V�F�T �P�GM �B�S�F �S�F�M�B�U�F�E �U�P �U�I�F �F�J�H�F�O�W�B�M�V�F�T �P�GK �C�Z �U�I�F �M�J�O�F�B�S �F�R�V�B�U�J�P�O

�� �
1
4

¹� � � I4º :

�5�I�F �R�V�B�U�F�S�O�J�P�Oq �J�T �U�I�F�S�F�G�P�S�F �U�I�F �E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�S �P�GM��

�/�P�U�F �U�I�B�U �U�I�F �E�F���O�J�U�J�P�O �P�G �U�I�F �N�B�U�S�J�YM �J�T �J�O�E�F�Q�F�O�E�F�O�U �G�S�P�N �U�I�F �D�I�P�J�D�F �P�G �U�I�F �S�F�Q�S�F��
�T�F�O�U�B�U�J�W�F �R�V�B�U�F�S�O�J�P�O�
 �X�I�J�D�I �X�B�T �P�O�F �P�G �U�I�F �J�T�T�V�F�T �P�G �V�T�J�O�H �4�M�F�S�Q�� �5�I�J�T �J�T �C�F�D�B�V�T�F �U�I�F
�T�V�N �J�O �&�R�� �	���������
 �E�P�F�T �O�P�U �D�I�B�O�H�F �J�G �U�I�F �T�J�H�O �P�Gq i �J�T ���J�Q�Q�F�E��q iq

|
i � ¹� q i º¹� q |

i º��

�"�T �B �D�P�O�D�M�V�T�J�P�O�
 �U�I�F �S�F�D�J�Q�F �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �B�W�F�S�B�H�F �P�S�J�F�O�U�B�U�J�P�O �J�T �U�I�F �G�P�M�M�P�X�J�O�H��
���S�T�U�
 �F�Y�Q�S�F�T�T �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �B�T �R�V�B�U�F�S�O�J�P�O�Tq i �� �T�F�D�P�O�E�
 �D�P�N�Q�V�U�F �U�I�F �N�B�U�S�J�YM �V�T��
�J�O�H �&�R�� �	���������
�� �B�O�E �U�I�J�S�E�
 �D�P�N�Q�V�U�F �U�I�F �E�P�N�J�O�B�O�U �F�J�H�F�O�W�F�D�U�P�Sq �P�GM �N �U�I�J�T �J�T �U�I�F
�B�W�F�S�B�H�F �P�S�J�F�O�U�B�U�J�P�O�� �8�F �X�J�M�M �V�T�F �U�I�F �G�P�M�M�P�X�J�O�H �O�P�U�B�U�J�P�O �G�P�S �U�I�J�T �Q�S�P�D�F�E�V�S�F��

q � average
i � 1;:::;n

�
w i q i

�
; �	���������


�X�I�F�S�Fw i � 0 �B�S�F �U�I�F �X�F�J�H�I�U�T�� �5�I�J�T �Q�S�P�D�F�T�T �U�B�L�F�T �P�O�M�Z �B �G�F�X �N�J�M�M�J�T�F�D�P�O�E�T �F�W�F�O �J�G
�J�U �J�T �S�F�Q�F�B�U�F�E �T�F�W�F�S�B�M �I�V�O�E�S�F�E �P�S �U�I�P�V�T�B�O�E �U�J�N�F�T�� �8�F �F�Y�Q�M�P�J�U �U�I�J�T �F���D�J�F�O�D�Z �J�O �U�I�F
�O�F�Y�U �T�F�D�U�J�P�O �J�O �P�S�E�F�S �U�P �D�P�N�Q�V�U�F �B �V�O�J�G�P�S�N �T�B�N�Q�M�J�O�H �P�G �U�I�F �J�O�Q�V�U �E�B�U�B�� �	�'�P�S �F�Y�B�D�U
�U�J�N�J�O�H�T�
 �T�F�F �5�B�C�M�F�������
 �Q�������
 �D�P�M�V�N�O�D�P�O�W�P�M�V�U�J�P�O���
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�*�O �U�I�J�T �T�F�D�U�J�P�O �X�F �E�F�T�D�S�J�C�F �P�V�S �N�F�U�I�P�E �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �V�O�J�G�P�S�N �T�B�N�Q�M�J�O�H �P�G �P�S�J��
�F�O�U�B�U�J�P�O�T �	�'�J�H���������D�
 �G�S�P�N �S�B�X �P�S�J�F�O�U�B�U�J�P�O�T �	�'�J�H���������B�
�
 �V�T�J�O�H �U�I�F �B�W�F�S�B�H�J�O�H �B�M�H�P�S�J�U�I�N
�G�S�P�N �4�F�D�U�J�P�O������������ �5�I�S�P�V�H�I�P�V�U �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �V�T�F �U�I�F �R�V�B�U�F�S�O�J�P�O �S�F�Q�S�F�T�F�O�U�B�U�J�P�O
�P�G �P�S�J�F�O�U�B�U�J�P�O�T��

�8�P�S�L�J�O�H �X�J�U�I �P�S�J�F�O�U�B�U�J�P�O�T �U�I�B�U �B�S�F �T�B�N�Q�M�F�E �V�O�J�G�P�S�N�M�Z �X�J�U�I �S�F�T�Q�F�D�U �U�P �H�F�P�E�F�T�J�D �E�J�T��
�U�B�O�D�F �G�B�D�J�M�J�U�B�U�F�T �C�P�U�I �U�I�F ���M�U�F�S�J�O�H �	�4�F�D�U�J�P�O�����������
 �B�O�E �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �Q�P�T�J�U�J�P�O�T
�	�4�F�D�U�J�P�O�������
 �N �U�I�F �V�O�J�G�P�S�N �T�B�N�Q�M�J�O�H �J�T �D�P�O�W�F�O�J�F�O�U �G�P�S �E�J�T�D�S�F�U�J�[�B�U�J�P�O �P�G �E�J���F�S�F�O�U�J�B�M
�P�Q�F�S�B�U�P�S�T �B�O�E �J�O�U�F�H�S�B�M�T��

�0�V�U�M�J�F�S �S�F�N�P�W�B�M �	�'�J�H���������C�
���#�F�G�P�S�F �D�P�N�Q�V�U�J�O�H �U�I�F �V�O�J�G�P�S�N �T�B�N�Q�M�J�O�H�
 �X�F ���S�T�U �S�F�N�P�W�F
�P�V�U�M�J�F�S�T �B�O�E �Q�S�P�D�F�T�T �E�V�Q�M�J�D�B�U�F �N�F�B�T�V�S�F�T�� �0�V�U�M�J�F�S�T �B�S�F �S�F�N�P�W�F�E �C�Z �M�P�P�L�J�O�H �B�U �U�I�F
�B�O�H�M�F �P�G �F�B�D�I �R�V�B�U�F�S�O�J�P�Oq i �X�J�U�I �J�U�T �J�N�N�F�E�J�B�U�F �O�F�J�H�I�C�P�S�T��

cos^¹q i ; q i � 1º � q i � q i � 1; cos^¹q i ; q i � 1º � q i � q i � 1:

q i

q i � 2
q i � 1 q i � 1

q i � 2

“ 3
� � 0:9

�*�G �C�P�U�I �E�P�U �Q�S�P�E�V�D�U�T �B�S�F�T�N�B�M�M�F�S�U�I�B�O �U�I�F �T�Q�F�D�J���F�E
�U�I�S�F�T�I�P�M�E� �
 �U�I�F �B�O�H�M�F�T �C�F�U�X�F�F�Oq i �B�O�E �J�U�T �O�F�J�H�I�C�P�S�T
�B�S�F �U�P�P �C�J�H �B�O�Eq i �J�T �S�F�N�P�W�F�E �N �T�F�F �U�I�F �J�M�M�V�T�U�S�B�U�J�P�O
�J�O �J�O�T�F�U�� �'�P�S �U�I�F �F�Y�B�N�Q�M�F�T �J�O �U�I�J�T �U�I�F�T�J�T�
 �X�F �V�T�F �U�I�F
�U�I�S�F�T�I�P�M�E� � 0:9�� �U�I�J�T �J�T �D�P�O�T�J�T�U�F�O�U �X�J�U�I �U�I�F �B�T�T�V�N�Q��
�U�J�P�O �U�I�B�U �U�I�F �B�E�K�B�D�F�O�U �E�B�U�B�Q�P�J�O�U�T �B�S�F �D�M�P�T�F �J�O �U�I�F �T�Q�B�D�F
�P�G �P�S�J�F�O�U�B�U�J�P�O�T�� �*�O �P�U�I�F�S �X�P�S�E�T�
 �U�I�F �B�D�R�V�J�T�J�U�J�P�O �G�S�F��
�R�V�F�O�D�Z �J�T �I�J�H�I �F�O�P�V�H�I�� �'�P�S �T�Q�B�S�T�F�M�Z �T�B�N�Q�M�F�E �O�F�U��
�X�P�S�L�T�
 �B �M�P�X�F�S �U�I�S�F�T�I�P�M�E �P�S �B�O �B�E�B�Q�U�J�W�F �T�D�I�F�N�F �N�J�H�I�U �C�F �N�P�S�F �T�V�J�U�B�C�M�F�� �/�F�Y�U
�X�F �U�S�F�B�U �U�I�F �E�V�Q�M�J�D�B�U�F �N�F�B�T�V�S�F�T�� �5�I�F�T�F �B�S�F �E�J���F�S�F�O�U �P�S�J�F�O�U�B�U�J�P�O�T �D�P�S�S�F�T�Q�P�O�E�J�O�H
�U�P �U�I�F �T�B�N�F �Q�B�S�B�N�F�U�F�S �W�B�M�V�Fdi �� �/�P�U�F �U�I�B�U �T�V�D�I �E�V�Q�M�J�D�B�U�F�T �B�S�F �V�T�V�B�M�M�Z �B�T�T�P�D�J�B�U�F�E
�X�J�U�I �O�F�U�X�P�S�L �O�P�E�F�T�� �"�U �O�P�E�F�T�
 �U�I�F �B�D�R�V�J�T�J�U�J�P�O �J�T �U�F�N�Q�P�S�B�S�J�M�Z �T�U�P�Q�Q�F�E �X�I�J�M�F �U�I�F
�V�T�F�S �J�O�E�J�D�B�U�F�T �U�I�F �J�O�E�F�Y �P�G �U�I�F �O�P�E�F �U�P �U�I�F �T�Z�T�U�F�N�� �B�T �B �S�F�T�V�M�U�
 �U�I�F �T�B�N�F �Q�P�J�O�U �J�T �B�D��
�R�V�J�S�F�E �N�V�M�U�J�Q�M�F �U�J�N�F�T�� �5�I�F �E�V�Q�M�J�D�B�U�F �N�F�B�T�V�S�F�T �B�S�F �B�W�F�S�B�H�F�E �V�T�J�O�H �U�I�F �R�V�B�U�F�S�O�J�P�O
�B�W�F�S�B�H�J�O�H �T�D�I�F�N�F �G�S�P�N �&�R�� �	���������
 �X�J�U�Iw i � 1��

�6�O�J�G�P�S�N �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O���5�P �S�F�T�B�N�Q�M�F �V�O�J�G�P�S�N�M�Z �B �H�J�W�F�O �T�B�N�Q�M�F �P�G �P�S�J�F�O�U�B�U�J�P�O�T�
 �X�F
���Y �U�I�F �F�E�H�F �M�F�O�H�U�Ih���Y�F�E�B�O�E �D�P�N�Q�V�U�F �V�O�J�G�P�S�N �Q�B�S�B�N�F�U�F�S�Ttk �G�P�S �F�B�D�I �D�V�S�W�F
 �C�Z

tk �
kL
N

; k � 0; : : : ;N; tk � tk� 1 � h; �	���������


�X�I�F�S�FL �J�T �U�I�F �M�F�O�H�U�I �P�G
 �B�O�EN � �S�P�V�O�E¹L• h���Y�F�Eº��

�8�F �S�F�N�B�S�L �U�I�B�U �X�I�J�M�F �U�I�F �Q�B�S�B�N�F�U�F�Sh���Y�F�E�J�T �H�M�P�C�B�M �B�O�E �I�B�T �U�I�F �T�B�N�F �W�B�M�V�F �G�P�S �B�M�M
�D�V�S�W�F�T�
h �N�J�H�I�U �T�M�J�H�I�U�M�Z �E�J���F�S �G�S�P�N �D�V�S�W�F �U�P �D�V�S�W�F�� �*�O �Q�S�B�D�U�J�D�F�
 �U�I�J�T �E�J���F�S�F�O�D�F �J�T
�O�F�H�M�J�H�J�C�M�F�
 �B�O�E �X�F �D�P�O�T�J�E�F�S �U�I�F �S�F�T�V�M�U�J�O�H �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�Otk �U�P �C�F �V�O�J�G�P�S�N�� �*�O �U�I�F
�S�F�N�B�J�O�E�F�S �P�G �U�I�F �U�I�F�T�J�T�
 �X�F �P�N�J�U �U�I�F �T�V�C�T�D�S�J�Q�U �J�Oh���Y�F�E�B�O�E �T�J�N�Q�M�Z �X�S�J�U�Fh��
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�'�J�H�V�S�F ���������4�D�I�F�N�B �P�G �U�I�F �Q�S�F�����M�U�F�S�J�O�H �X�J�U�I� � 0:2�� �3�B�X �P�S�J�F�O�U�B�U�J�P�O�T �	�S�F�Q�S�F�T�F�O�U�F�E
�C�Z �X�I�J�U�F �E�P�U�T�
 �B�S�F �D�P�O�W�P�M�V�U�F�E �X�J�U�I �B �(�B�V�T�T�J�B�O �L�F�S�O�F�M �U�P �P�C�U�B�J�O �V�O�J�G�P�S�N
�T�B�N�Q�M�J�O�H �	�C�M�V�F �E�P�U�T�
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�(�B�V�T�T�J�B�O �D�P�O�W�P�M�V�U�J�P�O �	�'�J�H���������D�
���'�P�S �F�B�D�Itk�
 �X�F �D�P�N�Q�V�U�F �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �P�S�J�F�O�U�B��
�U�J�P�O�qk �V�T�J�O�H �D�P�O�W�P�M�V�U�J�P�O �X�J�U�I �E�J�T�U�B�O�D�F �X�F�J�H�I�U�J�O�H �	�'�J�H���������
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q i 2
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average¹ º �S�F�G�F�S�T �U�P �U�I�F �R�V�B�U�F�S�O�J�P�O �B�W�F�S�B�H�J�O�H �T�D�I�F�N�F �G�S�P�N �&�R�� �	���������
�� �5�I�F
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�X�I�F�S�Fdi �J�T �U�I�F �J�O�Q�V�U �E�J�T�U�B�O�D�F �Q�B�S�B�N�F�U�F�S �B�T�T�P�D�J�B�U�F�E �U�P �U�I�F �N�F�B�T�V�S�F�E �P�S�J�F�O�U�B�U�J�P�O
A i �� �5�I�F �Q�B�S�B�N�F�U�F�S� �D�P�O�U�S�P�M�T �U�I�F �S�B�E�J�V�T �P�G �D�P�O�W�P�M�V�U�J�P�O�� �J�O �H�F�O�F�S�B�M �X�F �V�T�F �W�B�M�V�F�T
�C�F�U�X�F�F�O ������ �B�O�E ��������

�5�P �T�P�N�F �F�Y�U�F�O�U�
 �U�I�F �Q�S�F�����M�U�F�S�J�O�H �T�N�P�P�U�I�T �P�V�U �B�D�R�V�J�T�J�U�J�P�O �B�S�U�J�G�B�D�U�T �J�O �U�I�F �T�D�B�O�O�F�E
�E�B�U�B�� �5�I�F �Q�S�F�����M�U�F�S�F�E �P�S�J�F�O�U�B�U�J�P�O�T�qk �B�S�F �T�B�N�Q�M�F�E �V�O�J�G�P�S�N�M�Z �B�O�E �D�P�O�U�B�J�O �M�F�T�T �O�P�J�T�F
�U�I�B�O �U�I�F �S�B�X �E�B�U�B�� �D�P�N�Q�B�S�F �'�J�H���������	�B�
 �B�O�E �	�D�
�� �#�Z �W�B�S�Z�J�O�H �U�I�F �Q�B�S�B�N�F�U�F�S� �
 �J�U �N�J�H�I�U
�C�F �Q�P�T�T�J�C�M�F �U�P �T�V���D�J�F�O�U�M�Z ���M�U�F�S �U�I�F �E�B�U�B �X�I�J�M�F �Q�S�F�T�F�S�W�J�O�H �U�I�F �B�D�R�V�J�S�F�E �H�F�P�N�F�U�S�Z��
�)�P�X�F�W�F�S�
 �U�I�J�T �B�Q�Q�S�P�B�D�I �I�B�T �B �N�B�K�P�S �E�S�B�X�C�B�D�L�� �T�J�O�D�F �U�I�F �(�B�V�T�T�J�B�O �D�P�O�W�P�M�V�U�J�P�O �J�T
�B�Q�Q�M�J�F�E �U�P �F�B�D�I �D�V�S�W�F �J�O�E�J�W�J�E�V�B�M�M�Z�
 �U�I�F�S�F �J�T �O�P �H�V�B�S�B�O�U�F�F �U�I�B�U �U�I�F ���M�U�F�S�F�E �P�S�J�F�O�U�B��
�U�J�P�O�T �X�J�M�M �C�F �D�P�O�T�J�T�U�F�O�U �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T �	�T�F�F �4�F�D�U�J�P�O�������
��

�5�I�J�T �U�Z�Q�F �P�G �D�P�I�F�S�F�O�D�F �J�T �I�P�X�F�W�F�S �F�T�T�F�O�U�J�B�M�� �5�I�F ���O�B�M �S�F�D�P�O�T�U�S�V�D�U�J�P�O �T�U�F�Q �P�G �P�V�S �O�F�U��
�X�P�S�L �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N�F�U�I�P�E �	�4�F�D�U�J�P�O�������
 �B�T�T�V�N�F�T �D�P�O�T�J�T�U�F�O�U �J�O�Q�V�U�� �'�V�S�U�I�F�S�N�P�S�F�

�U�I�F �D�P�O�T�J�T�U�F�O�D�Z �P�G �O�P�S�N�B�M�T �J�T �D�S�V�D�J�B�M �U�P �F�O�T�V�S�F �D�P�S�S�F�D�U �T�V�C�T�F�R�V�F�O�U �Q�S�P�D�F�T�T�J�O�H �P�G �U�I�F
�O�F�U�X�P�S�L�
 �G�P�S �J�O�T�U�B�O�D�F �G�P�S �T�V�S�G�B�D�F ���U�U�J�O�H �	�$�I�B�Q�U�F�S���
��

�5�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O �E�F�T�D�S�J�C�F�T �I�P�X �X�F �T�P�M�W�F �U�I�J�T �Q�S�P�C�M�F�N��



�<���> �%�����
�Í�������Ì ���Î �������Í���
�^�
�������� �@�:

�<���>���= �2�������
�������Å �����^ ���Æ�Å���Æ���������� ���� �2�)�K�<�M

�*�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�
 �U�I�F �O�P�J�T�Z �J�O�Q�V�U �P�S�J�F�O�U�B�U�J�P�O�TA i � A¹q i º �S�F�Q�S�F�T�F�O�U�F�E �C�Z
�R�V�B�U�F�S�O�J�P�O�Tq i �I�B�W�F �C�F�F�O �S�F�T�B�N�Q�M�F�E �B�O�E �Q�S�F�����M�U�F�S�F�E�� �5�I�F �S�F�T�V�M�U �J�T �B �V�O�J�G�P�S�N �T�B�N��
�Q�M�F �P�G �P�S�J�F�O�U�B�U�J�P�O�T�A k � A¹ �qkº��

�0�V�S �H�P�B�M �J�O �U�I�J�T �T�F�D�U�J�P�O �J�T �U�P �T�N�P�P�U�I �U�I�F �S�F�T�B�N�Q�M�F�E �P�S�J�F�O�U�B�U�J�P�O�T�A k �X�I�J�M�F �T�B�U�J�T�G�Z�J�O�H
�D�P�O�T�J�T�U�F�O�D�Z �D�P�O�T�U�S�B�J�O�U�T �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T �	�'�J�H���������E�
�� �5�P �U�I�J�T �F�O�E�
 �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �B�S�F
�S�F�Q�S�F�T�F�O�U�F�E �B�T �S�P�U�B�U�J�P�O �N�B�U�S�J�D�F�T�A k 2 SO¹3º �J�O�T�U�F�B�E �P�G �R�V�B�U�F�S�O�J�P�O�T�qk�
 �X�I�J�D�I �X�B�T
�U�I�F �D�B�T�F �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O��

�5�I�J�T �D�I�B�O�H�F �P�G �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �	�G�S�P�N �R�V�B�U�F�S�O�J�P�O�T �U�P �S�P�U�B�U�J�P�O �N�B�U�S�J�D�F�T�
 �J�T �N�P�U�J�W�B�U�F�E
�C�Z �P�V�S �O�F�F�E �U�P �F�O�G�P�S�D�F �D�P�O�T�J�T�U�F�O�U �T�V�S�G�B�D�F �O�P�S�N�B�M�T �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T�� �*�O �P�S�E�F�S �U�P �I�B�W�F �B
���M�U�F�S�J�O�H �G�S�B�N�F�X�P�S�L �X�J�U�I �V�O�J���F�E �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�
 �P�V�S �J�O�J�U�J�B�M �J�E�F�B �X�B�T �U�P �V�T�F �R�V�B�U�F�S��
�O�J�P�O �T�Q�M�J�O�F�T �<�1�3�������4�I�P�������/�J�F�����>�� �)�P�X�F�W�F�S�
 �F�Y�Q�S�F�T�T�J�O�H �U�I�F �D�P�O�T�J�T�U�F�O�D�Z �D�P�O�T�U�S�B�J�O�U�T
�J�O �U�I�F �R�V�B�U�F�S�O�J�P�O �T�Q�B�D�F �H�J�W�F�T �O�P�O�M�J�O�F�B�S �F�R�V�B�U�J�P�O�T�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �U�I�F�T�F �D�P�O��
�T�U�S�B�J�O�U�T �B�S�F �M�J�O�F�B�S �J�OSO¹3º�� �*�O�T�Q�J�S�F�E �C�Z �T�Q�M�J�O�F �G�V�O�D�U�J�P�O�T�
 �X�I�J�D�I �Q�S�P�W�J�E�F �T�N�P�P�U�I
�D�V�S�W�F�T �U�I�B�U �S�F�B�T�P�O�B�C�M�Z ���U �U�I�F �J�O�Q�V�U �E�B�U�B �C�Z �N�J�O�J�N�J�[�J�O�H �T�P�N�F �F�O�F�S�H�Z �G�V�O�D�U�J�P�O�B�M�

�X�F �Q�S�P�Q�P�T�F �J�O �U�I�F �G�P�M�M�P�X�J�O�H �U�P �G�P�S�N�V�M�B�U�F ���M�U�F�S�J�O�H �P�G �G�S�B�N�F�T �	�P�S�J�F�O�U�B�U�J�P�O�T�
 �B�T �B �D�V�T��
�U�P�N�J�[�F�E �F�O�F�S�H�Z �N�J�O�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �P�OSO¹3º��

�-�F�U �V�T �T�U�B�S�U �C�Z �S�F�T�V�N�J�O�H �U�I�F �Q�S�J�O�D�J�Q�M�F�T �C�F�I�J�O�E �T�N�P�P�U�I�J�O�H �T�Q�M�J�O�F�T �J�O �U�I�F �&�V�D�M�J�E�F�B�O
�T�Q�B�D�F�� �3�F�D�B�M�M �U�I�B�U �B �T�Q�M�J�O�F �J�O �U�F�O�T�J�P�Ox¹t º �J�O �U�I�Fd���E�J�N�F�O�T�J�P�O�B�M �&�V�D�M�J�E�F�B�O �T�Q�B�D�F’ d

�J�T �U�I�F �N�J�O�J�N�J�[�F�S �P�G �U�I�F �F�O�F�S�H�Z
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�V�O�E�F�S �U�I�F �J�O�U�F�S�Q�P�M�B�U�J�P�O �D�P�O�T�U�S�B�J�O�U�Tx¹tkº � pk 2 ’ d: �5�I�F �X�F�J�H�I�U�T� �B�O�E� �D�P�O�U�S�P�M
�T�U�S�F�U�D�I�J�O�H �B�O�E �C�F�O�E�J�O�H �P�G �U�I�F �T�Q�M�J�O�F�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �*�O�D�P�S�Q�P�S�B�U�J�O�H �Q�P�T�J�U�J�P�O�B�M �D�P�O��
�T�U�S�B�J�O�U�T �E�J�S�F�D�U�M�Z �J�O �U�I�F �F�O�F�S�H�Z
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 x¹tkº � pk




 2

� �
¹ tN

t0




 x0




 2

dt � �
¹ tN

t0




 x00




 2

dt �	���������


�Z�J�F�M�E�T �B �T�N�P�P�U�I�J�O�H �T�Q�M�J�O�F�
 �V�T�F�G�V�M �G�P�S �O�P�O���Q�B�S�B�N�F�U�S�J�D �S�F�H�S�F�T�T�J�P�O �B�O�E �E�B�U�B ���M�U�F�S�J�O�H
�J�O �&�V�D�M�J�E�F�B�O �T�Q�B�D�F�T �	�'�J�H���������
��

�4�N�P�P�U�I�J�O�H �T�Q�M�J�O�F�T �I�B�W�F �C�F�F�O �H�F�O�F�S�B�M�J�[�F�E �G�P�S �E�B�U�B �P�O �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�T �C�Z
�N�B�O�Z �B�V�U�I�P�S�T �<�#�"�������)�1�������#�$�����>�� �8�F �X�J�M�M �O�P�X �V�T�F �T�V�D�I �B �N�B�O�J�G�P�M�E �G�P�S�N�V�M�B�U�J�P�O
�U�P �T�N�P�P�U�I �E�B�U�B �J�O �U�I�F �H�S�P�V�QSO¹3º �	�4�F�D�U�J�P�O�������
 �Q�������
��

�"�O�B�M�P�H�P�V�T�M�Z �U�P �&�V�D�M�J�E�F�B�O �T�Q�B�D�F�T�
 �B �T�N�P�P�U�I�J�O�H �T�Q�M�J�O�FX¹t º �G�P�S �P�S�J�F�O�U�B�U�J�P�O �E�B�U�B�A k 2
SO¹3º �J�T �E�F���O�F�E �C�Z �N�J�O�J�N�J�[�J�O�H �U�I�F �D�P�T�U �G�V�O�D�U�J�P�O

NÕ

k� 0

dist2
�
X¹tkº; �A k

�
� �

¹ tN

t0

D
ÛX; ÛX

E
dt � �

¹ tN

t0

�
D2X
dt2

;
D2X
dt2

�
dt ; �	���������




�@�; �< �"�������Í ���Í�
���������� �Î������ �������Í���
�^�
��������

� � 0:001
� � 0:001

� � 0:1
� � 0:001

� � 0:001
� � 0:1

� � 0:1
� � 0:1

�'�J�H�V�S�F ���������&�V�D�M�J�E�F�B�O �T�N�P�P�U�I�J�O�H �T�Q�M�J�O�F �X�J�U�I �W�B�S�Z�J�O�H �T�U�S�F�U�D�I�J�O�H� �B�O�E �C�F�O�E�J�O�H�

�X�I�F�S�Fdist ¹�; �º �J�T �U�I�F �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �P�OSO¹3º�
h�; �i �J�T �U�I�F �3�J�F�N�B�O�O�J�B�O �N�F�U�S�J�D�
ÛX �J�T
�U�I�F �W�F�M�P�D�J�U�Z�
 �B�O�ED2X•dt2 �J�T �U�I�F �B�D�D�F�M�F�S�B�U�J�P�O �B�M�P�O�HX �	�D�G�� �4�F�D�U�J�P�O�������
�� �8�F �X�J�M�M �X�S�J�U�F
�U�I�F �B�C�P�W�F �D�P�T�U �G�V�O�D�U�J�P�O �B�T

E¹Xº � E0¹Xº � � E1¹Xº � � E2¹Xº:

�5�P �E�J�T�D�S�F�U�J�[�F �U�I�J�T �Q�S�P�C�M�F�N�
 �U�I�F �D�P�O�U�J�O�V�P�V�T �D�V�S�W�F

X¹t º : »0; L¼ ! SO¹3º

�J�T �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z �U�I�F �U�F�O�T�P�S �	�B �E�J�T�D�S�F�U�F �D�V�S�W�F�



 �
�
X¹t0º; : : : ;X¹tN º

�
� »X0; : : : ;XN ¼2 SO¹3ºN� 1 �	���������


�X�I�F�S�Ftk �J�T �U�I�F �V�O�J�G�P�S�N �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �E�F���O�F�E �J�O �&�R�� �	���������
��

�8�F �V�T�F �U�I�F �N�F�U�I�P�E �G�P�S �T�Q�M�J�O�F ���U�U�J�O�H �P�O �N�B�O�J�G�P�M�E�T �P�G �#�P�V�N�B�M �B�O�E �"�C�T�J�M �<�#�"�����>��
�5�I�F �E�J���F�S�F�O�U�J�B�M �B�O�E �J�O�U�F�H�S�B�M �P�Q�F�S�B�U�P�S�T �J�O �&�R�� �	���������
 �B�S�F �B�Q�Q�S�P�Y�J�N�B�U�F�E �W�J�B�H�F�P�N�F�U�S�J�D
���O�J�U�F �E�J���F�S�F�O�D�F�T�� �(�F�P�N�F�U�S�J�D�B�M�M�Z�
 �U�I�F �E�J���F�S�F�O�D�Fb � a �P�G �U�X�P �Q�P�J�O�U�Ta; b 2 ’ n �J�O �U�I�F
�&�V�D�M�J�E�F�B�O �T�Q�B�D�F �J�T �U�I�F �W�F�D�U�P�S �T�U�B�S�U�J�O�H �B�Ua �B�O�E �Q�P�J�O�U�J�O�H �U�P�X�B�S�E�Tb �X�I�P�T�F �M�F�O�H�U�I �J�T
�U�I�F �E�J�T�U�B�O�D�F �C�F�U�X�F�F�Oa �B�O�Eb�� �0�O �N�B�O�J�G�P�M�E�T�
 �T�Q�F�D�J���D�B�M�M�Z �U�I�F �N�B�O�J�G�P�M�ESO¹3º�
 �U�I�F
�O�P�U�J�P�O �P�G �E�J���F�S�F�O�D�F �J�T �F�Y�Q�S�F�T�T�F�E �V�T�J�O�H �U�I�F �M�P�H�B�S�J�U�I�N�J�D �N�B�Q �	�D�G�� �5�B�C�M�F�������P�O �Q�������
��
�5�I�F �E�J�T�U�B�O�D�F �C�F�U�X�F�F�O �U�X�P �S�P�U�B�U�J�P�O �N�B�U�S�J�D�F�TA ; B 2 SO¹3º �J�T

dist ¹A ; Bº �



 log

�
A| B

� 


F :

�'�P�S �E�J�T�D�S�F�U�J�[�B�U�J�P�O �T�U�F�Qh�
 ���S�T�U �B�O�E �T�F�D�P�O�E �H�F�P�N�F�U�S�J�D ���O�J�U�F �E�J���F�S�F�O�D�F�T �B�S�F

ÛXk � 1• h

�
log

�
Xk

|
Xk� 1

� �

ÜXk � 1• h2

�
log

�
Xk

|
Xk� 1

�
� log

�
Xk

|
Xk� 1

� �

�*�O�U�F�H�S�B�M�T �B�S�F �B�M�T�P �E�J�T�D�S�F�U�J�[�F�E �V�T�J�O�H �U�I�F �T�U�F�Q �T�J�[�Fh�
 �G�P�S �J�O�T�U�B�O�D�F�


¹ tN

t0

D
ÛX; ÛX

E
dt �

N� 1Õ

k� 0

¹tk� 1 � tkº
|       {z       }

� h










1
h

log
�
Xk

|
Xk� 1
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�<���> �%�����
�Í�������Ì ���Î �������Í���
�^�
�������� �@�<

�$�P�O�T�F�R�V�F�O�U�M�Z�
 �G�P�S �P�S�J�F�O�U�B�U�J�P�O �E�B�U�B�A k 2 SO¹3º�
 �U�I�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O �P�G �U�I�F �D�P�T�U �G�V�O�D��
�U�J�P�O �G�S�P�N �&�R�� �	���������
 �I�B�T �U�I�F �G�P�S�N

E¹
 º �
NÕ

k� 0








 log

�
Xk

| �A k

� 








2

F
�

�
h

N� 1Õ

k� 0








 log

�
Xk

|
Xk� 1

� 
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F

�
�

h3

N� 1Õ

k� 1








 log

�
Xk

|
Xk� 1

�
� log

�
Xk

|
Xk� 1
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F
:

�	���������


�#�P�V�N�B�M �<�#�P�V�����> �O�P�U�J�D�F�E �U�I�B�U �U�I�F �E�J�T�D�S�F�U�F �F�O�F�S�H�Z �J�T �X�F�M�M���B�Q�Q�S�P�Y�J�N�B�U�F�E �V�T�J�O�H �U�I�F
�G�P�M�M�P�X�J�O�H �T�J�N�Q�M�J���F�E �U�F�S�N�T��

E0¹
 º �
NÕ

k� 0




 Xk � �A k




 2

F ;

E1¹
 º �
1
h

N� 1Õ

k� 0

kXk � Xk� 1k2
F ;

E2¹
 º �
1
h3

N� 1Õ

k� 1








 skew

�
Xk

|
¹Xk� 1 � Xk� 1º

� 








2

F
;

�	���������


�X�I�F�S�F
 �J�T �U�I�F �U�F�O�T�P�S �P�G �V�O�L�O�P�X�O �P�S�J�F�O�U�B�U�J�P�O�T �	�E�J�T�D�S�F�U�F �D�V�S�W�F�
�
h � tk � tk� 1 �J�T �U�I�F
�V�O�J�G�P�S�N �E�J�T�D�S�F�U�J�[�B�U�J�P�O �T�U�F�Q�
 �B�O�Eskew �J�T �U�I�F �N�B�U�S�J�Y �P�Q�F�S�B�U�P�S �G�S�P�N �&�R�� �	���������
��

skew ¹Mº �
1
2

�
M � M | �

: �	���������


�'�P�S �D�M�P�T�F�E �D�V�S�W�F�T�
 �B�M�M �T�V�N�T �S�V�O �G�S�P�N �� �U�PN �E�V�F �U�P �Q�F�S�J�P�E�J�D�J�U�Z��

�-�F�U �V�T �S�F�D�B�M�M �I�P�X �U�I�F �T�J�N�Q�M�J���F�E �F�O�F�S�H�Z �J�O �&�R�� �	���������
 �J�T �P�C�U�B�J�O�F�E�� �5�I�F �U�F�S�N�TE0; E1
�S�F�T�V�M�U �G�S�P�N �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �P�OSO¹3º �C�Z �U�I�F �D�I�P�S�E�B�M
�E�J�T�U�B�O�D�F �J�O �U�I�F �B�N�C�J�F�O�U �T�Q�B�D�F’ 3� 3 �U�I�B�U �X�F �E�F�T�D�S�J�C�F�E �J�O �&�R�� �	���������
��

dist2 ¹A ; Bº �



 log

�
A| B

� 

 2
F � kA � Bk2

F :

�5�P �P�C�U�B�J�O �U�I�F �T�J�N�Q�M�J���F�E �U�F�S�NE2�
 �D�P�O�T�J�E�F�S �U�I�F �M�P�H�B�S�J�U�I�N�J�D �N�B�Q

B 7! LogA ¹Bº � A log
�
A| B

�
:

�5�I�J�T �N�B�Q�TB 2 SO¹3º �U�P �U�I�F �U�B�O�H�F�O�U �W�F�D�U�P�S �G�S�P�NTA SO¹3º �Q�P�J�O�U�J�O�H �U�P�X�B�S�E�TB �X�J�U�I
�M�F�O�H�U�I �F�R�V�B�M �U�P �U�I�F �H�F�P�E�F�T�J�D �E�J�T�U�B�O�D�F �C�F�U�X�F�F�OA �B�O�EB �N �D�G�� �U�I�F �%�F���O�J�U�J�P�O���������P�G
�U�I�F �3�J�F�N�B�O�O�J�B�O �M�P�H�B�S�J�U�N�J�D �N�B�Q �P�O �Q�������� �" �T�J�N�J�M�B�S �W�F�D�U�P�S �J�T �P�C�U�B�J�O�F�E �C�Z �Q�S�P�K�F�D�U�J�O�H
�U�I�F �W�F�D�U�P�S¹B� Aº �G�S�P�N �U�I�F �B�N�C�J�F�O�U �T�Q�B�D�F �P�G’ 3� 3 �U�P �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�FTA SO¹3º�� �5�I�J�T
�Q�S�P�K�F�D�U�J�P�O �J�T �D�I�B�S�B�D�U�F�S�J�[�F�E �C�Z �U�I�F �P�Q�F�S�B�U�P�SA skew

�
A| B

�
�
 �D�G�� �'�J�H���������� �5�I�F �F�S�S�P�S �P�G



�@�= �< �"�������Í ���Í�
���������� �Î������ �������Í���
�^�
��������

�U�I�J�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �B�T �G�P�M�M�P�X�T�� �'�P�S �B�O �P�S�J�F�O�U�B�U�J�P�O �N�B�U�S�J�YA�
 �M�F�U
 2 ’ 3� 3 �C�F �T�L�F�X��
�T�Z�N�N�F�U�S�J�D �X�J�U�Ik
 kF � 1 �B�O�EB � A exp ¹t 
 º�� �4�J�O�D�FA| B � exp ¹t 
 º�
 �X�F �I�B�W�F

log
�
A| B

�
� t 
 ;

skew
�
A| B

�
� skew

�
I3 � t 
 � 1

2 t2
 2 � O¹t3º
�

� t 
 � O¹t3º:

�#�P�U�Iskew ¹I3º �B�O�Eskew
�

 2

�
�W�B�O�J�T�I �N �U�I�F �T�L�F�X �P�Q�F�S�B�U�P�S �B�Q�Q�M�J�F�E �U�P �T�Z�N�N�F�U�S�J�D

�N�B�U�S�J�D�F�T �Z�J�F�M�E�T �B �[�F�S�P �N�B�U�S�J�Y�� �3�F�Q�M�B�D�J�O�H �U�I�F �M�P�H �P�Q�F�S�B�U�P�S �X�J�U�I �U�I�F �T�L�F�X �P�Q�F�S�B�U�P�S �J�T
�U�I�F�S�F�G�P�S�F �B �R�V�B�E�S�B�U�J�D �B�Q�Q�S�P�Y�J�N�B�U�J�P�O��

log ¹Aº � skew ¹Aº :

�*�O �P�V�S �T�F�U�V�Q�
 �U�I�F ���M�U�F�S�F�E �E�B�U�B�A k �J�T �B�T�T�P�D�J�B�U�F�E �U�P �B �O�F�U�X�P�S�L� �B�O�E �U�I�F �F�O�F�S�H�Z �U�F�S�N�T
�J�O �&�R�� �	���������
 �B�S�F �T�V�N�N�F�E �P�W�F�S �B�M�M �D�V�S�W�F�T
 2 � �� �4�J�N�V�M�U�B�O�F�P�V�T�M�Z �X�J�U�I �S�F�H�S�F�T�T�J�P�O �P�O
SO¹3º�
 �X�F �T�P�M�W�F �U�I�F �D�P�O�T�J�T�U�F�O�D�Z �D�P�O�T�U�S�B�J�O�U�T �B�T �G�P�M�M�P�X�T�� �-�F�UX; ~X j �C�F �U�I�F �M�P�D�B�M �G�S�B�N�F�T
�P�G �U�X�P �J�O�U�F�S�T�F�D�U�J�O�H �D�V�S�W�F�T �B�U �U�I�F�J�S �D�P�N�N�P�O �O�P�E�Fv 2 V �� �5�I�F�O �U�I�F �U�X�P �G�S�B�N�F�T
�B�S�F �D�B�M�M�F�E�D�P�O�T�J�T�U�F�O�U�
 �J�G �U�I�F ���S�T�U �G�S�B�N�FXk � »tk N B k¼�J�T �P�C�U�B�J�O�F�E �C�Z �S�P�U�B�U�J�O�H �U�I�F
�T�F�D�P�O�E �G�S�B�N�F~X j �

�
~t j N ~B j

�
�B�S�P�V�O�E �U�I�F �D�P�N�N�P�O �T�V�S�G�B�D�F �O�P�S�N�B�MN �B�U �U�I�F �O�P�E�Fv��

�%�F�O�P�U�F �C�Z� �U�I�F �T�F�U �P�G �B�M�M �T�V�D�I �Q�B�J�S�T �P�G �G�S�B�N�F�T
�
X; ~X j

�
�� �5�P �F�O�G�P�S�D�F �U�I�F �D�P�O�T�J�T�U�F�O�D�Z

�P�G �T�V�S�G�B�D�F �O�P�S�N�B�M�T�
 �X�F �B�E�E �B �U�F�S�N �Q�F�O�B�M�J�[�J�O�H �U�I�F �E�J���F�S�F�O�D�F �J�O �Q�S�P�K�F�D�U�J�P�O �P�O �U�I�F
�O�P�S�N�B�M �D�P�N�Q�P�O�F�O�U �B�U �B�M�M �O�P�E�F�Tv

EN ¹� º �
Õ

¹X; ~X jº2�




 Xk jN � ~X j jN




 2

: �	���������


�/�P�U�F �U�I�F�S�F �N�J�H�I�U �C�F �N�V�M�U�J�Q�M�F �Q�B�J�S�T �Q�F�S �O�P�E�F�
 �J�O �D�B�T�F �P�G �N�V�M�U�J�Q�M�F �J�O�U�F�S�T�F�D�U�J�O�H �D�V�S�W�F�T��

�'�J�O�B�M�M�Z�
 �X�F �D�P�N�Q�V�U�F �U�I�F �T�F�U �P�G �T�N�P�P�U�I �P�S�J�F�O�U�B�U�J�P�O�T»X0; : : : ;XN ¼2 SO¹3ºN� 1 �C�Z �N�J�O��
�J�N�J�[�J�O�H �U�I�F �F�O�F�S�H�Z
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�X�I�F�S�F�; �; � � 0 �B�S�F �U�I�F �X�F�J�H�I�U�T �D�P�O�U�S�P�M�M�J�O�H �D�P�O�T�J�T�U�F�O�D�Z �P�G �T�V�S�G�B�D�F �O�P�S�N�B�M�T�
 �T�U�S�F�U�D�I��
�J�O�H�
 �B�O�E �C�F�O�E�J�O�H�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �5�I�F �F�O�F�S�H�Z �J�T �N�J�O�J�N�J�[�F�E �V�T�J�O�H �U�I�F �3�J�F�N�B�O�O�J�B�O
�U�S�V�T�U���S�F�H�J�P�O �	�3�5�3�
�
 �B �H�F�O�F�S�B�M�J�[�B�U�J�P�O �P�G �U�I�F �D�M�B�T�T�J�D�B�M �U�S�V�T�U���S�F�H�J�P�O �J�O’ n �U�P �E�J���F�S�F�O��
�U�J�B�C�M�F �N�B�O�J�G�P�M�E�T�� �T�F�F �U�I�F �Q�B�Q�F�S �P�G �"�C�T�J�M �F�U �B�M�� �<�"�#�(���� �> �G�P�S �U�I�F �E�F�T�D�S�J�Q�U�J�P�O �P�G �U�I�F �B�M��
�H�P�S�J�U�I�N �B�O�E �B �E�F�U�B�J�M�F�E �D�P�O�W�F�S�H�F�O�D�F �B�O�B�M�Z�T�J�T�� �*�O �4�F�D�U�J�P�O�������
 �X�F �E�J�T�D�V�T�T �U�I�F �Q�F�S�G�P�S��
�N�B�O�D�F �B�O�E �U�J�N�F �O�F�F�E�F�E �G�P�S �N�J�O�J�N�J�[�J�O�H �U�I�F �F�O�F�S�H�Z �	���������
 �P�O �B �T�U�B�O�E�B�S�E �N�B�D�I�J�O�F��

�5�I�F �S�F�T�V�M�U�J�O�H �P�S�J�F�O�U�B�U�J�P�O�T �B�S�F �T�N�P�P�U�I �B�M�P�O�H �U�I�F �D�V�S�W�F �O�F�U�X�P�S�L�
 �B�O�E �U�I�F �O�P�S�N�B�M�T
�B�S�F �D�P�O�T�J�T�U�F�O�U �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T�� �'�P�S �B�O �F�Y�B�N�Q�M�F�
 �T�F�F �U�I�F �(�B�V�T�T �N�B�Q �W�J�T�V�B�M�J�[�B�U�J�P�O �J�O
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�'�J�H���������
 �J���F�� �U�I�F �O�P�S�N�B�M �D�P�N�Q�P�O�F�O�U �P�G �U�I�F �P�S�J�F�O�U�B�U�J�P�O�TXk jN �Q�M�P�U�U�F�E �P�O �U�I�F �V�O�J�U ����
�T�Q�I�F�S�F�� �/�P�U�J�D�F �U�I�B�U �U�I�F �O�F�U�X�P�S�L �P�G �Q�S�F�����M�U�F�S�F�E �O�P�S�N�B�M�T �J�O �'�J�H���������D�
 �J�T�O�P�U�D�M�P�T�F�E �N
�U�I�J�T �J�T �Q�S�F�D�J�T�F�M�Z �C�F�D�B�V�T�F �U�I�F �O�P�S�N�B�M�T �E�J���F�S �B�U �J�O�U�F�S�T�F�D�U�J�P�O�T �G�P�S �E�J���F�S�F�O�U �D�V�S�W�F�T�� �5�I�F
�O�P�S�N�B�M�T �J�O �'�J�H���������E�
 �I�B�W�F �C�F�F�O �T�N�P�P�U�I�F�E �B�O�E �N�B�E�F �D�P�O�U�J�O�V�P�V�T �C�Z �N�J�O�J�N�J�[�J�O�H �U�I�F
�F�O�F�S�H�Z �G�S�P�N �&�R�� �	���������
��

�5�I�J�T �D�P�O�D�M�V�E�F�T �U�I�F ���M�U�F�S�J�O�H �Q�B�S�U �P�G �P�V�S �N�F�U�I�P�E�� �5�I�F �O�F�Y�U �T�F�D�U�J�P�O�T �E�F�T�D�S�J�C�F�T �U�I�F
���O�B�M �Q�B�S�U�
 �J�O �X�I�J�D�I �U�I�F ���M�U�F�S�F�E �P�S�J�F�O�U�B�U�J�P�O�T �B�S�F �J�O�U�F�H�S�B�U�F�E �J�O �P�S�E�F�S �U�P �S�F�U�S�J�F�W�F �U�I�F
�Q�P�T�J�U�J�P�O�T�� �8�F �S�F�G�F�S �U�P �J�U �B�T �U�I�F�1�P�J�T�T�P�O �O�F�U�X�P�S�L �S�F�D�P�O�T�U�S�V�D�U�J�P�O��
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�*�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�
 �X�F �E�F�T�D�S�J�C�F�E �P�V�S �N�F�U�I�P�E �G�P�S ���M�U�F�S�J�O�H �P�G �S�B�X �P�S�J�F�O�U�B�U�J�P�O
�E�B�U�B �N�F�B�T�V�S�F�E �C�Z �T�F�O�T�P�S�T�
 �X�I�J�D�I �Z�J�F�M�E�T �V�O�J�G�P�S�N�
 �T�N�P�P�U�I �B�O�E �D�P�O�T�J�T�U�F�O�U �P�S�J�F�O�U�B�U�J�P�O
�T�B�N�Q�M�J�O�H»X0; : : : ;XN ¼2 SO¹3ºN� 1�� �)�F�S�F�
Xk � X¹tkº�� �U�I�F �V�O�J�G�P�S�N �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O
tk �J�T �E�F���O�F�E �J�O �&�R�� �	���������
��

�8�F �O�P�X �B�E�E�S�F�T�T �U�I�F �Q�S�P�C�M�F�N �P�G �U�S�B�O�T�G�P�S�N�J�O�H �U�I�F �P�S�J�F�O�U�B�U�J�P�O�TXk 2 SO¹3º �J�O�U�P �B�D��
�U�V�B�M �Q�P�T�J�U�J�P�O�Txk 2 ’ 3 �	�'�J�H���������S�J�H�I�U�
�� �5�I�F �Q�P�T�J�U�J�P�O�T �I�B�W�F �U�P �C�F �S�F�D�P�W�F�S�F�E �J�O �B �X�B�Z
�U�I�B�U �S�F�T�Q�F�D�U�T �U�I�F �U�P�Q�P�M�P�H�Z �P�G �U�I�F �V�O�E�F�S�M�Z�J�O�H �O�F�U�X�P�S�L �	�4�F�D�U�J�P�O�������
�� �3�F�D�B�M�M �U�I�B�U �U�I�F�S�F
�B�S�F �U�X�P �U�Z�Q�F�T �P�G �U�P�Q�P�M�P�H�J�D�B�M �D�P�O�T�U�S�B�J�O�U�T�� �F�J�U�I�F�S �U�I�F �J�O�U�F�S�T�F�D�U�J�P�O�T �P�G �N�V�M�U�J�Q�M�F �D�V�S�W�F�T
�	�F���H�� �U�I�F �5���K�V�O�D�U�J�P�O�T �J�O �'�J�H���������
�
 �P�S �U�I�F �D�M�P�T�V�S�F �P�G �B �T�J�O�H�M�F �D�V�S�W�F �	�F���H�� �U�I�F �C�M�V�F �D�J�S�D�M�F�T
�J�O �'�J�H���������
��

�5�P �S�F�D�P�W�F�S �U�I�F �Q�P�T�J�U�J�P�O�T�
 �Q�S�F�W�J�P�V�T �B�Q�Q�S�P�B�D�I�F�T �U�S�F�B�U �F�B�D�I �D�V�S�W�F �J�O�E�J�W�J�E�V�B�M�M�Z �B�O�E
�F�N�Q�M�P�Z �W�B�S�J�P�V�T �I�F�V�S�J�T�U�J�D�T �U�P �H�M�V�F �U�I�F �D�V�S�W�F�T �U�P�H�F�U�I�F�S �U�P �P�C�U�B�J�O �U�I�F �D�P�S�S�F�D�U �U�P�Q�P�M�P�H�Z
�<�4�Q�S������ �)�$�(���� �>�� �5�I�F�T�F �N�F�U�I�P�E�T �H�F�O�F�S�B�M�M�Z �T�V���F�S �G�S�P�N �D�P�O�W�F�S�H�F�O�D�F �Q�S�P�C�M�F�N�T �J�O��
�I�F�S�F�O�U �U�P �J�O�U�F�H�S�B�U�J�P�O �N�F�U�I�P�E�T �G�P�S �0�%�&�T�� �.�P�S�F�P�W�F�S�
 �U�I�F �H�M�V�J�O�H �Q�S�P�D�F�T�T �J�T �M�J�N�J�U�F�E �U�P
�T�Q�F�D�J���D �U�P�Q�P�M�P�H�J�F�T �	�T�V�D�I �B�T �B �H�S�J�E�
 �B�O�E �P�G�U�F�O �S�F�R�V�J�S�F�T �N�B�O�V�B�M �D�P�S�S�F�D�U�J�P�O�T �U�P �P�C�U�B�J�O
�Q�S�P�Q�F�S �J�O�U�F�S�T�F�D�U�J�P�O�T��

�0�V�S �B�Q�Q�S�P�B�D�I �J�T �E�J���F�S�F�O�U�� �X�F �X�J�M�M �T�I�P�X �U�I�B�U �V�T�J�O�H �1�P�J�T�T�P�O�R�T �F�R�V�B�U�J�P�O�
 �J�U �J�T �Q�P�T�T�J�C�M�F
�U�P �S�F�D�P�O�T�U�S�V�D�U �B�M�M �D�V�S�W�F�T �T�J�N�V�M�U�B�O�F�P�V�T�M�Z �X�I�J�M�F �H�V�B�S�B�O�U�F�F�J�O�H �Q�S�P�Q�F�S �J�O�U�F�S�T�F�D�U�J�P�O�T��
�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �F�Y�U�F�O�E �U�I�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O �P�G �U�I�F �1�P�J�T�T�P�O �F�R�V�B�U�J�P�O �G�P�S �B �T�J�O�H�M�F
�D�M�P�T�F�E �D�V�S�W�F �E�F�T�D�S�J�C�F�E �C�Z �<�$�1�4�����> �U�P �D�V�S�W�F �O�F�U�X�P�S�L�T �X�J�U�I �U�I�F �U�P�Q�P�M�P�H�Z �P�G �B �D�F�M�M
�D�P�N�Q�M�F�Y �B�T �E�F���O�F�E �J�O �4�F�D�U�J�P�O�������B�O�E �4�F�D�U�J�P�O��������

�*�Gx �J�T �U�I�F �O�B�U�V�S�B�M �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �P�G �U�I�F �D�V�S�W�F
 �	�P�O�F���E�J�N�F�O�T�J�P�O�B�M �3�J�F�N�B�O�O�J�B�O
�N�B�O�J�G�P�M�E�
�
 �U�I�F �V�O�J�U �U�B�O�H�F�O�U ���F�M�Et �B�M�P�O�H
 �J�T �F�R�V�B�M �U�P �U�I�F �H�S�B�E�J�F�O�U �P�G �Q�P�T�J�U�J�P�O�T

r x � t

�5�I�F �W�F�D�U�P�S ���F�M�Et �J�T �H�F�O�F�S�B�M�M�Z �O�P�U �J�O�U�F�H�S�B�C�M�F �<�,�#�)���� ���$�1�4�����> �B�O�E �U�I�F �T�P�M�V�U�J�P�O �O�F�F�E�T
�U�P �C�F �G�P�V�O�E �J�O �U�I�F �M�F�B�T�U���T�R�V�B�S�F�T �T�F�O�T�F�� �5�P �U�I�B�U �F�O�E�
 �U�I�F �E�J�W�F�S�H�F�O�D�F �P�Q�F�S�B�U�P�Sr� �J�T
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�B�Q�Q�M�J�F�E �U�P �C�P�U�I �T�J�E�F�T �B�O�Ex �J�T �G�P�V�O�E �C�Z �T�P�M�W�J�O�H �1�P�J�T�T�P�O�R�T �F�R�V�B�U�J�P�O

� x � r � t �	���������


�&�W�F�O �U�I�P�V�H�I �U�I�F �D�V�S�W�F �O�F�U�X�P�S�L� �B�T �B �X�I�P�M�F �J�T�O�P�U�B �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�
 �J�U �D�B�O
�C�F �W�J�F�X�F�E �B�T �B�D�P�M�M�F�D�U�J�P�O�P�G �P�O�F���E�J�N�F�O�T�J�P�O�B�M �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�E�T �D�P�O�T�U�S�B�J�O�F�E �B�U
�J�O�U�F�S�T�F�D�U�J�P�O�T �	�T�F�F �U�I�F �Q�S�P�C�M�F�N �T�U�B�U�F�N�F�O�U �J�O �4�F�D�U�J�P�O�������
�� �5�I�J�T �B�M�M�P�X�T �V�T �U�P �B�Q�Q�M�Z
�U�I�F �B�C�P�W�F �1�P�J�T�T�P�O�R�T �F�R�V�B�U�J�P�O �J�O �P�S�E�F�S �U�P �S�F�U�S�J�F�W�F �U�I�F �O�F�U�X�P�S�L �Q�P�T�J�U�J�P�O�T �G�S�P�N �M�P�D�B�M
�P�S�J�F�O�U�B�U�J�P�O�T�� �8�J�U�I �U�I�B�U �J�O �N�J�O�E�
 �X�F �E�J�T�D�S�F�U�J�[�F �U�I�F �H�S�B�E�J�F�O�Ur �B�O�E �U�I�F �-�B�Q�M�B�D�J�B�O
� �J�O�E�J�W�J�E�V�B�M�M�Z �G�P�S �F�B�D�I �D�V�S�W�F �B�O�E �S�F�U�S�J�F�W�F �U�I�F �Q�P�T�J�U�J�P�O�T �C�Z �T�P�M�W�J�O�H �B �T�J�O�H�M�F �H�M�P�C�B�M
�M�J�O�F�B�S �T�Z�T�U�F�N�� �5�I�F �U�P�Q�P�M�P�H�J�D�B�M �D�P�O�T�U�S�B�J�O�U�T �B�S�F �F�O�G�P�S�D�F�E �C�Z �S�F�Q�S�F�T�F�O�U�J�O�H �F�B�D�I �O�P�E�F
�B�T �B �V�O�J�R�V�F �Q�P�J�O�U �J�O �U�I�F �T�Z�T�U�F�N �	�'�J�H���������
��

�'�J�H�V�S�F ���������.�B�U�S�J�Y �P�G �U�I�F �E�J�T�D�S�F�U�F �1�P�J�T�T�P�O �T�Z�T�U�F�N �	���������
 �G�P�S �B �D�P�O�F �O�F�U�X�P�S�L �X�J�U�I �U�X�P
�D�M�P�T�F�E �D�V�S�W�F�T �	�C�M�V�F�
 �B�O�E �U�I�S�F�F �P�Q�F�O �D�V�S�W�F�T �	�C�M�B�D�L�
�� �%�P�U�T �J�O�E�J�D�B�U�F �O�P�O��
�[�F�S�P �D�P�F���D�J�F�O�U�T�� �'�J�S�T�U �T�J�Y �D�P�M�V�N�O�T �D�P�S�S�F�T�Q�P�O�E �U�P �O�F�U�X�P�S�L �O�P�E�F�T��

�&�B�D�I �D�V�S�W�F �J�T �S�F�Q�S�F�T�F�O�U�F�E �B�T �B �E�J�T�D�S�F�U�F �D�P�M�M�F�D�U�J�P�O �P�G �V�O�L�O�P�X�O �Q�P�J�O�U�Txk � x¹tkº 2
’ 3; i � 0; : : : ;N; �X�J�U�I �L�O�P�X�O �%�B�S�C�P�V�Y �G�S�B�N�F�TXk�
 �X�I�J�D�I �B�S�F �U�I�F �P�V�U�D�P�N�F �P�G �U�I�F
���M�U�F�S�J�O�H �G�S�P�N �4�F�D�U�J�P�O�������� �8�F �X�J�M�M �E�F�O�P�U�F �C�Ztk � Xk jt �U�I�F �	�V�O�J�U�
 �U�B�O�H�F�O�U �F�Y�U�S�B�D�U�F�E
�G�S�P�NXk�� �8�J�U�I �V�O�J�G�P�S�N �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�Oh � tk � tk� 1�
 �U�I�F �E�J���F�S�F�O�U�J�B�M �P�Q�F�S�B�U�P�S�T �B�S�F
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� xk � 1• h2 ¹xk� 1 � 2xk � xk� 1º ; r � tk � 1• h ¹tk � tk� 1º : �	���������


�5�I�F �B�C�P�W�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O �J�T �W�B�M�J�E �G�P�S �D�M�P�T�F�E �D�V�S�W�F�T �	�'�J�H���������C�M�V�F �D�J�S�D�M�F�T�
 �B�O�E �J�O�U�F��
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1• h ¹x1 � x0º � t0;

1• h ¹xN � xN� 1º � tN :
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�D�S�F�U�J�[�B�U�J�P�O �F�S�S�P�Sj� k � hj �J�T �H�F�O�F�S�B�M�M�Z �U�P�P �T�N�B�M�M �U�P �T�J�H�O�J���D�B�O�U�M�Z �J�O��
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�Q�B�S�U�T�� �B�O�B�M�Z�T�J�T �P�G �Q�F�S�G�P�S�N�B�O�D�F �	�4�F�D�U�J�P�O�����������
�
 �B�O�B�M�Z�T�J�T �P�G ���M�U�F�S�J�O�H �	�4�F�D�U�J�P�O�����������
�
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�N�F�T�I�� �5�I�F �U�S�B�D�F�E �O�F�U�X�P�S�L �	�W�F�S�U�J�D�F�T �B�O�E �O�P�S�N�B�M�T�
 �X�B�T �U�I�F�O �F�Y�Q�P�S�U�F�E �V�T�J�O�H �B �Q�Z�U�I�P�O
�T�D�S�J�Q�U�� �"�M�M �T�Z�O�U�I�F�U�J�D �E�B�U�B �B�S�F �T�U�P�S�F�E �J�O �B �U�F�Y�U ���M�F �X�J�U�I �D�V�T�U�P�N �T�U�S�V�D�U�V�S�F�
 �D�P�O�U�B�J�O�J�O�H
�U�I�F �H�F�P�N�F�U�S�Z �	�Q�P�T�J�U�J�P�O�T �B�O�E �O�P�S�N�B�M�T�
 �B�O�E �U�I�F �U�P�Q�P�M�P�H�Z �	�F�E�H�F�T�
 �P�G �U�I�F �E�J�T�D�S�F�U�F �O�F�U��
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�M�J�C�S�B�S�J�F�T �B�S�F �B�C�M�F �U�P �D�P�N�Q�V�U�F �U�I�F �3�J�F�N�B�O�O�J�B�O �H�S�B�E�J�F�O�U �B�O�E �)�F�T�T�J�B�O �W�J�B �Q�S�P�K�F�D�U�J�P�O�T
�P�O �U�I�F �N�B�O�J�G�P�M�E �	�D�G�� �-�F�N�B���������
��

�5�I�F �T�F�U�V�Q �P�G �P�Q�U�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �J�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E �J�O �.�B�O�P�Q�U �	�T�F�F �$�P�E�F �T�O�J�Q��
�Q�F�U���������
 �N�B�L�J�O�H �.�B�O�P�Q�U �N�P�S�F �V�T�F�S���G�S�J�F�O�E�M�Z �B�O�E �X�F�M�M���T�V�J�U�F�E �G�P�S �Q�S�P�U�P�U�Z�Q�J�O�H �U�I�B�O
�3�0�1�5�-�*�#�� �"�U �U�I�F �T�B�N�F �U�J�N�F�
 �3�0�1�5�-�*�# �J�T �G�B�T�U�F�S �X�I�F�O �V�T�F�E �X�J�U�I�J�O �B �$���� �Q�S�P�H�S�B�N��
�/�P�U�F �U�I�B�U �J�U �J�T �Q�P�T�T�J�C�M�F �U�P �D�P�N�Q�J�M�F �3�0�1�5�-�*�# �B�T �B���Í�� ���M�F �B�O�E �V�T�F �J�U �B�T �B �.�B�U�M�B�C �M�J��
�C�S�B�S�Z �N �U�I�F �U�X�P �M�J�C�S�B�S�J�F�T �U�I�F�O �Q�S�P�W�J�E�F �D�P�N�Q�B�S�B�C�M�F �Q�F�S�G�P�S�N�B�O�D�F �X�J�U�I�J�O �.�B�U�M�B�C �J�O
�U�F�S�N�T �P�G �D�P�N�Q�V�U�B�U�J�P�O�B�M �U�J�N�F��

�5�B�C�M�F�������T�I�P�X�T �U�J�N�J�O�H�T �G�P�S �E�J���F�S�F�O�U �Q�B�S�U�T �P�G �U�I�F �B�M�H�P�S�J�U�I�N �J�N�Q�M�F�N�F�O�U�F�E �J�O �$�����

�J�O�D�M�V�E�J�O�H �Q�S�F�����M�U�F�S�J�O�H �B�O�E �1�P�J�T�T�P�O �O�F�U�X�P�S�L �S�F�D�P�O�T�U�S�V�D�U�J�P�O �B�O�E �V�T�J�O�H �3�0�1�5�-�*�# �G�P�S
�S�F�H�S�F�T�T�J�P�O�� �0�Q�U�J�N�J�[�B�U�J�P�O �J�T �C�Z �G�B�S �U�I�F �N�P�T�U �U�J�N�F���D�P�O�T�V�N�J�O�H �Q�B�S�U �P�G �U�I�F �B�M�H�P�S�J�U�I�N�

�B�M�U�I�P�V�H�I �J�U �V�T�V�B�M�M�Z �D�P�O�W�F�S�H�F�T �J�O �M�F�T�T �U�I�B�O �P�O�F �T�F�D�P�O�E �G�P�S �S�F�B�T�P�O�B�C�M�F �T�B�N�Q�M�J�O�H �E�J�T��
�U�B�O�D�F�Th�� �4�Q�F�F�E �P�G �D�P�O�W�F�S�H�F�O�D�F �E�F�Q�F�O�E�T �P�O �U�I�F �D�I�P�J�D�F �P�G �U�I�F �X�F�J�H�I�U�T� �B�O�E� �N �U�I�F
�I�J�H�I�F�S �U�I�F�T�F �X�F�J�H�I�U�T �B�S�F�
 �U�I�F �N�P�S�F �U�J�N�F �J�T �O�F�F�E�F�E �G�P�S �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �U�P �D�P�O�W�F�S�H�F��
�4�F�F �U�I�F �F�Y�B�N�Q�M�F�T �P�G�`���^�����B�O�E�������������J�O �U�I�F �U�B�C�M�F��
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�5�B�C�M�F ���������1�F�S�G�P�S�N�B�O�D�F �P�G �U�I�F �B�M�H�P�S�J�U�I�N �J�N�Q�M�F�N�F�O�U�F�E �J�O �$���� �V�T�J�O�H �3�0�1�5�-�*�# �P�O
�B �T�U�B�O�E�B�S�E �R�V�B�E���D�P�S�F �$�1�6 �D�P�N�Q�V�U�F�S�� �5�I�F �T�U�B�U�J�T�U�J�D�T �J�O�D�M�V�E�F �O�V�N�C�F�S �P�G
�S�B�X �T�B�N�Q�M�F�T�
 �O�V�N�C�F�S �P�G �V�O�J�G�P�S�N �T�B�N�Q�M�F�T�
 �(�B�V�T�T�J�B�O �D�P�O�W�P�M�V�U�J�P�O �U�J�N�F
�	�4�F�D�U�J�P�O�����������
�
SO¹3º �S�F�H�S�F�T�T�J�P�O �U�J�N�F �	�4�F�D�U�J�P�O�����������
�
 �1�P�J�T�T�P�O �O�F�U�X�P�S�L �S�F��
�D�P�O�T�U�S�V�D�U�J�P�O �U�J�N�F �	�4�F�D�U�J�P�O�������
�� �"�M�M �S�F�Q�P�S�U�F�E �U�J�N�J�O�H�T �B�S�F �J�O �N�J�M�M�J�T�F�D�P�O�E�T��
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�� �L�Q�L�W�L�D�O ������ ���V�L�]�H� ���[���[�Q�� �R�U�L�H�Q�W�D�W�L�R�Q �P�D�W�U�L�F�H�V �D�O�R�Q�J �W�K�H �Q�H�W�Z�R�U�N
�� �R�S�W�L�R�Q�V ������ �R�S�W�L�P�L�]�D�W�L�R�Q �V�H�W�W�L�Q�J�V ���L���H�� �� �L�W�H�U�D�W�L�R�Q�V��
�� �7 ������ �W�R�S�R�O�R�J�\ �P�D�W�U�L�[�� �L�Q�G�L�F�H�V �R�I �Q�H�L�J�K�E�R�U�L�Q�J �Y�H�U�W�L�F�H�V
�� ������
�� �J�H�W �Q�X�P�E�H�U �R�I �G�D�W�D�S�R�L�Q�W�V � �U�R�W�D�W�L�R�Q �P�D�W�U�L�F�H�V
�Q � �V�L�]�H���L�Q�L�W�L�D�O���� ����
�� �F�R�Q�V�W�U�X�F�W �W�K�H �S�U�R�G�X�F�W �P�D�Q�L�I�R�O�G �6�2�������A�Q � �6�2������ �[ ������ �[ �6�2������
�P�D�Q�L�I�R�O�G � �U�R�W�D�W�L�R�Q�V�I�D�F�W�R�U�\���� ���Q����
�� �S�U�R�E�O�H�P �G�H�I�L�Q�L�W�L�R�Q �� �V�H�W �W�K�H �P�D�Q�L�I�R�O�G
�S�U�R�E�O�H�P���0 � �P�D�Q�L�I�R�O�G��
�� �V�H�W �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q
�S�U�R�E�O�H�P���F�R�V�W � �#�F�R�V�W��
�� �V�H�W �W�K�H ���(�X�F�O�L�G�H�D�Q�� �J�U�D�G�L�H�Q�W �R�I �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q
�S�U�R�E�O�H�P���H�J�U�D�G � �#�J�U�D�G��
�� �S�H�U�I�R�U�P �R�S�W�L�P�L�]�D�W�L�R�Q �Y�L�D �5�7�5
�U�H�V�X�O�W � �W�U�X�V�W�U�H�J�L�R�Q�V���S�U�R�E�O�H�P���L�Q�L�W�L�D�O���R�S�W�L�R�Q�V����
�� �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q
�I�X�Q�F�W�L�R�Q�I � �F�R�V�W���;��

�� �Q�R�U�P�D�O �S�H�Q�D�O�W�\��



 Xi jN � ~X j jN




 2

�I�Q � �� ��
�I�R�U�S�D�L�U � �Q�R�G�H�S�D�L�U�V��

�I�Q � �I�Q�� �Q�R�U�P�����;���� �������S�D�L�U���I�L�U�V�W���� �;�� �� �������S�D�L�U���V�H�F�R�Q�G������
�H�Q�G
�� �L�Q�W�H�U�S�R�O�D�W�L�R�Q��kXk � A kk2

F
�G�L�I�I � �; �� �L�Q�L�W�L�D�O��
�I�� � �D�U�U�D�\�I�X�Q���#���N�� �Q�R�U�P�����G�L�I�I�����������N�������� ���Q����
�� �Y�H�O�R�F�L�W�\�� kXk � Xk� 1k2

F
�L�� � �I�L�Q�G���7������ �� �� �! �� �� ����
�I�� � �D�U�U�D�\�I�X�Q���#���N�� �G�W���N�����
 ������

�Q�R�U�P�����;�����������7���N���� ���� �� �;�����������7���N�� �� �������� �L������

�� �D�F�F�H�O�H�U�D�W�L�R�Q��
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F
�L�� � �I�L�Q�G���7������ �� �� �! �� �� �	 �7������ �� �� �! �� �� ����
�I�� � �D�U�U�D�\�I�X�Q���#���N�� �G�G�W���N�����
 ������

�Q�R�U�P�����V�N�H�Z���;�����������7���N���� ���� ' �
 ���;�����������7���N�� �� ���� �� �;�����������7���N�� �� �������������L������
�� �R�Y�H�U�D�O�O �F�R�V�W
�I � �Z�Q�
 �V�X�P���I�Q���� �Z���
 �V�X�P���I������ �Z���
 �V�X�P���I������ �Z���
 �V�X�P���I������

�H�Q�G
�� �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H ���(�X�F�O�L�G�H�D�Q�� �J�U�D�G�L�H�Q�W
�I�X�Q�F�W�L�R�Q�I � �J�U�D�G���;��
�� : : :
�� : : :
�� : : :
�H�Q�G

�$�P�E�F �T�O�J�Q�Q�F�U �����������3�F�H�S�F�T�T�J�P�O �P�OSO¹3º �J�N�Q�M�F�N�F�O�U�F�E �J�O �.�B�U�M�B�C �V�T�J�O�H �.�B�O�P�Q�U



�<���@ �$���^�����^�
������ �B�:

�'�J�H�V�S�F �����������$�V�S�W�F �O�F�U�X�P�S�L �P�O������������ �S�F�D�P�O�T�U�S�V�D�U�F�E �V�T�J�O�H �	�M�F�G�U�
 �S�B�X �P�S�J�F�O�U�B�U�J�P�O�T�

�	�N�J�E�E�M�F�
 �Q�S�F�����M�U�F�S�F�E �P�S�J�F�O�U�B�U�J�P�O�T�
 �	�S�J�H�I�U�
 ���M�U�F�S�F�E �P�S�J�F�O�U�B�U�J�P�O�T��
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�5�I�F �N�B�J�O �H�P�B�M �P�G �U�I�F ���M�U�F�S�J�O�H �B�M�H�P�S�J�U�I�N �E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O�������J�T �U�P �P�C�U�B�J�O �B �D�M�F�B�O
�B�O�E �D�P�O�T�J�T�U�F�O�U �O�F�U�X�P�S�L �P�G �P�S�J�F�O�U�B�U�J�P�O�T �G�S�P�N �S�B�X �T�F�O�T�P�S �N�F�B�T�V�S�F�T�� �5�I�F �S�F�H�S�F�T�T�J�P�O
�X�F�J�H�I�U�T�; � �J�O �U�I�F ���M�U�F�S�J�O�H �F�O�F�S�H�Z �&�R�� �	���������
 �J�O���V�F�O�D�F �U�I�F �T�I�B�Q�F �P�G �U�I�F �S�F�D�P�O��
�T�U�S�V�D�U�F�E �O�F�U�X�P�S�L �J�O�E�J�S�F�D�U�M�Z �C�Z �D�P�O�U�S�P�M�M�J�O�H �T�U�S�F�U�D�I�J�O�H �B�O�E �C�F�O�E�J�O�H �P�G �T�Q�M�J�O�F�T �P�O �U�I�F
�N�B�O�J�G�P�M�ESO¹3º�� �*�O �B�M�M �F�Y�B�N�Q�M�F�T�
 �X�F �V�T�F �U�I�F �X�F�J�H�I�U� � 10000�U�P �F�O�G�P�S�D�F �U�I�F �D�P�O��
�T�J�T�U�F�O�D�Z �P�G �O�P�S�N�B�M�T��

�'�J�H�����������T�I�P�X�T �S�F�D�P�O�T�U�S�V�D�U�J�P�O�T �P�G�������������G�S�P�N �U�I�F �T�B�N�F �P�S�J�F�O�U�B�U�J�P�O �E�B�U�B�T�F�U �B�U �W�B�S�J��
�P�V�T ���M�U�F�S�J�O�H �T�U�B�H�F�T�� �5�I�F �M�F�G�U �O�F�U�X�P�S�L �X�B�T �S�F�D�P�O�T�U�S�V�D�U�F�E �C�Z �E�J�S�F�D�U �J�O�U�F�H�S�B�U�J�P�O �P�G �S�B�X
�P�S�J�F�O�U�B�U�J�P�O�T �V�T�J�O�H �U�I�F �G�P�S�X�B�S�E �&�V�M�F�S �N�F�U�I�P�E�� �5�I�J�T �O�B�J�W�F �B�Q�Q�S�P�B�D�I �D�P�N�Q�M�F�U�F�M�Z �G�B�J�M�T
�U�P �D�M�P�T�F �U�I�F �D�V�S�W�F�T�
 �B�O�E �U�I�F �S�F�T�V�M�U�J�O�H �O�F�U�X�P�S�L �I�B�T �U�I�F�S�F�G�P�S�F �J�O�D�P�S�S�F�D�U �U�P�Q�P�M�P�H�Z�� �5�I�F
�P�U�I�F�S �U�X�P �O�F�U�X�P�S�L�T �X�F�S�F �P�C�U�B�J�O�F�E �V�T�J�O�H �P�V�S �1�P�J�T�T�P�O �O�F�U�X�P�S�L �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�S�P�N
�4�F�D�U�J�P�O�������� �6�O�M�J�L�F �U�I�F �F�Y�B�N�Q�M�F �P�O �U�I�F �M�F�G�U�
 �U�I�J�T �B�Q�Q�S�P�B�D�I �Z�J�F�M�E�T �B �O�F�U�X�P�S�L �X�J�U�I
�Q�S�P�Q�F�S �U�P�Q�P�M�P�H�Z�� �5�I�F �N�J�E�E�M�F �O�F�U�X�P�S�L �X�B�T �S�F�D�P�O�T�U�S�V�D�U�F�E �G�S�P�N �Q�S�F�����M�U�F�S�F�E �P�S�J�F�O�U�B��
�U�J�P�O�T �	�4�F�D�U�J�P�O�����������
 �X�J�U�I�P�V�U �U�I�F ���M�U�F�S�J�O�H �P�OSO¹3º�� �$�M�F�B�S�M�Z�
 �U�I�F �Q�S�F�����M�U�F�S�J�O�H �J�T �O�P�U
�T�V���D�J�F�O�U �U�P �T�N�P�P�U�I �U�I�F �E�B�U�B�
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�	�������Í �E�B�U�B �X�J�U�I �N�F�B�T�V�S�F�E �M�F�O�H�U�I�T�� �0�W�F�S�B�M�M�
 �U�I�F �N�F�B�O
�F�S�S�P�S �J�T �S�F�M�B�U�J�W�F�M�Z �T�N�B�M�M�
 �B�S�P�V�O�E �������� �N �������� �G�P�S �S�F�B�T�P�O�B�C�M�Z �D�I�P�T�F�O �X�F�J�H�I�U�T��

�/�P�U�F �U�I�B�U �U�I�F �U�I�S�F�F �T�F�U�V�Q�T �B�S�F �G�V�S�U�I�F�S �D�P�N�Q�B�S�F�E �J�O �4�F�D�U�J�P�O�����������
 �T�F�F �B�M�T�P �'�J�H������������
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�'�J�H�V�S�F �����������$�P�N�Q�B�S�J�T�P�O �P�G �U�I�S�F�F �B�D�R�V�J�T�J�U�J�P�O �T�F�U�V�Q�T �P�O�������������� �'�P�S ���M�U�F�S�J�O�H�
 �X�F �I�B�W�F
�V�T�F�E �U�I�F �X�F�J�H�I�U�T� � 1; � � 100�� �"�M�M �M�F�O�H�U�I�T �B�S�F �S�F�M�B�U�J�W�F �U�P �U�I�F �E�J�B�N�F�U�F�S
�	�M�F�O�H�U�I �P�G �"�"�#�# �E�J�B�H�P�O�B�M�
 �P�G �U�I�F �H�S�P�V�O�E �U�S�V�U�I �T�V�S�G�B�D�F��
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�-�J�M�J�V�N�
 �� �D�V�S�W�F�T �	�'�J�H�����������
�� �5�P �B�D�R�V�J�S�F �U�I�J�T �E�B�U�B�T�F�U�
 �X�F �U�S�B�D�F�E �U�I�F �T�B�N�F �D�V�S�W�F�T �B�T
�G�P�S�������������X�J�U�I �� �D�V�S�W�F�T�
 �B�O�E �X�F �B�E�E�F�E �U�X�P �N�P�S�F �D�M�P�T�F�E �D�V�S�W�F�T �J�O �U�I�F �J�O�U�F�S�J�P�S �P�G
�U�I�F �T�V�S�G�B�D�F�� �*�O �U�I�J�T �D�B�T�F �X�F �P�O�M�Z �V�T�F�E �U�I�F�,�����	�����������Í�� �� �&�S�S�P�S �P�G �S�F�D�P�O�T�U�S�V�D�U�J�P�O �J�T
�D�P�N�Q�B�S�B�C�M�F �U�P �'�J�H�����������
 �X�J�U�I �T�M�J�H�I�U �J�N�Q�S�P�W�F�N�F�O�U �G�P�S �I�J�H�I�F�S �T�U�S�F�U�D�I�J�O�H �X�F�J�H�I�U�T �	� �
100�
��
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�'�J�H�����������T�I�P�X�T �B �D�P�N�Q�B�S�J�T�P�O �P�G �U�I�S�F�F �B�D�R�V�J�T�J�U�J�P�O �T�F�U�V�Q�T �U�F�T�U�F�E �P�O�������������X�J�U�I �L�O�P�X�O
�H�S�P�V�O�E �U�S�V�U�I�� �5�P�Q �J�N�B�H�F�T �T�I�P�X �T�V�S�G�B�D�F�E �O�F�U�X�P�S�L�T �S�F�O�E�F�S�F�E �X�J�U�I �S�F���F�D�U�J�P�O �M�J�O�F�T��
�C�P�U�U�P�N �J�N�B�H�F�T �T�I�P�X �U�I�F �F�S�S�P�S �P�G �1�P�J�T�T�P�O �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�P�S �F�B�D�I �O�F�U�X�P�S�L��

�'�P�S �U�I�F �M�F�G�U �O�F�U�X�P�S�L�
 �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �X�F�S�F �B�D�R�V�J�S�F�E �V�T�J�O�H �U�I�F�,�����	�����������Í�� �	�'�J�H����������
�M�F�G�U�
 �B�O�E �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �U�I�F �B�S�D���M�F�O�H�U�I �N �U�I�J�T �J�T �Q�P�T�T�J�C�M�F �T�J�O�D�F �X�F �N�F�B�T�V�S�F �U�I�F
�F�Y�B�D�U �E�J�T�U�B�O�D�F �G�S�P�N �U�I�F �C�F�H�J�O�O�J�O�H �P�G �U�I�F �D�V�S�W�F �G�P�S �F�B�D�I �E�B�U�B�Q�P�J�O�U�� �'�P�S �U�I�F �O�F�U�X�P�S�L�T
�J�O �U�I�F �N�J�E�E�M�F �B�O�E �P�O �U�I�F �S�J�H�I�U�
 �U�I�F �P�S�J�F�O�U�B�U�J�P�O�T �X�F�S�F �B�D�R�V�J�S�F�E �X�J�U�I �B�����^���
�	�������Í

�	�'�J�H�����������S�J�H�I�U�
 �B�O�E �Q�B�S�B�N�F�U�S�J�[�F�E �C�Z �B�D�R�V�J�T�J�U�J�P�O �U�J�N�F�T�U�B�N�Q�T�� �*�O �U�I�J�T �D�B�T�F�
 �X�F �I�B�W�F
�O�P �L�O�P�X�M�F�E�H�F �P�G �F�Y�B�D�U �E�J�T�U�B�O�D�F �U�S�B�W�F�M�F�E �N �J�O�T�U�F�B�E�
 �X�F �B�T�T�V�N�F �U�I�B�U �U�I�F �T�Q�F�F�E �P�G
�B�D�R�V�J�T�J�U�J�P�O �J�T �D�P�O�T�U�B�O�U��

�5�I�F �S�J�H�I�U �O�F�U�X�P�S�L �V�T�F�T �T�F�H�N�F�O�U �M�F�O�H�U�I�T �B�V�U�P�N�B�U�J�D�B�M�M�Z �F�T�U�J�N�B�U�F�E �G�S�P�N �U�P�U�B�M �B�D�R�V�J��
�T�J�U�J�P�O �U�J�N�F �G�P�S �F�B�D�I �D�V�S�W�F�� �'�P�S �U�I�F �N�J�E�E�M�F �O�F�U�X�P�S�L�
 �X�F �I�B�W�F �N�B�O�V�B�M�M�Z �N�F�B�T�V�S�F�E
�B�O�E �T�Q�F�D�J���F�E �U�I�F �M�F�O�H�U�ILs �P�G �F�B�D�I �T�F�H�N�F�O�Us�
 �X�I�J�D�I �J�T �U�I�F�O �V�T�F�E �U�P �U�S�B�O�T�G�P�S�N �U�I�F
�U�J�N�F �Q�B�S�B�N�F�U�F�St 2 »t �T�U�B�S�U; t �F�O�E¼�J�O�U�P �U�I�F �O�B�U�V�S�B�M �Q�B�S�B�N�F�U�F�Sd 2 »0; Ls¼�� �*�O �U�I�J�T �D�B�T�F�
 �J�U
�J�T �F�O�P�V�H�I �U�P �B�T�T�V�N�F �U�I�B�U �U�I�F �T�Q�F�F�E �P�G �B�D�R�V�J�T�J�U�J�P�O �J�T �D�P�O�T�U�B�O�U���Q�F�S���T�F�H�N�F�O�U �C�V�U �E�P�F�T
�O�P�U �O�F�F�E �U�P �C�F �D�P�O�T�U�B�O�U �U�I�S�P�V�H�I�P�V�U �U�I�F �X�I�P�M�F �Q�S�P�D�F�T�T �P�G �B�D�R�V�J�T�J�U�J�P�O�� �*�O �Q�S�B�D�U�J�D�F�

�U�I�F �D�P�O�T�U�B�O�U���T�Q�F�F�E���Q�F�S���T�F�H�N�F�O�U �D�P�O�T�U�S�B�J�O�U �J�T �N�V�D�I �F�B�T�J�F�S �U�P �I�B�O�E�M�F�
 �B�O�E �U�I�F �N�B�O��
�V�B�M �E�J�T�U�B�O�D�F �N�F�B�T�V�S�F�N�F�O�U �T�J�H�O�J���D�B�O�U�M�Z �J�N�Q�S�P�W�F�T �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N �J�O �U�I�J�T �D�B�T�F�

�U�I�F �N�F�B�O �F�S�S�P�S �E�S�P�Q�Q�F�E �C�Z �N�P�S�F �U�I�B�O ������

�5�I�F �N�F�B�O �F�S�S�P�S �J�T �B�C�P�V�U1%�V�T�J�O�H �N�F�B�T�V�S�F�E �E�J�T�U�B�O�D�F�T �	�C�P�U�I �E�F�W�J�D�F�T�
 �B�O�E �B�S�P�V�O�E2%
�V�T�J�O�H �U�J�N�F���F�T�U�J�N�B�U�F�E �E�J�T�U�B�O�D�F�T �	�����^���
�	�������Í �
�� �*�U �J�T �O�P�U �T�V�S�Q�S�J�T�J�O�H �U�I�B�U �U�I�F�����^���
�	�������Í

�F�S�S�P�S �E�F�D�S�F�B�T�F�T �G�B�T�U�F�S �U�I�B�O �U�I�F�,�����	�����������Í�� �F�S�S�P�S �V�T�J�O�H �U�I�F �N�F�B�T�V�S�F�E �E�J�T�U�B�O�D�F�T�� �0�O�F
�D�B�O �G�V�S�U�I�F�S �P�C�T�F�S�W�F �U�I�B�U �F�W�F�O �U�I�P�V�H�I �U�I�F�����^���
�	�������Í �F�S�S�P�S �J�T �C�J�H�H�F�S �U�I�B�O �U�I�F�,������

�	�����������Í�� �F�S�S�P�S �B�U �D�P�B�S�T�F�S �S�F�T�P�M�V�U�J�P�O�T�
 �J�U �C�F�D�P�N�F�T �T�N�B�M�M�F�S �B�U ���O�F�S �T�D�B�M�F�T�� �8�F �F�Y�Q�M�B�J�O
�U�I�J�T �C�F�I�B�W�J�P�S �C�Z �U�I�F �G�B�D�U �U�I�B�U �U�I�F �E�J�T�U�B�O�D�F �E�B�U�B �B�S�F �O�P�U �U�I�F �T�B�N�F �G�P�S �U�I�F �U�X�P �E�F�W�J�D�F�T��
�'�P�S �U�I�F�,�����	�����������Í�� �E�B�U�B�
 �X�F �I�B�W�F �F�Y�B�D�U �D�P�S�S�F�T�Q�P�O�E�F�O�D�F�T �C�F�U�X�F�F�O �E�J�T�U�B�O�D�F �B�O�E �P�S�J��
�F�O�U�B�U�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T�� �G�P�S �U�I�F�����^���
�	�������Í �E�B�U�B�
 �P�O�M�Z �U�I�F �U�P�U�B�M �M�F�O�H�U�I �P�G �F�B�D�I �T�F�H��
�N�F�O�U �J�T �L�O�P�X�O �B�O�E �U�I�F �D�P�S�S�F�T�Q�P�O�E�F�O�D�F�T �B�S�F �F�T�U�J�N�B�U�F�E �G�S�P�N �B�D�R�V�J�T�J�U�J�P�O �U�J�N�F�� �*�U
�T�F�F�N�T �M�J�L�F �B�U ���O�F�S �T�D�B�M�F�T�
 �U�I�F �F�S�S�P�S �P�G �U�I�J�T �F�T�U�J�N�B�U�J�P�O �J�T �C�F�U�U�F�S���E�J�T�U�S�J�C�V�U�F�E�
 �X�I�J�D�I
�S�F�T�V�M�U�T �J�O �B �S�F�D�P�O�T�U�S�V�D�U�J�P�O �X�J�U�I �I�J�H�I�F�S �Q�S�F�D�J�T�J�P�O��
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�5�I�J�T �D�I�B�Q�U�F�S �E�F�T�D�S�J�C�F�E �B �O�P�W�F�M �N�F�U�I�P�E �G�P�S �B�D�R�V�J�T�J�U�J�P�O �B�O�E �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �D�V�S�W�F
�O�F�U�X�P�S�L�T �P�O �T�V�S�G�B�D�F�T�� �5�I�F �E�F�W�F�M�P�Q�N�F�O�U �P�G �P�V�S �N�F�U�I�P�E �X�B�T �H�V�J�E�F�E �C�Z �B �T�J�N�Q�M�F
�P�C�T�F�S�W�B�U�J�P�O�
 �G�P�S�N�V�M�B�U�F�E �N�B�U�I�F�N�B�U�J�D�B�M�M�Z �W�J�B �B �T�F�U �P�G �O�P�S�N�B�M �D�P�O�T�J�T�U�F�O�D�Z �D�P�O�T�U�S�B�J�O�U�T
�B�O�E �U�P�Q�P�M�P�H�J�D�B�M �D�P�O�T�U�S�B�J�O�U�T�� �5�I�F�T�F �D�P�O�T�U�S�B�J�O�U�T �B�S�F �U�I�F �L�F�Z �J�O�H�S�F�E�J�F�O�U�T �J�O �C�P�U�I �Q�B�S�U�T
�P�G �U�I�F �N�F�U�I�P�E�� ���M�U�F�S�J�O�H �P�G �P�S�J�F�O�U�B�U�J�P�O�T�
 �B�O�E �1�P�J�T�T�P�O �S�F�D�P�O�T�U�S�V�D�U�J�P�O �P�G �Q�P�T�J�U�J�P�O�T��

�3�F�T�V�M�U�T �D�P�N�Q�V�U�F�E �V�T�J�O�H �P�V�S �N�F�U�I�P�E �B�S�F �T�N�P�P�U�I �B�O�E �X�F�M�M���D�P�O�O�F�D�U�F�E �D�V�S�W�F �O�F�U��
�X�P�S�L�T �S�F�B�E�Z �G�P�S �G�V�S�U�I�F�S �Q�S�P�D�F�T�T�J�O�H�� �3�F�D�P�O�T�U�S�V�D�U�J�P�O �J�T �D�P�O�U�S�P�M�M�F�E �C�Z �B�E�K�V�T�U�J�O�H �B
�T�N�B�M�M �T�F�U �P�G �Q�B�S�B�N�F�U�F�S�T��

�/�F�Y�U �D�I�B�Q�U�F�S �X�J�M�M �Q�S�F�T�F�O�U �B�O �B�M�H�P�S�J�U�I�N �G�P�S �T�V�S�G�B�D�J�O�H �U�I�F �O�F�U�X�P�S�L�T �P�C�U�B�J�O�F�E �J�O �U�I�J�T
�D�I�B�Q�U�F�S��
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�4�D�I�O�F�J�E�F�S �B�O�E �,�P�C�C�F�M�U �<�4�,�����> �Q�S�F�T�F�O�U�F�E �B�O �B�Q�Q�S�P�B�D�I �U�P �U�S�J�B�O�H�M�F �N�F�T�I �G�B�J�S�J�O�H �T�V�C��
�K�F�D�U �U�PG1 �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �	�W�F�S�U�F�Y �Q�P�T�J�U�J�P�O�T �B�O�E �V�O�J�U �O�P�S�N�B�M�T�
�� �5�I�F �T�V�S�G�B�D�FS
�J�T �D�P�N�Q�V�U�F�E �V�T�J�O�H �U�I�F �N�F�B�O �D�V�S�W�B�U�V�S�F �G�B�J�S�O�F�T�T �D�S�J�U�F�S�J�P�O

� SH � 0;

�X�I�F�S�F� S �J�T �U�I�F �-�B�Q�M�B�D�F���#�F�M�U�S�B�N�J �P�Q�F�S�B�U�P�S �P�GS �B�O�EH �J�T �U�I�F �N�F�B�O �D�V�S�W�B�U�V�S�F �P�GS��
�5�I�J�T �B�Q�Q�S�P�B�D�I �J�T �U�I�F �T�V�S�G�B�D�F �B�O�B�M�P�H�V�F �P�G �B �T�J�N�J�M�B�S �F�R�V�B�U�J�P�O �G�P�S �D�V�S�W�F�T� 00� 0�
 �X�I�J�D�I
�Z�J�F�M�E�T �D�M�P�U�I�P�J�E �T�Q�M�J�O�F�T �<�'�B�S���������#�-�1�����>��

�#�P�U�T�D�I �B�O�E �,�P�C�C�F�M�U �<�#�,�����> �J�O�U�S�P�E�V�D�F�E �B�O �J�O�U�F�S�B�D�U�J�W�F �G�S�B�N�F�X�P�S�L �G�P�S �T�I�B�Q�F �E�F�G�P�S��
�N�B�U�J�P�O �C�Z �T�P�M�W�J�O�H �G�P�S �U�I�Fkth ���P�S�E�F�S �-�B�Q�M�B�D�J�B�O �X�I�J�M�F �J�N�Q�P�T�J�O�H �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T
�V�Q �U�PCk� 1 �	�'�J�H���������


� k
S x ¹u; vº � 0 ¹u; vº 2 
 n@
 ; �	�������B�


� j
S x ¹u; vº � b j ¹u; vº ¹u; vº 2 @
 ; j < k: �	�������C�


�/�P�U�J�D�F �U�I�B�U �#�P�U�T�D�I �B�O�E �,�P�C�C�F�M�U �<�#�,�����> �E�J�E �O�P�U �J�N�Q�M�F�N�F�O�U �U�I�F �C�P�V�O�E�B�S�Z �D�P�O�T�U�S�B�J�O�U�T
�E�J�S�F�D�U�M�Z�� �J�O�T�U�F�B�E�
 �U�I�F�Z ���Y�F�E �Q�P�T�J�U�J�P�O�T �P�G¹k � 1º �S�J�O�H�T �P�G �W�F�S�U�J�D�F�T �U�P �J�N�Q�P�T�F �U�I�FCk� 1

�D�P�O�U�J�O�V�J�U�Z�
 �B �D�P�N�N�P�O �Q�S�B�D�U�J�D�F �J�O �E�J�T�D�S�F�U�F �W�B�S�J�B�U�J�P�O�B�M �N�P�E�F�M�J�O�H �<�#�P�U�������>�� �)�P�X�F�W�F�S�

�U�I�J�T �T�F�U�U�J�O�H �Q�S�F�W�F�O�U�T �E�F�B�M�J�O�H �X�J�U�I �B�S�C�J�U�S�B�S�Z �D�P�O�T�U�S�B�J�O�F�E �D�V�S�W�F �O�F�U�X�P�S�L�T �X�J�U�I�P�V�U
�T�Q�F�D�J�G�Z�J�O�H �U�I�F �Q�P�T�J�U�J�P�O�T �P�G¹k � 1º �S�J�O�H�T �P�G �W�F�S�U�J�D�F�T��

�+�B�D�P�C�T�P�O �F�U �B�M�� �<�+�B�D�������> �	�T�F�F �B�M�T�P �"�M�F�D �+�B�D�P�C�T�P�O�R�T �U�I�F�T�J�T �<�+�B�D�����>�
 �E�F�T�D�S�J�C�F�E �B �H�F�O�F�S�B�M��
�J�[�B�U�J�P�O �P�G �U�I�F �N�F�U�I�P�E �P�G �#�P�U�T�D�I �B�O�E �,�P�C�C�F�M�U �<�#�,�����>�� �'�P�S �B �D�P�O�U�J�O�V�P�V�T �E�F�G�P�S�N�B�U�J�P�O
u : 
 ! ’ 3 �P�G �B �Q�M�B�O�B�S �T�I�F�F�U �P�W�F�S �U�I�F �E�P�N�B�J�O
 �
 �U�I�F�Z �N�J�O�J�N�J�[�F�E �-�B�Q�M�B�D�J�B�O �B�O�E
�-�B�Q�M�B�D�J�B�O �H�S�B�E�J�F�O�U �F�O�F�S�H�J�F�T �	�'�J�H���������


E2 �
º



k� uk2 dA; �	�������B�


E3 �
º



kr � uk2 dA: �	�������C�


�*�O�T�U�F�B�E �P�G �E�J�S�F�D�U �N�J�O�J�N�J�[�B�U�J�P�O �P�GE2 �B�O�EE3�
 �U�I�F �B�V�U�I�P�S�T �J�O�U�S�P�E�V�D�F �B �O�F�X �W�B�S�J�B�C�M�F
v � � u�� �5�I�J�T �W�B�S�J�B�C�M�F �J�T �U�I�F�O �V�T�F�E �U�P �E�F�D�P�N�Q�P�T�F �U�I�F �&�V�M�F�S���-�B�H�S�B�O�H�F �F�R�V�B�U�J�P�O�T
� ku � 0; k � 2; 3; �J�O�U�P �U�I�F �G�P�M�M�P�X�J�O�H �M�P�X�F�S���P�S�E�F�S �D�P�O�T�U�S�B�J�O�F�E �P�Q�U�J�N�J�[�B�U�J�P�O��

min
º



kvk2 dA �T���U��� u � v; �	�������B�


min
º



kr vk2 dA �T���U��� u � v: �	�������C�




�=���: �1�Í���^�
�Í�� �������� �:�9�@

�'�J�H�V�S�F ���������5�I�F �G�S�B�N�F�X�P�S�L �P�G �#�P�U�T�D�I �B�O�E �,�P�C�C�F�M�U �<�#�,�����> �F�O�B�C�M�F�T �Q�S�F�T�D�S�J�C�J�O�H �E�J�G��
�G�F�S�F�O�U �M�F�W�F�M�T �P�G �D�P�O�U�J�O�V�J�U�Z�� �5�I�F �U�I�S�F�F �Q�J�Q�F�T �X�F�S�F �P�C�U�B�J�O�F�E �C�Z �T�P�M�W�J�O�H
� kv � 0; k � 1; 2; 3; �X�J�U�ICk� 1 �D�P�O�U�J�O�V�J�U�Z �P�O �U�I�F �C�P�V�O�E�B�S�Z�� �*�N�B�H�F
�G�S�P�N �<�#�,�����>��

�'�J�H�V�S�F ���������.�J�Y�F�E ���O�J�U�F �F�M�F�N�F�O�U �N�F�U�I�P�E �P�G �+�B�D�P�C�T�P�O �F�U �B�M�� �<�+�B�D�������> �G�P�S �T�V�S�G�B�D�F �E�F��
�G�P�S�N�B�U�J�P�O�� �*�N�B�H�F �G�S�P�N �<�+�B�D�������>��



�:�9�B �= �2�����Î�^�`�����Ì ���Í�
���������� �����
�� ���������^����

�5�I�S�F�F �U�Z�Q�F�T �P�G �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �B�S�F �D�P�O�T�J�E�F�S�F�E�� �S�F�H�J�P�O�
 �D�V�S�W�F�
 �B�O�E �Q�P�J�O�U�� �5�I�F
�E�J�T�D�S�F�U�J�[�B�U�J�P�O �P�G �U�I�F �M�P�X�F�S���P�S�E�F�S �E�F�D�P�N�Q�P�T�J�U�J�P�O �J�T �D�B�S�S�J�F�E �P�V�U �W�J�B �N�J�Y�F�E ���O�J�U�F �F�M�F��
�N�F�O�U�T �<�$�3�����>�� �4�J�N�J�M�B�S�M�Z �U�P �U�I�F �B�Q�Q�S�P�B�D�I �P�G �#�P�U�T�D�I �B�O�E �,�P�C�C�F�M�U �<�#�,�����>�
 �I�J�H�I�F�S���P�S�E�F�S
�D�P�O�T�U�S�B�J�O�U�T �N �U�B�O�H�F�O�U�T �B�O�E �T�F�D�P�O�E �E�F�S�J�W�B�U�J�W�F�T �N �B�S�F �Q�S�F�T�D�S�J�C�F�E �C�Z ���Y�J�O�H �D�P�S�S�F�T�Q�P�O�E��
�J�O�H �S�J�O�H�T �P�G �W�F�S�U�J�D�F�T�� �*�O�U�F�S�T�F�D�U�J�O�H �D�V�S�W�F �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T �S�F�R�V�J�S�F �T�Q�F�D�J�B�M �U�S�F�B�U��
�N�F�O�U�
 �B�T �U�I�F�Z �U�F�O�E �U�P �Q�S�P�E�V�D�F �P�W�F�S���E�F�U�F�S�N�J�O�F�E �T�Z�T�U�F�N�T�� �+�B�D�P�C�T�P�O �F�U �B�M�� �<�+�B�D�������>
�T�P�M�W�F �U�I�J�T �Q�S�P�C�M�F�N �C�Z �B�W�F�S�B�H�J�O�H �U�I�F �D�P�O���J�D�U�J�O�H �W�B�M�V�F�T �B�U �W�F�S�U�J�D�F�T �U�I�B�U �D�B�V�T�F �Q�S�P�C��
�M�F�N�T��

�*�O �D�P�O�U�S�B�T�U �U�P �U�I�F �B�C�P�W�F �B�Q�Q�S�P�B�D�I�F�T�
 �P�V�S �N�F�U�I�P�E �E�P�F�T �O�P�U �S�F�R�V�J�S�F ���Y�J�O�H¹k� 1º �S�J�O�H�T
�P�G �W�F�S�U�J�D�F�T �J�O �P�S�E�F�S �U�P �F�O�G�P�S�D�FCk �D�P�O�U�J�O�V�J�U�Z�� �*�O�T�U�F�B�E�
 �X�F �E�J�S�F�D�U�M�Z �F�O�G�P�S�D�F �U�I�F �O�P�S�N�B�M
�D�P�O�T�U�S�B�J�O�U�T �B�W�B�J�M�B�C�M�F �P�O �U�I�F �J�O�Q�V�U�� �"�O�P�U�I�F�S �B�E�W�B�O�U�B�H�F �P�G �P�V�S �N�F�U�I�P�E �J�T �U�I�B�U �J�U �E�P�F�T
�O�P�U �O�F�F�E �N�B�O�V�B�M �T�Q�F�D�J���D�B�U�J�P�O �P�G �N�B�H�O�J�U�V�E�F �P�G �O�P�S�N�B�M�T �P�G�U�F�O �S�F�R�V�J�S�F�E �C�Z �Q�S�F�W�J�P�V�T
�N�F�U�I�P�E�T��

�=���:���; �2�����Ç�^�`�����Å �`�������Æ ���Æ�
����������

�4�V�S�G�B�D�J�O�H �P�G �B �O�F�U�X�P�S�L �P�G �D�V�S�W�F�T�
 �B�M�T�P �D�B�M�M�F�E �M�P�G�U�J�O�H �P�S �T�L�J�O�O�J�O�H�
 �J�T �B �D�M�B�T�T�J�D�B�M �Q�S�P�C��
�M�F�N �J�O �D�P�N�Q�V�U�F�S���B�J�E�F�E �H�F�P�N�F�U�S�J�D �E�F�T�J�H�O �	�$�"�(�%�
 �<�'�B�S�����>�� �3�F�D�F�O�U�M�Z�
 �J�U �X�B�T �S�F�W�J�W�F�E
�U�I�B�O�L�T �U�P �U�I�F �E�F�W�F�M�P�Q�N�F�O�U �J�O �U�I�F ���F�M�E �P�G �T�L�F�U�D�I���C�B�T�F�E �N�P�E�F�M�J�O�H�� �*�O�U�F�S�B�D�U�J�W�F ���%
�T�L�F�U�D�I�J�O�H �U�P�P�M�T �<�/�F�B���������3�P�T���������,�4�������#�#�4�������4�D�I�������> �P�S �N�F�U�I�P�E�T �G�P�S �J�O�G�F�S�S�J�O�H ���%
�D�V�S�W�F�T �G�S�P�N ���% �T�L�F�U�D�I�F�T �<�%�%�(�������$�P�S���������9�V���������'�P�O�������> �Q�S�P�W�J�E�F �S�B�X �D�V�S�W�F �O�F�U��
�X�P�S�L�T�
 �X�I�J�D�I �T�F�S�W�F �B�T �U�I�F �J�O�Q�V�U �G�P�S �T�V�S�G�B�D�J�O�H �B�M�H�P�S�J�U�I�N�T�� �5�I�F �D�P�N�N�P�O �B�T�T�V�N�Q�U�J�P�O
�J�O �U�I�F�T�F �X�P�S�L�T �J�T �U�I�B�U �U�I�F �V�O�E�F�S�M�Z�J�O�H �D�V�S�W�F �O�F�U�X�P�S�L �X�B�T �D�S�F�B�U�F�E �X�J�U�I �T�P�N�F �E�F�T�J�H�O
�J�O�U�F�O�U�
 �B�O�E �U�I�B�U �U�I�F �J�O�Q�V�U �J�O�G�P�S�N�B�U�J�P�O �J�T �N�J�O�J�N�B�M��

�.�P�T�U �N�F�U�I�P�E�T �E�F�B�M�J�O�H �X�J�U�I �T�V�S�G�B�D�J�O�H �P�G ���% �D�V�S�W�F�T �G�P�D�V�T �N�P�S�F �P�O �U�I�F �E�F�U�F�D�U�J�P�O �P�G
�D�Z�D�M�F�T �J�O �U�I�F �J�O�Q�V�U �O�F�U�X�P�S�L�
 �B�O�E �M�F�T�T �P�O �U�I�F �H�M�P�C�B�M �R�V�B�M�J�U�Z �P�G �U�I�F ���O�B�M �T�I�B�Q�F �<�4�8�;������
�"�+�"�������#�F�T���������"�C�C���������;�I�V���������4�4�����>�� �"�O �F�Y�D�F�Q�U�J�P�O �J�T �U�I�F �T�U�B�U�F���P�G���U�I�F���B�S�U �N�F�U�I�P�E
�P�G �1�B�O �F�U �B�M�� �<�1�B�O�������>�
 �X�I�J�D�I �Q�S�P�E�V�D�F�T �H�M�P�C�B�M�M�Z �T�N�P�P�U�I �P�V�U�Q�V�U �T�I�B�Q�F�T �P�G �I�J�H�I �R�V�B�M��
�J�U�Z��

�4�D�I�B�F�G�F�S �F�U �B�M�� �<�4�8�;�����> �J�O�U�S�P�E�V�D�F �B �T�V�C�E�J�W�J�T�J�P�O �B�M�H�P�S�J�U�I�N �G�P�S �J�O�U�F�S�Q�P�M�B�U�J�O�H �B �D�V�S�W�F
�O�F�U�X�P�S�L �X�J�U�I �T�N�P�P�U�I �M�J�N�J�U �T�V�S�G�B�D�F�� �5�I�F�J�S �N�F�U�I�P�E �S�F�R�V�J�S�F�T �U�I�F �Q�B�U�D�I�F�T �	�J���F�� �D�Z�D�M�F�T �J�O
�U�I�F �O�F�U�X�P�S�L�
 �U�P �C�F �T�Q�F�D�J���F�E �N�B�O�V�B�M�M�Z�� �&�B�D�I �D�Z�D�M�F �J�T ���S�T�U �R�V�B�E�S�B�O�H�V�M�B�U�F�E �U�P �P�C�U�B�J�O
�B �C�B�T�F �N�F�T�IT0 �C�F�G�P�S�F �B�Q�Q�M�Z�J�O�H �B �N�P�E�J���F�E �$�B�U�N�V�M�M���$�M�B�S�L �T�V�C�E�J�W�J�T�J�P�O�� �5�I�F �W�F�S�U�J�D�F�T
�P�G �U�I�F �C�B�T�F �N�F�T�I �B�S�F �Q�P�T�J�U�J�P�O�F�E �J�O �T�V�D�I �B �X�B�Z �U�I�B�U �U�I�F �M�J�N�J�U �T�V�S�G�B�D�F �J�O�U�F�S�Q�P�M�B�U�F�T �U�I�F
�J�O�Q�V�U �D�V�S�W�F �O�F�U�X�P�S�L��

�#�F�T�T�N�F�M�U�T�F�W �F�U �B�M�� �<�#�F�T�������> �J�O�U�S�P�E�V�D�F �B �N�F�U�I�P�E �G�P�S �R�V�B�E�S�B�O�H�V�M�B�U�J�P�O �P�G �B�S�U�J�T�U���E�F��
�T�J�H�O�F�E �D�V�S�W�F �O�F�U�X�P�S�L�T �V�T�J�O�H �D�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z �F�Y�Q�F�O�T�J�W�F �T�F�H�N�F�O�U�B�U�J�P�O �B�O�E �Q�B�J�S�J�O�H
�P�G �U�I�F �J�O�Q�V�U �D�Z�D�M�F�T�
 �B�O�E �B�Q�Q�M�Z �B �W�B�S�J�F�U�Z �P�G �I�F�V�S�J�T�U�J�D�T �U�P ���O�E �U�I�F �D�P�O�O�F�D�U�J�W�J�U�Z �H�S�B�Q�I
�P�G �U�I�F �R�V�B�E�S�B�O�H�V�M�B�U�J�P�O�� �5�I�F�Z �V�T�F �E�J�T�D�S�F�U�F �$�P�P�O�T �Q�B�U�D�I�F�T �U�P �P�C�U�B�J�O �U�I�F �S�F�T�V�M�U�J�O�H
�R�V�B�E �N�F�T�I��
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�'�J�H�V�S�F ���������$�P�N�Q�B�S�J�T�P�O �P�G �N�F�U�I�P�E�T �G�P�S �T�V�S�G�B�D�J�O�H �T�L�F�U�D�I�F�E �D�V�S�W�F �O�F�U�X�P�S�L�T�� �-�F�G�U
�U�P �S�J�H�I�U�
 �T�V�C�E�J�W�J�T�J�P�O �M�P�G�U�J�O�H �<�4�8�;�����>�
 �E�F�T�J�H�O���E�S�J�W�F�O �R�V�B�E�S�B�O�H�V�M�B�U�J�P�O
�<�#�F�T�������>�
 �M�J�O�F�B�S�J�[�F�E �-�B�Q�M�B�D�J�B�O �T�N�P�P�U�I�J�O�H �<�"�+�"�����>�
 �N�J�O�J�N�B�M �S�V�M�F�E �T�V�S��
�G�B�D�F �<�"�C�C�������>�� �*�N�B�H�F �G�S�P�N �<�"�C�C�������>��

�;�I�V�B�O�H �F�U �B�M�� �<�;�I�V�������> �Q�S�F�T�F�O�U �B�O �F���D�J�F�O�U �B�M�H�P�S�J�U�I�N �G�P�S �E�F�U�F�D�U�J�O�H �D�Z�D�M�F�T �J�O �D�P�N��
�Q�M�F�Y �O�F�U�X�P�S�L�T �V�T�J�O�H �B �T�U�S�V�D�U�V�S�F �D�B�M�M�F�E �U�I�F�S�P�V�U�J�O�H �T�Z�T�U�F�N�N �B �D�P�M�M�F�D�U�J�P�O �P�G �D�P�S�O�F�S�T
�	�U�X�P �D�P�O�T�F�D�V�U�J�W�F �D�V�S�W�F�T �P�O �P�O�F �D�Z�D�M�F�
 �B�O�E �C�S�J�E�H�F�T �	�U�X�P �D�P�O�T�F�D�V�U�J�W�F �D�P�S�O�F�S�T �J�O �P�O�F
�D�Z�D�M�F�
�� �5�I�F�Z �T�F�B�S�D�I �G�P�S �U�I�F �S�P�V�U�J�O�H �T�Z�T�U�F�N�
 �X�I�J�D�I �N�J�O�J�N�J�[�F�T �U�X�P �D�P�T�U �N�F�U�S�J�D�T�� �U�I�F
�J�O�U�S�B���C�S�J�E�H�F �D�P�T�U�
 �N�F�B�T�V�S�F�E �V�T�J�O�H �U�I�F �Q�B�S�B�M�M�F�M���U�S�B�O�T�Q�P�S�U �O�P�S�N�B�M�T �D�P�N�Q�V�U�F�E �V�T�J�O�H
�U�I�F �S�P�U�B�U�J�P�O �N�J�O�J�N�J�[�J�O�H �G�S�B�N�F �<�8�B�O�������>�� �B�O�E �U�I�F �J�O�U�F�S���C�S�J�E�H�F �D�P�T�U�
 �X�I�J�D�I �G�P�S�D�F�T �U�I�F
�Q�B�U�D�I�F�T �U�P �C�F �Q�B�S�U�J�U�J�P�O�F�E �V�O�J�G�P�S�N�M�Z �B�S�P�V�O�E �B �D�V�S�W�F�� �5�P �W�J�T�V�B�M�J�[�F �U�I�F �Q�B�U�D�I�F�T�
 �F�B�D�I
�D�Z�D�M�F �J�T �U�S�J�B�O�H�V�M�B�U�F�E �X�J�U�I �I�F�M�Q �P�G �U�I�F �Q�B�S�B�M�M�F�M���U�S�B�O�T�Q�P�S�U �O�P�S�N�B�M�T �U�I�B�U �N�J�O�J�N�J�[�F �U�I�F
�J�O�U�S�B���C�S�J�E�H�F �D�P�T�U�� �5�I�F �U�S�J�B�O�H�V�M�B�U�J�P�O �J�T �D�P�N�Q�V�U�F�E �V�T�J�O�H �U�I�F �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H
�B�M�H�P�S�J�U�I�N �P�G �;�P�V �F�U �B�M�� �<�;�+�$�����> �U�P �N�B�U�D�I �U�I�F �O�P�S�N�B�M�T �B�T �C�F�T�U �B�T �Q�P�T�T�J�C�M�F��

�4�B�E�S�J �B�O�E �4�J�O�H�I �<�4�4�����> �Q�S�F�T�F�O�U �B�O �B�Q�Q�S�P�B�D�I �U�P �O�F�U�X�P�S�L �T�V�S�G�B�D�J�O�H �V�T�J�O�H �U�I�F���P�X
�D�P�N�Q�M�F�Y�<�(�+�����>�
 �B �D�P�N�Q�V�U�B�U�J�P�O�B�M �H�F�P�N�F�U�S�Z �T�U�S�V�D�U�V�S�F �T�J�N�J�M�B�S �U�P �U�I�F �%�F�M�B�V�O�B�Z �U�S�J�B�O��
�H�V�M�B�U�J�P�O�
 �C�V�U �Q�S�P�W�J�E�J�O�H �C�F�U�U�F�S �J�O�T�J�H�I�U �U�P �U�I�F �U�P�Q�P�M�P�H�Z �P�G �U�I�F �V�O�E�F�S�M�Z�J�O�H �T�V�S�G�B�D�F��

�5�I�F ���P�X���B�M�J�H�O�F�E �T�V�S�G�B�D�J�O�H �B�M�H�P�S�J�U�I�N �P�G �1�B�O �F�U �B�M�� �<�1�B�O�������> �B�U�U�F�N�Q�U�T �U�P �N�J�N�J�D �U�I�F
�I�V�N�B�O �Q�F�S�D�F�Q�U�J�P�O �C�Z �D�P�N�Q�V�U�J�O�H �B �T�V�S�G�B�D�F �D�P�O�T�J�T�U�F�O�U �X�J�U�I �E�F�T�J�H�O �J�O�U�F�O�U �P�G �U�I�F �J�O�Q�V�U
�O�F�U�X�P�S�L�� �5�I�F �J�O�Q�V�U �D�V�S�W�F�T �B�S�F �T�Q�M�J�U �J�O�U�P �U�X�P �H�S�P�V�Q�T �<�9�V�������� �#�F�T�������>�� �5�I�F ���S�T�U
�H�S�P�V�Q �B�S�F �U�I�F���P�X �M�J�O�F�T�	�M�J�O�F�T �P�G �D�V�S�W�B�U�V�S�F�
�
 �X�I�J�D�I �D�B�Q�U�V�S�F �U�I�F �D�V�S�W�B�U�V�S�F �E�J�S�F�D�U�J�P�O�T
�P�G �U�I�F �V�O�E�F�S�M�Z�J�O�H �T�I�B�Q�F �	�D�G�� �F�O�E �P�G �4�F�D�U�J�P�O�������
�� �4�V�S�G�B�D�F �J�T �B�U �M�F�B�T�UG1 �D�P�O�U�J�O�V�P�V�T
�B�D�S�P�T�T �U�I�F ���P�X �M�J�O�F�T�� �5�I�F �T�F�D�P�O�E �H�S�P�V�Q �B�S�F �U�I�F�U�S�J�N �D�V�S�W�F�T�
 �X�I�J�D�I �E�F���O�F �T�V�S�G�B�D�F
�C�P�V�O�E�B�S�J�F�T �P�S �T�I�B�S�Q �D�V�S�W�F�T�� �5�S�J�N �D�V�S�W�F�T �B�S�FG0 �B�D�S�P�T�T �Q�B�U�D�I�F�T�� �1�B�O �F�U �B�M�� �<�1�B�O�������>
�V�T�F �U�I�F �S�F�T�V�M�U �P�G �;�I�V�B�O�H �F�U �B�M�� �<�;�I�V�������> �B�T �U�I�F �J�O�J�U�J�B�M �N�F�T�I�
 �X�I�J�D�I �J�T �U�I�F�O �J�U�F�S�B�U�J�W�F�M�Z
�S�F���O�F�E �C�Z �B�M�J�H�O�J�O�H �U�I�F �D�V�S�W�B�U�V�S�F �U�F�O�T�P�S �X�J�U�I �U�I�F �J�O�E�V�D�F�E ���P�X ���F�M�E�� �5�I�J�T �N�F�U�I�P�E
�E�P�F�T �O�P�U �B�T�T�V�N�F �O�P�S�N�B�M �J�O�Q�V�U �L�O�P�X�O�B �Q�S�J�P�S�J�
 �C�V�U �F�T�U�J�N�B�U�F�T �T�V�S�G�B�D�F �O�P�S�N�B�M�T �V�T�J�O�H
�U�I�F �S�P�U�B�U�J�P�O���N�J�O�J�N�J�[�J�O�H �G�S�B�N�F �	�3�.�'�
 �<�8�B�O�������� �#�'�4�����>�� �5�I�F �S�P�U�B�U�J�P�O���N�J�O�J�N�J�[�J�O�H
�G�S�B�N�F �J�T �V�T�F�E �U�P �F�T�U�J�N�B�U�F �T�V�S�G�B�D�F �O�P�S�N�B�M�T �B�O�E �E�F�U�F�S�N�J�O�F �X�I�J�D�I �D�V�S�W�F�T �B�S�F �U�I�F ���P�X
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�M�J�O�F�T�� �U�I�F �F�T�U�J�N�B�U�F�E �O�P�S�N�B�M�T �B�S�F �V�T�F�E �B�T �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O�T�� �5�I�F �B�M�H�P�S�J�U�I�N �J�T �O�P�U
�J�O�U�F�S�B�D�U�J�W�F �N �G�P�S �B �U�Z�Q�J�D�B�M �N�F�T�I �X�J�U�I �����L �W�F�S�U�J�D�F�T�
 �J�U �U�B�L�F�T ������ �T�F�D�P�O�E�T �U�P �D�P�O�W�F�S�H�F
�	���������� �J�U�F�S�B�U�J�P�O�T �X�J�U�I� 0:7�T �Q�F�S �J�U�F�S�B�U�J�P�O�
��

�%�F�T�Q�J�U�F �U�I�F �E�J���F�S�F�O�D�F�T �J�O �J�O�Q�V�U�T �G�P�S �U�I�F �N�F�U�I�P�E �P�G �1�B�O �F�U �B�M�� �<�1�B�O�������> �B�O�E �G�P�S �P�V�S
�N�F�U�I�P�E�
 ���P�X���B�M�J�H�O�F�E �T�V�S�G�B�D�J�O�H �J�T �D�M�P�T�F�T�U �U�P �P�V�S �X�P�S�L �J�O �U�I�J�T �C�S�B�O�D�I �P�G �S�F�T�F�B�S�D�I�� �8�F
�D�P�N�Q�B�S�F �P�V�S �S�F�T�V�M�U�T �X�J�U�I �<�1�B�O�������> �J�O �4�F�D�U�J�P�O������������
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�.�V�M�U�J���T�J�E�F�E �Q�B�U�D�I�F�T �H�F�O�F�S�B�M�J�[�F �U�S�J�B�O�H�V�M�B�S �J�O�U�F�S�Q�P�M�B�O�U�T �	n � 3�
 �B�O�E �R�V�B�E�S�B�O�H�V�M�B�S
�J�O�U�F�S�Q�P�M�B�O�U�T �	n � 4�
 �U�P �C�P�V�O�E�B�S�J�F�T �X�J�U�I �I�J�H�I�F�S �O�V�N�C�F�S �P�G �D�V�S�W�F�T �	n > 4�
�� �5�I�F�Z �B�S�F
�V�T�V�B�M�M�Z �D�P�N�Q�V�U�F�E �X�J�U�I �U�S�B�O�T���O�J�U�F �J�O�U�F�S�Q�P�M�B�U�J�P�O �N�F�U�I�P�E�T�
 �Q�P�T�T�J�C�M�Z �X�J�U�I �Q�S�F�T�D�S�J�C�F�E
�U�B�O�H�F�O�U �S�J�C�C�P�O�T �U�P �B�D�I�J�F�W�FG1���D�P�O�U�J�O�V�J�U�Z �B�D�S�P�T�T �C�P�V�O�E�B�S�Z �D�V�S�W�F�T�� �&�Y�B�N�Q�M�F�T �P�G
�N�F�U�I�P�E�T �G�P�S �D�P�N�Q�V�U�J�O�H �N�V�M�U�J���T�J�E�F�E �Q�B�U�D�I�F�T �J�O�D�M�V�E�F �H�F�O�F�S�B�M�J�[�F�E �$�P�P�O�T �Q�B�U�D�I�F�T
�<�'�B�S�����>�
 �(�S�F�H�P�S�Z �Q�B�U�D�I�F�T �<�(�;���� �>�
 �H�F�O�F�S�B�M�J�[�F�E �#�©�[�J�F�S �Q�B�U�D�I�F�T �<�7�4�,�����>�
 �B�O�E �T�V�C�E�J��
�W�J�T�J�P�O �B�Q�Q�S�P�B�D�I�F�T �<�4�8�;�����>��

�*�N�B�H�F �G�S�P�N �<�7�4�,�����>

�&�T�T�F�O�U�J�B�M�M�Z�
 �U�I�F�S�F �B�S�F �U�X�P �N�B�J�O �H�S�P�V�Q�T �P�G �N�F�U�I�P�E�T��
�5�I�F ���S�T�U �H�S�P�V�Q �P�G �N�F�U�I�P�E�T �B�T�T�V�N�F�T �B �Q�S�F���T�F�H�N�F�O�U�B�U�J�P�O
�P�G �F�B�D�I �J�O�Q�V�U �D�Z�D�M�F �J�O�U�Pn �D�V�S�W�F �T�F�H�N�F�O�U�T �X�J�U�I �M�P�X��
�E�J�T�U�P�S�U�J�P�O �N�B�Q�Q�J�O�H �U�P �B �D�P�O�W�F�Y �Q�M�B�O�B�Sn���T�J�E�F�E �Q�P�M�Z�H�P�O��
�1�S�F�T�D�S�J�C�F�E �U�B�O�H�F�O�U �S�J�C�C�P�O�T �N�V�T�U �C�F �E�F���O�F�E �D�P�O�T�J�T�U�F�O�U�M�Z
�B�O�E �U�X�J�T�U�T �F�T�U�J�N�B�U�F�E �B�D�D�P�S�E�J�O�H�M�Z�� �.�F�U�I�P�E�T �J�O �U�I�F �T�F�D��
�P�O�E �H�S�P�V�Q �R�V�B�E�S�B�O�H�V�M�B�U�F �U�I�F �J�O�Q�V�U �D�Z�D�M�F�T �X�J�U�I �U�P�Q�P��
�M�P�H�J�D�B�M �H�V�B�S�B�O�U�F�F�T �P�O �U�I�F �F�Y�U�S�B�P�S�E�J�O�B�S�Z �W�F�S�U�J�D�F�T �B�O�E �B�Q��
�Q�S�P�Y�J�N�B�U�F �U�I�F �D�P�B�S�T�F �N�F�T�I �V�T�J�O�H �X�F�M�M���L�O�P�X�O �T�V�C�E�J�W�J��
�T�J�P�O �T�D�I�F�N�F�T��

�*�O�T�U�F�B�E �P�G �V�T�J�O�H �N�V�M�U�J���T�J�E�F�E �Q�B�U�D�I�F�T �G�P�S �D�V�S�W�F �O�F�U�X�P�S�L �J�O�U�F�S�Q�P�M�B�U�J�P�O�
 �X�F �V�T�F �U�I�F
�U�S�J�B�O�H�M�F �N�F�T�I �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �J�O �P�V�S �T�V�S�G�B�D�J�O�H �N�F�U�I�P�E�� �5�I�F �B�E�W�B�O�U�B�H�F �P�G �U�S�J�B�O�H�M�F
�N�F�T�I�F�T �J�T �U�I�B�U �U�I�F�Z �D�B�O �I�B�O�E�M�F �T�V�S�G�B�D�F�T �P�G �B�S�C�J�U�S�B�S�Z �U�P�Q�P�M�P�H�J�D�B�M �U�Z�Q�F�� �'�V�S�U�I�F�S�N�P�S�F�

�U�S�J�B�O�H�M�F �N�F�T�I �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �J�T �C�F�U�U�F�S���T�V�J�U�F�E �G�P�S �Q�S�F�T�D�S�J�C�J�O�H �T�V�S�G�B�D�F �O�P�S�N�B�M�T �B�M�P�O�H
�U�I�F �J�O�Q�V�U �D�V�S�W�F �O�F�U�X�P�S�L��
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 �T�B�U�J�T�G�Z�J�O�H �U�I�F �B�C�P�W�F �D�P�O�E�J�U�J�P�O�T�
 �I�B�T �U�X�P �Q�B�S�U�T��
�U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�P�Q�P�M�P�H�Z�
 �B�O�E �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �H�F�P�N�F�U�S�Z �	�D�G�� �'�J�H���������
��

�$�P�N�Q�V�U�B�U�J�P�O �P�G �U�P�Q�P�M�P�H�Z �	�4�F�D�U�J�P�O�������
�� �5�P �H�F�U �U�I�F �U�P�Q�P�M�P�H�Z�
 �X�F ���S�T�U ���O�E �U�I�F �C�P�V�O�E��
�B�S�J�F�T �P�G �T�V�S�G�B�D�F �Q�B�U�D�I�F�T �J�O �U�I�F �E�J�T�D�S�F�U�F �O�F�U�X�P�S�L�
 �C�Z �E�F�U�F�D�U�J�O�H �U�I�F �O�F�U�X�P�S�L �D�Z�D�M�F�T��
�%�F�U�F�D�U�J�P�O �P�G �D�Z�D�M�F�T �G�P�S �B �H�F�O�F�S�B�M �D�V�S�W�F �O�F�U�X�P�S�L �J�T �B �I�B�S�E �B�O�E �B�N�C�J�H�V�P�V�T �Q�S�P�C�M�F�N
�N �V�T�V�B�M�M�Z�
 �P�O�M�Z �U�I�F �Q�P�T�J�U�J�P�O�T �B�S�F �H�J�W�F�O �B�T �U�I�F �J�O�Q�V�U�� �*�O �P�V�S �D�B�T�F�
 �U�I�J�T �B�N�C�J�H�V�J�U�Z �D�B�O
�C�F �F���D�J�F�O�U�M�Z �S�F�T�P�M�W�F�E �U�I�B�O�L�T �U�P �P�V�S �L�O�P�X�M�F�E�H�F �P�G �J�O�Q�V�U �T�V�S�G�B�D�F �O�P�S�N�B�M�T �B�M�P�O�HN ��
�0�V�S �D�Z�D�M�F�T �E�F�U�F�D�U�J�P�O �B�M�H�P�S�J�U�I�N �J�T �E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O������������
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�&�B�D�I �D�Z�D�M�F �J�T �N�F�T�I�F�E �J�O�E�J�W�J�E�V�B�M�M�Z �C�Z �U�F�T�T�F�M�M�B�U�J�O�H �U�I�F �D�M�P�T�F�E �C�P�V�O�E�B�S�Z �P�G �U�I�F �D�Z�D�M�F��
�5�I�J�T �U�F�T�T�F�M�M�B�U�J�P�O �J�T �E�P�O�F �C�Z �D�P�N�Q�V�U�J�O�H �B �D�P�O�T�U�S�B�J�O�F�E �%�F�M�B�V�O�B�Z �U�S�J�B�O�H�V�M�B�U�J�P�O �	�$�%�5�

�J�O �U�I�F �Q�M�B�O�F�� �4�J�O�D�F �U�I�F �C�P�V�O�E�B�S�Z �P�G �B �D�Z�D�M�F �J�T �H�F�O�F�S�B�M�M�Z �B �T�Q�B�D�F �D�V�S�W�F�
 �J�U �I�B�T �U�P �C�F
�N�B�Q�Q�F�E �U�P �B �Q�M�B�O�F �C�F�G�P�S�F �D�P�N�Q�V�U�J�O�H �U�I�F �$�%�5�� �8�F �V�T�F �U�I�F �Q�S�P�K�F�D�U�J�P�O �U�P �B �Q�M�B�O�F �G�P�S
�U�I�J�T �N�B�Q��

�*�O �P�S�E�F�S �G�P�S �U�I�J�T �B�Q�Q�S�P�B�D�I �U�P �C�F �W�B�M�J�E�
 �X�F �S�F�R�V�J�S�F �U�I�J�T �Q�M�B�O�B�S �Q�S�P�K�F�D�U�J�P�O �U�P �C�F �J�O�K�F�D��
�U�J�W�F�� �5�I�J�T �Q�M�B�D�F�T �B�E�E�J�U�J�P�O�B�M �D�P�O�T�U�S�B�J�O�U�T �P�O �U�I�F �J�O�Q�V�U �O�F�U�X�P�S�L�� �.�P�S�F �E�F�U�B�J�M�T �B�S�F �H�J�W�F�O
�J�O �4�F�D�U�J�P�O�����������
 �X�I�F�S�F �X�F �B�M�T�P �D�P�N�Q�B�S�F �U�I�F �Q�S�P�K�F�D�U�J�P�O �U�P �P�U�I�F�S �Q�M�B�O�B�S �N�B�Q�T��

�5�S�J�B�O�H�V�M�B�U�J�P�O�T �P�G �J�O�E�J�W�J�E�V�B�M �D�Z�D�M�F�T �B�S�F �K�P�J�O�F�E �U�P�H�F�U�I�F�S �U�P �H�F�U �U�I�F �T�F�U �P�G �G�B�D�F�TF �P�G
�U�I�F �N�F�T�I��

�$�P�N�Q�V�U�B�U�J�P�O �P�G �H�F�P�N�F�U�S�Z �	�4�F�D�U�J�P�O�������
�� �"�G�U�F�S �D�P�N�Q�V�U�J�O�H �U�I�F �U�P�Q�P�M�P�H�Z �P�G �U�I�F �N�F�T�I�

�X�F �B�S�F �J�O�U�F�S�F�T�U�F�E �J�O ���O�E�J�O�H �U�I�F �F�N�C�F�E�E�J�O�Hvk �P�G �U�I�F �W�F�S�U�J�D�F�T�
 �X�I�J�D�I �T�B�U�J�T���F�T �U�I�F
�D�P�O�E�J�U�J�P�O�T �	�J�J�
 �B�O�E �	�J�J�J�
�� �5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F �U�I�F �D�P�O�O�F�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �-�B�Q�M�B�D�F��
�#�F�M�U�S�B�N�J �P�Q�F�S�B�U�P�S �B�O�E �U�I�F �N�F�B�O �D�V�S�W�B�U�V�S�F �O�P�S�N�B�M �P�G �U�I�F �N�F�T�I��

� S vk � H k: �	�������


�4�F�F �&�R�� �	���������
 �P�O �Q�������� �*�O �P�S�E�F�S �U�P �F�Y�Q�M�P�J�U �U�I�F �J�O�Q�V�U �O�P�S�N�B�M�T�
 �U�I�F �N�F�B�O �D�V�S�W�B�U�V�S�F
�O�P�S�N�B�M �J�T�O�P�U�D�P�N�Q�V�U�F�E �V�T�J�O�H �U�I�F �D�P�U�B�O�H�F�O�U �G�P�S�N�V�M�B �B�T �J�O �&�R�� �	���������
�� �*�O�T�U�F�B�E�
 �X�F
�V�T�F �U�I�F �G�P�M�M�P�X�J�O�H �B�M�U�F�S�O�B�U�J�W�F �E�F���O�J�U�J�P�O��

H k � H kN �
k: �	�������


�*�O �U�I�J�T �E�F���O�J�U�J�P�O�
H k �J�T �U�I�F �V�O�L�O�P�X�O �Q�F�S���W�F�S�U�F�Y �N�F�B�O �D�V�S�W�B�U�V�S�F�
 �B�O�EN �
k �J�T �U�I�F

�Q�F�S���W�F�S�U�F�Y �O�P�S�N�B�M �P�C�U�B�J�O�F�E �C�Z �Q�S�P�Q�B�H�B�U�J�O�H �U�I�F �J�O�Q�V�U �O�P�S�N�B�M�TN i �U�P �B�M�M �W�F�S�U�J�D�F�T �P�G
�U�I�F �N�F�T�I�� �4�F�D�U�J�P�O�����������E�F�T�D�S�J�C�F�T �I�P�X �U�I�F �Q�S�P�Q�B�H�B�U�F�E �O�P�S�N�B�M�T �B�S�F �D�P�N�Q�V�U�F�E �B�M�P�O�H
�X�J�U�I �J�O�J�U�J�B�M �Q�P�T�J�U�J�P�O�Tv �

k �P�G �U�I�F �W�F�S�U�J�D�F�T �P�GT �� �4�F�D�U�J�P�O�����������E�F�T�D�S�J�C�F�T �U�I�F �D�P�N�Q�V�U�B�U�J�P�O
�P�GH k �C�Z �D�P�N�C�J�O�J�O�H �U�I�F �J�O�J�U�J�B�M �W�F�S�U�J�D�F�Tv �

k �B�O�E �U�I�F �Q�S�P�Q�B�H�B�U�F�E �O�P�S�N�B�M�TN �
k �J�O�U�P �B

�D�P�N�Q�B�D�U �D�V�S�W�B�U�V�S�F �N�F�B�T�V�S�F��

�'�J�O�B�M�M�Z �J�O �4�F�D�U�J�P�O�����������
 �X�F �D�P�N�Q�V�U�F �U�I�F �W�F�S�U�F�Y �Q�P�T�J�U�J�P�O�Tvk�� �5�I�J�T �J�T �E�P�O�F �C�Z �N�J�O�J��
�N�J�[�J�O�H �B�O �F�O�F�S�H�Z �G�P�S�N�V�M�B�U�F�E �V�T�J�O�H �&�R�� �	�������
 �B�O�E �&�R�� �	�������
�� �5�I�F �J�O�Q�V�U �W�F�S�U�F�Y �Q�P�T�J��
�U�J�P�O�Txi �B�S�F �V�T�F�E �B�T �C�P�V�O�E�B�S�Z �D�P�O�T�U�S�B�J�O�U�T �J�O �U�I�J�T �P�Q�U�J�N�J�[�B�U�J�P�O��
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�5�I�F �P�C�K�F�D�U�J�W�F �P�G �U�I�J�T �D�I�B�Q�U�F�S �J�T �U�P �D�P�N�Q�V�U�F �B �N�F�T�I �U�I�B�U �J�O�U�F�S�Q�P�M�B�U�F�T �U�I�F �J�O�Q�V�U �Q�P��
�T�J�U�J�P�O�T �B�O�E �O�P�S�N�B�M�T�� �*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �E�F�T�D�S�J�C�F �U�I�F ���S�T�U �Q�B�S�U �P�G �P�V�S �T�V�S�G�B�D�J�O�H
�N�F�U�I�P�E�� �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�P�Q�P�M�P�H�Z �P�G �U�I�F �U�S�J�B�O�H�M�F �N�F�T�IT � ¹V ; E; F º��

�8�F �C�F�H�J�O �C�Z �E�F�U�F�D�U�J�O�H �D�Z�D�M�F�T �J�O �U�I�F �J�O�Q�V�U �D�V�S�W�F �O�F�U�X�P�S�L �	�4�F�D�U�J�P�O�����������
�� �&�B�D�I �D�Z��
�D�M�F �J�T �U�I�F�O �U�F�T�T�F�M�M�B�U�F�E �J�O�E�J�W�J�E�V�B�M�M�Z �V�T�J�O�H �U�I�F �D�P�O�T�U�S�B�J�O�F�E �%�F�M�B�V�O�B�Z �U�S�J�B�O�H�V�M�B�U�J�P�O �P�S
�$�%�5 �	�4�F�D�U�J�P�O�����������
�� �5�I�F �U�P�Q�P�M�P�H�Z �P�GT �J�T �P�C�U�B�J�O�F�E �C�Z �D�P�N�C�J�O�J�O�H �U�I�F �J�O�E�J�W�J�E�V�B�M
�U�S�J�B�O�H�V�M�B�U�J�P�O�T �J�O�U�P �B �T�J�O�H�M�F �N�F�T�I��
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�5�I�F �E�F�U�F�D�U�J�P�O �P�G �D�Z�D�M�F�T �J�O �B �H�F�O�F�S�B�M �D�V�S�W�F �O�F�U�X�P�S�L �J�T �B �D�P�N�Q�M�F�Y �B�O�E �B�N�C�J�H�V�P�V�T
�Q�S�P�C�M�F�N�
 �P�G�U�F�O �X�J�U�I�P�V�U �B �V�O�J�R�V�F �T�P�M�V�U�J�P�O�� �*�O �P�S�E�F�S �U�P �P�W�F�S�D�P�N�F �U�I�J�T �Q�S�P�C�M�F�N�
 �N�F�U�I��
�P�E�T �G�P�S �T�V�S�G�B�D�J�O�H �T�L�F�U�D�I�F�E �O�F�U�X�P�S�L�T �B�E�P�Q�U �B �W�B�S�J�F�U�Z �P�G �I�F�V�S�J�T�U�J�D�T �U�P �N�J�N�J�D �U�I�F �I�V��
�N�B�O �Q�F�S�D�F�Q�U�J�P�O �<�;�I�V�������>��

�*�O �P�V�S �T�Q�F�D�J���D �T�F�U�U�J�O�H�
 �U�I�F�S�F �J�T �O�P �B�N�C�J�H�V�J�U�Z�
 �B�O�E �U�I�F �Q�S�P�C�M�F�N �I�B�T �B �V�O�J�R�V�F �B�O�E
�X�F�M�M���E�F���O�F�E �T�P�M�V�U�J�P�O �	�'�J�H�����������
�� �5�I�J�T �J�T �B �D�P�O�T�F�R�V�F�O�D�F �P�G �U�X�P �G�B�D�U�T�� �'�J�S�T�U�
 �U�I�F �D�V�S�W�F
�O�F�U�X�P�S�L �I�B�T �B �T�U�S�V�D�U�V�S�F �P�G �B �D�F�M�M �D�P�N�Q�M�F�Y�� �"�O�E �T�F�D�P�O�E�
 �U�I�F �T�V�S�G�B�D�F �O�P�S�N�B�M�T �B�S�F
�B�W�B�J�M�B�C�M�F �B�T �U�I�F �J�O�Q�V�U�� �U�I�F�Z �M�P�D�B�M�M�Z �E�F�U�F�S�N�J�O�F �T�V�S�G�B�D�F �P�S�J�F�O�U�B�U�J�P�O�
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�'�J�H�V�S�F �����������7�B�S�J�P�V�T �B�Q�Q�S�P�B�D�I�F�T �G�P�S �D�P�N�Q�V�U�J�O�H �U�I�F �J�O�J�U�J�B�M �U�F�T�T�F�M�M�B�U�J�P�O�� �'�P�S �F�B�D�I �P�G
�U�I�F �G�P�V�S �D�V�S�W�F �O�F�U�X�P�S�L�T�
 �U�I�F �Q�M�B�O�B�S �U�F�T�T�F�M�M�B�U�J�P�O �P�G �F�W�F�S�Z �D�Z�D�M�F �J�T �D�P�N��
�Q�V�U�F�E �W�J�B �	�U�P�Q �U�P �C�P�U�U�P�N�
 �Q�S�P�K�F�D�U�J�P�O �U�P �B �Q�M�B�O�F�
 �N�B�Q�Q�J�O�H �U�P �B �D�J�S�D�M�F�
 �N�B�Q��
�Q�J�O�H �U�P �B �D�M�P�T�F�E �Q�P�M�Z�H�P�O �X�J�U�I �Q�S�F�T�F�S�W�F�E �M�F�O�H�U�I�T�� �-�F�G�U �U�P �S�J�H�I�U �G�P�S �F�B�D�I
�P�G �U�I�F �G�P�V�S �E�B�U�B�T�F�U�T�
 �X�F �T�I�P�X �U�I�F �Q�M�B�O�B�S �U�F�T�T�F�M�M�B�U�J�P�O �P�G �P�O�F �D�Z�D�M�F�
 �U�I�F
�T�B�N�F �D�Z�D�M�F �P�O �U�I�F ���O�B�M �T�V�S�G�B�D�F�
 �B�O�E �U�I�F �J�T�P�Q�I�P�U�F�T �P�G �U�I�F ���O�B�M �T�V�S�G�B�D�F��



�=���> �"�����	���
�����Ì �
���Í �Ì�Í�����Í�
���� �:�:�A

�P�S�E�F�S �U�P �T�B�U�J�T�G�Z �U�I�F �D�P�O�T�U�S�B�J�O�U�T �P�O �N�J�O�J�N�V�N �B�O�H�M�F� min �B�O�E �N�B�Y�J�N�V�N �U�S�J�B�O�H�M�F �B�S�F�B
Amax �X�J�U�I�J�O �U�I�F �U�F�T�T�F�M�M�B�U�J�P�O�� �5�P �H�F�U �B �I�J�H�I���R�V�B�M�J�U�Z �U�S�J�B�O�H�V�M�B�U�J�P�O �X�J�U�I �U�S�J�B�O�H�M�F�T �P�G
�B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �U�I�F �T�B�N�F �T�J�[�F �	�'�J�H���������
�
 �X�F �V�T�F� min � 20° �B�O�EAmax � 1

2h2�
 �X�I�F�S�Fh
�J�T �U�I�F �B�W�F�S�B�H�F �F�E�H�F �M�F�O�H�U�I �J�OC�� �5�I�F �U�S�J�B�O�H�V�M�B�U�J�P�O �J�T �D�P�N�Q�V�U�F�E �V�T�J�O�H �4�I�F�X�D�I�V�L�R�T
�5�S�J�B�O�H�M�F �<�4�I�F�����>��

�"�O �J�T�T�V�F �U�I�B�U �J�T �O�P�U �P�G�U�F�O �E�J�T�D�V�T�T�F�E �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F �J�T �U�I�F �N�F�U�S�J�D �P�G �U�I�J�T �Q�B�S�B�N�F�U�S�J�[�B��
�U�J�P�O�
 �B�O�E �J�U�T �J�N�Q�B�D�U �P�O �U�I�F �S�F�T�V�M�U�J�O�H �T�V�S�G�B�D�F�� �5�P �H�F�U �U�I�F �C�F�T�U �S�F�T�V�M�U�T �X�J�U�I �-�B�Q�M�B�D�J�B�O��
�C�B�T�F�E �N�F�U�I�P�E�T�
 �U�I�F �N�F�U�S�J�D �P�G �U�I�F �Q�M�B�O�B�S �U�F�T�T�F�M�M�B�U�J�P�O �T�I�P�V�M�E �C�F �E�J�T�U�P�S�U�F�E �B�T���M�F�B�T�U��
�B�T���Q�P�T�T�J�C�M�F �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �T�V�S�G�B�D�F �N�F�U�S�J�D�� �*�O �Q�S�B�D�U�J�D�F�
 �J�U �J�T �I�B�S�E �U�P �I�B�W�F �B �G�V�M�M
�J�T�P�N�F�U�S�Z �C�F�U�X�F�F�O �U�I�F �U�X�P �N �B�M�M �U�I�F �N�P�S�F �G�P�S �S�F�D�P�O�T�U�S�V�D�U�J�P�O �Q�S�P�C�M�F�N�T �X�I�F�S�F �U�I�F �T�V�S��
�G�B�D�F �J�T �V�O�L�O�P�X�O�B �Q�S�J�P�S�J�� �4�P�N�F �B�V�U�I�P�S�T �B�E�E�S�F�T�T �U�I�J�T �Q�S�P�C�M�F�N �C�Z �J�U�F�S�B�U�J�W�F �S�F���O�F�N�F�O�U
�P�G �U�I�F �T�V�S�G�B�D�F �<�4�,�������1�B�O�������>��

�'�J�O�B�M�M�Z�
 �X�F �S�F�N�B�S�L �U�I�B�U �D�P�N�Q�V�U�J�O�H �U�I�F �U�F�T�T�F�M�M�B�U�J�P�O �E�J�S�F�D�U�M�Z �J�O �U�I�S�F�F �E�J�N�F�O�T�J�P�O�T �J�O��
�T�U�F�B�E �P�G �J�O���Q�M�B�O�F �D�P�V�M�E �Q�S�P�W�J�E�F �J�O�U�F�S�F�T�U�J�O�H �S�F�T�V�M�U�T�� �"�O �F�Y�B�N�Q�M�F �J�T �U�I�F �E�Z�O�B�N�J�D
�Q�S�P�H�S�B�N�N�J�O�H �N�F�U�I�P�E �P�G �;�P�V �F�U �B�M�� �<�;�+�$�����> �X�I�J�D�I �J�T �B�M�T�P �V�T�F�E �C�Z �;�I�V�B�O�H �F�U �B�M��
�<�;�I�V�������> �B�O�E �1�B�O �F�U �B�M�� �<�1�B�O�������>�� �/�B�U�V�S�B�M�M�Z�
 �U�I�J�T �D�P�N�F�T �B�U �B �Q�S�J�D�F �P�G �I�J�H�I�F�S �D�P�N��
�Q�V�U�B�U�J�P�O�B�M �D�P�N�Q�M�F�Y�J�U�Z�� �*�O �G�V�U�V�S�F�
 �X�F �Q�M�B�O �U�P �U�F�T�U �U�I�J�T �L�J�O�E �P�G �U�F�T�T�F�M�M�B�U�J�P�O �J�O �P�S�E�F�S �U�P
�P�W�F�S�D�P�N�F �T�P�N�F �P�G �U�I�F �M�J�N�J�U�B�U�J�P�O�T �P�G �U�I�F �Q�M�B�O�B�S �Q�S�P�K�F�D�U�J�P�O��
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�5�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O �E�F�T�D�S�J�C�F�E �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�P�Q�P�M�P�H�Z �G�P�S �U�I�F �N�F�T�IT �� �/�F�U��
�X�P�S�L �D�Z�D�M�F�T �B�S�F ���S�T�U �E�F�U�F�D�U�F�E�
 �U�I�F�O �J�O�E�J�W�J�E�V�B�M�M�Z �U�S�J�B�O�H�V�M�B�U�F�E �J�O �Q�M�B�O�F�
 �B�O�E ���O�B�M�M�Z
�D�P�N�C�J�O�F�E �U�P �H�F�U �U�I�F �T�F�U�T �P�G �W�F�S�U�J�D�F�T�
 �F�E�H�F�T�
 �B�O�E �G�B�D�F�T �P�G �U�I�F �N�F�T�IT ��

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �E�F�T�D�S�J�C�F �I�P�X �X�F �D�P�N�Q�V�U�F �U�I�F �H�F�P�N�F�U�S�Z �P�GT �T�P �U�I�B�U �U�I�F �F�N�C�F�E��
�E�J�O�H �P�G �U�I�F �N�F�T�I �J�O �U�I�S�F�F �E�J�N�F�O�T�J�P�O�T �T�B�U�J�T���F�T �U�I�F �J�O�U�F�S�Q�P�M�B�U�J�P�O �D�P�O�T�U�S�B�J�O�U�T �	�J�J���J�J�J�

�G�S�P�N �4�F�D�U�J�P�O�������� �5�I�F �S�F�T�V�M�U �J�T �B �W�J�T�V�B�M�M�Z �T�N�P�P�U�I �T�V�S�G�B�D�F��

�8�F �G�P�S�N�V�M�B�U�F �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �H�F�P�N�F�U�S�Z �B�T �B�O �P�Q�U�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N�� �*�O �P�S�E�F�S
�U�P �N�B�U�D�I �U�I�F �J�O�Q�V�U �Q�P�T�J�U�J�P�O�T �B�O�E �J�O�Q�V�U �O�P�S�N�B�M�T�
 �X�F �N�J�O�J�N�J�[�F �U�I�F �G�P�M�M�P�X�J�O�H �N�F�B�O
�D�V�S�W�B�U�V�S�F �F�O�F�S�H�Z �G�V�O�D�U�J�P�O�B�M �	�D�G�� �&�R�� �	���������
 �B�O�E �&�R�� �	�������
�


Emean¹Sº �
º

S
k� Sx � H k2 dA �	���������


�X�I�F�S�F� S �J�T �U�I�F �-�B�Q�M�B�D�F���#�F�M�U�S�B�N�J �P�Q�F�S�B�U�P�S�
x �J�T �U�I�F �D�P�P�S�E�J�O�B�U�F �G�V�O�D�U�J�P�O�
 �B�O�EH �J�T
�U�I�F �N�F�B�O �D�V�S�W�B�U�V�S�F �O�P�S�N�B�M��

�4�J�O�D�F �X�F �S�F�Q�S�F�T�F�O�U �U�I�F �T�V�S�G�B�D�FS �B�T �B �U�S�J�B�O�H�M�F �N�F�T�I�
 �U�I�J�T �F�O�F�S�H�Z �J�T �E�J�T�D�S�F�U�J�[�F�E �P�W�F�S
�U�I�F �W�F�S�U�J�D�F�T �P�G �U�I�F �N�F�T�IT �� �5�I�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O �J�T �E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O������������ �4�F�D��
�U�J�P�O�����������E�F�T�D�S�J�C�F�T �P�V�S �F�T�U�J�N�B�U�J�P�O �P�G �U�I�F �N�F�B�O �D�V�S�W�B�U�V�S�F �O�P�S�N�B�MH�
 �X�I�J�D�I �J�T �O�F�F�E�F�E
�U�P �F�W�B�M�V�B�U�F �U�I�F �F�O�F�S�H�Z �	���������
��
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�0�V�S �D�V�S�W�B�U�V�S�F �F�T�U�J�N�B�U�J�P�O �O�F�F�E�T �B�O �J�O�J�U�J�B�M �H�V�F�T�T �G�P�S �U�I�F �H�F�P�N�F�U�S�Z �P�G �U�I�F �N�F�T�I �	�W�F�S�U�F�Y
�Q�P�T�J�U�J�P�O�T �B�O�E �O�P�S�N�B�M�T�
�� �5�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O �E�F�T�D�S�J�C�F�T �I�P�X �U�I�F �J�O�J�U�J�B�M �H�F�P�N�F�U�S�Z
�J�T �P�C�U�B�J�O�F�E��

�=���>���: �'�����
���^�� ���Æ���� �^���� �	�����	�^�Å�^�
������ ���Ç ���������^����

�8�F �O�P�X �Q�S�P�D�F�F�E �U�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �C�B�T�F �H�F�P�N�F�U�S�Z �P�G �U�I�F �N�F�T�IT �� �5�I�F�T�F �B�S�F
�U�I�F�J�O�J�U�J�B�M �Q�P�T�J�U�J�P�O�Tv �

k �B�O�E �U�I�F�Q�S�P�Q�B�H�B�U�F�E �O�P�S�N�B�M�TN �
k��

�5�X�P �U�Z�Q�F�T �P�G �W�F�S�U�J�D�F�T �B�S�F �E�J�T�U�J�O�H�V�J�T�I�F�E �G�P�S �U�I�F �N�F�T�IT �
 �X�I�J�D�I �X�B�T �D�P�N�Q�V�U�F�E �J�O
�4�F�D�U�J�P�O������������ �5�I�F�D�P�O�T�U�S�B�J�O�F�E�W�F�S�U�J�D�F�T�
 �E�F�O�P�U�F�E �C�ZV c � f v1; : : : ;vcg�
 �D�P�S�S�F�T�Q�P�O�E
�U�P �U�I�F �P�S�J�H�J�O�B�M �W�F�S�U�J�D�F�T�
 �M�Z�J�O�H �B�M�P�O�H �U�I�F �D�V�S�W�F �O�F�U�X�P�S�L�� �5�I�F�T�F �B�S�F �U�I�F �W�F�S�U�J�D�F�T �U�I�B�U
�B�S�F �B�U �C�P�V�O�E�B�S�J�F�T �P�G �D�Z�D�M�F�T�� �5�I�F �S�F�N�B�J�O�J�O�H �W�F�S�U�J�D�F�T �B�S�F �D�B�M�M�F�E�G�S�F�F�B�O�E �E�F�O�P�U�F�E �C�Z

V f �
n
vc� 1; : : : ;vc� f

o
�� �5�I�F �T�F�U �P�G �B�M�M �N�F�T�I �W�F�S�U�J�D�F�T �J�T �U�I�F �V�O�J�P�OV � V c [ V f �
 �X�J�U�I

�U�I�F �U�P�U�B�M �O�V�N�C�F�S �P�G �W�F�S�U�J�D�F�T �C�F�J�O�HjV j � c � f � n�� �4�F�F �B�M�T�P �4�F�D�U�J�P�O��������

�5�P �D�P�N�Q�V�U�F �U�I�F �C�B�T�F �H�F�P�N�F�U�S�Z�
 �X�F �T�P�M�W�F �U�X�P �C�J�I�B�S�N�P�O�J�D �T�Z�T�U�F�N�T �X�J�U�I �I�B�S�E �C�P�V�O�E��
�B�S�Z �D�P�O�T�U�S�B�J�O�U�T �B�M�P�O�H �U�I�F �E�J�T�D�S�F�U�F �O�F�U�X�P�S�L�� �*�G �X�F �T�V�Q�Q�P�T�F �U�I�B�U �U�I�F �J�O�E�J�D�F�T �P�G �Q�S�P�Q��
�B�H�B�U�F�E �N�F�T�I �W�F�S�U�J�D�F�Tv �

i �N�B�U�D�I �U�I�F �J�O�E�J�D�F�T �P�G �U�I�F �J�O�Q�V�U �D�V�S�W�F �W�F�S�U�J�D�F�Txi �
 �U�I�F�O �X�F
�X�B�O�U �U�P �T�P�M�W�F

� 2
Sv �

k � 0 �T���U��v �
i � xi �J�Gv i 2 V c; �	���������B�


� 2
SN �

k � 0 �T���U��N �
i � N i �J�Gv i 2 V c: �	���������C�


�5�I�F �X�F�J�H�I�U�T �G�P�S �U�I�F �E�J�T�D�S�F�U�F �-�B�Q�M�B�D�J�B�O� S �B�S�F �P�C�U�B�J�O�F�E �G�S�P�N �U�I�F �Q�M�B�O�B�S �U�S�J�B�O�H�V�M�B��
�U�J�P�O �	�4�F�D�U�J�P�O�����������
 �B�O�E �B�T�T�F�N�C�M�F�E �J�O�U�P �U�I�F �-�B�Q�M�B�D�J�B�O �N�B�U�S�J�YL�� �4�F�F �&�R�� �	���������
 �P�O
�Q�������� �5�I�F �B�C�P�W�F �U�X�P �C�J�I�B�S�N�P�O�J�D �T�Z�T�U�F�N�T �X�J�U�I �I�B�S�E �D�P�O�T�U�S�B�J�O�U�T �B�S�F �U�I�F�O �X�S�J�U�U�F�O �J�O
�N�B�U�S�J�Y �G�P�S�N �B�T "

L2
f

Ic 0

# "
Xc

X f

#

�

"
0

Xc

#

; �	���������


�X�I�F�S�FX f �J�T �U�I�Ff � 3 �N�B�U�S�J�Y �X�J�U�I �G�S�F�F �Q�P�T�J�U�J�P�O�T���O�P�S�N�B�M�T��Xc �J�T �U�I�Fc� 3 �N�B�U�S�J�Y �X�J�U�I
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�F�U �B�M�� �<�1�B�O�������>�
 �U�I�F �J�T�P�Q�I�P�U�F�T �B�S�F �P�G �H�M�P�C�B�M�M�Z �Q�P�P�S �R�V�B�M�J�U�Z�
 �X�J�U�I �V�O�E�F�T�J�S�B�C�M�F �X�J�H��
�H�M�F�T �W�J�T�J�C�M�F �B�U �D�M�P�T�F�S �J�O�T�Q�F�D�U�J�P�O�
 �T�F�F �U�I�F �D�M�P�T�F���V�Q �U�P �U�I�F �D�P�O�D�B�W�F �S�F�H�J�P�O�� �8�I�J�M�F �U�I�F
�N�J�E�E�M�F �T�V�S�G�B�D�F �D�P�N�Q�V�U�F�E �C�Z �T�P�M�W�J�O�H �	���������
 �T�F�F�N�T �H�M�P�C�B�M�M�Z �T�N�P�P�U�I�F�S �U�I�B�O �U�I�F �M�F�G�U
�T�V�S�G�B�D�F �P�G �<�1�B�O�������>�
 �U�I�F �M�J�O�F�B�S�J�[�B�U�J�P�O �B�S�U�J�G�B�D�U�T �B�S�F �F�W�J�E�F�O�U �	�D�M�P�T�F���V�Q�
 �I�B�O�E�M�F�
�� �5�I�F
�D�P�M�P�S�F�E �S�F�O�E�F�S�J�O�H�T �P�G �U�I�F �U�I�S�F�F �T�V�S�G�B�D�F�T �M�P�P�L �T�J�N�J�M�B�S �B�U �U�I�F ���S�T�U �H�M�B�O�D�F�� �O�P�U�J�D�F �I�P�X��
�F�W�F�S �U�I�F �J�N�Q�S�P�W�F�E �R�V�B�M�J�U�Z �P�G �T�Q�F�D�V�M�B�S �I�J�H�I�M�J�H�I�U�T �P�O �P�V�S�Ì�^���Í�	�^�� �D�P�N�Q�B�S�F�E �U�P �U�I�F
�M�F�G�U �T�V�S�G�B�D�F �P�G �<�1�B�O�������>��

�*�O �N�B�O�Z �D�B�T�F�T�
 �U�I�F �S�F�T�V�M�U�T �P�G �U�I�F �U�X�P �B�M�H�P�S�J�U�I�N�T �B�S�F �I�B�S�E �U�P �U�F�M�M �B�Q�B�S�U �J�G �D�P�M�P�S�F�E
�V�O�J�G�P�S�N�M�Z�� �5�P �C�F�U�U�F�S �V�O�E�F�S�T�U�B�O�E �B�O�E �D�P�N�Q�B�S�F �U�I�F �R�V�B�M�J�U�B�U�J�W�F �Q�S�P�Q�F�S�U�J�F�T�
 �X�F �T�I�B�E�F
�U�I�F �T�V�S�G�B�D�F�T �C�Z �N�B�Q�Q�J�O�H �U�I�F �O�P�S�N�B�M�T �U�P �B �S�F�E���B�O�E���C�M�V�F �U�F�Y�U�V�S�F �X�J�U�I �D�J�S�D�V�M�B�S �Q�B�U��
�U�F�S�O�T�
 �T�F�F �'�J�H�����������<�4�M�P�������>�� �5�I�F �T�I�B�E�F�E �D�J�S�D�M�F�T �J�O �U�I�F �N�J�E�E�M�F �P�G �U�I�F ���H�V�S�F �S�F�Q�S�F��
�T�F�O�U �B �I�F�N�J�T�Q�I�F�S�F �P�G �V�O�J�U �O�P�S�N�B�M�T �P�S�J�F�O�U�F�E �U�P�X�B�S�E�T �U�I�F �D�B�N�F�S�B �	�U�I�F �N�B�Q�Q�J�O�H �J�T
�W�J�F�X���E�F�Q�F�O�E�F�O�U�
�� �4�V�D�I �O�P�S�N�B�M���N�B�Q�Q�F�E �U�F�Y�U�V�S�F �J�T �V�T�F�G�V�M �U�P �F�Y�B�N�J�O�F �D�P�O�U�J�O�V�J�U�Z�

�S�F�H�V�M�B�S�J�U�Z �B�O�E �T�Z�N�N�F�U�S�Z �P�G �T�I�B�Q�F�T��

�'�J�H�V�S�F �����������5�I�F �O�P�S�N�B�M �N�B�Q�Q�J�O�H �V�T�F�E �U�P �B�T�T�F�T�T �T�V�S�G�B�D�F �R�V�B�M�J�U�Z�� �*�O �U�I�J�T �D�B�T�F�
 �U�I�F
�U�F�Y�U�V�S�F �S�F�W�F�B�M�T �U�I�B�U �P�V�S�
�������� �	�S�J�H�I�U�
 �J�T �N�P�S�F �T�Z�N�N�F�U�S�J�D �B�O�E �S�F�H�V�M�B�S �U�I�B�O
�U�I�F �P�O�F �P�G �<�1�B�O�������> �	�M�F�G�U�
��
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�1�B�O �F�U �B�M�� �<�1�B�O�������> �B�T�T�V�N�F �U�I�F �J�O�J�U�J�B�M �D�V�S�W�F �O�F�U�X�P�S�L �J�T �B�O �P�V�U�Q�V�U �P�G �B �T�L�F�U�D�I�J�O�H �T�Z�T��
�U�F�N�
 �U�I�F�O �V�T�F �U�I�J�T �B�T�T�V�N�Q�U�J�P�O �U�P �H�V�J�E�F �U�I�F�J�S �P�Q�U�J�N�J�[�B�U�J�P�O�� �5�I�F�J�S �B�M�H�P�S�J�U�I�N �Z�J�F�M�E�T
�S�F�B�T�P�O�B�C�M�F �T�V�S�G�B�D�F�T �F�W�F�O �X�I�F�O �B�Q�Q�M�J�F�E �U�P �N�P�S�F �H�F�O�F�S�B�M �D�V�S�W�F �O�F�U�X�P�S�L�T�O�P�U�D�P�N�J�O�H
�G�S�P�N �T�L�F�U�D�I�J�O�H �U�P�P�M�T�
 �T�F�F �G�P�S �J�O�T�U�B�O�D�F �U�I�F�_�������� �O�F�U�X�P�S�L �J�O �'�J�H������������ �8�I�J�M�F �U�I�F �S�F��
�T�V�M�U�J�O�H �T�V�S�G�B�D�F�T �B�S�F �T�N�P�P�U�I�
 �U�I�F �O�P�S�N�B�M �N�B�Q�Q�J�O�H �G�S�P�N �U�I�F �'�J�H�����������F�O�B�C�M�F�T �B �N�P�S�F
�E�F�U�B�J�M�F�E �B�O�B�M�Z�T�J�T �P�G �U�I�F �R�V�B�M�J�U�Z��

�'�P�D�V�T�J�O�H �P�O�_�����	�� �`���_�Í �
 �U�I�F �B�M�H�P�S�J�U�I�N �P�G �1�B�O �F�U �B�M�� �<�1�B�O�������> �D�M�F�B�S�M�Z �E�P�F�T �O�P�U �N�B�J�O��
�U�B�J�O �U�I�F �T�Z�N�N�F�U�S�Z �P�G �U�I�F �J�O�Q�V�U �O�F�U�X�P�S�L �J�O �U�I�F �D�P�N�Q�V�U�F�E �T�V�S�G�B�D�F�� �0�V�S �B�M�H�P�S�J�U�I�N
�L�F�F�Q�T �U�I�F �T�Z�N�N�F�U�S�Z�� �U�I�F ���O�B�M �U�F�Y�U�V�S�F�E �T�V�S�G�B�D�F�T �B�S�F �G�B�J�S�M�Z �S�F�H�V�M�B�S �X�I�J�M�F �U�I�F �D�J�S�D�M�F�T
�J�O �U�I�F �U�F�Y�U�V�S�F �B�S�F �O�J�D�F�M�Z �Q�S�F�T�F�S�W�F�E�� �5�I�F �T�B�N�F �C�F�I�B�W�J�P�S �D�B�O �C�F �P�C�T�F�S�W�F�E �X�J�U�I�
��������

�O�F�U�X�P�S�L �P�O �'�J�H������������

�5�I�F �F�W�J�E�F�O�D�F �J�T �M�F�T�T �T�U�S�J�L�J�O�H �G�P�S �U�I�F �O�P�O���T�Z�N�N�F�U�S�J�D�������������O�F�U�X�P�S�L�T�� �O�F�W�F�S�U�I�F�M�F�T�T�

�P�V�S �T�V�S�G�B�D�F�T �B�S�F �P�G �H�M�P�C�B�M�M�Z �C�F�U�U�F�S �R�V�B�M�J�U�Z�� �/�P�U�J�D�F �U�I�F �X�I�J�U�F �D�V�S�W�F �C�F�U�X�F�F�O �S�F�E �B�O�E
�C�M�V�F �S�F�H�J�P�O�T �P�O �F�B�D�I �T�V�S�G�B�D�F�� �7�J�T�V�B�M�M�Z�
 �J�U�T �C�F�I�B�W�J�P�S �T�V�H�H�F�T�U�T �P�V�S �T�V�S�G�B�D�F�T �N�J�H�I�U �C�F
G2 �D�P�O�U�J�O�V�P�V�T�
 �X�I�J�M�F �U�I�F �T�V�S�G�B�D�F�T �P�G �1�B�O �F�U �B�M�� �<�1�B�O�������> �T�F�F�N �U�P �C�F �P�O�M�ZG1 �D�P�O�U�J�O��
�V�P�V�T��

�*�O �U�I�F �D�B�T�F �P�G�������������B�O�E�_�����	�� �`���_�Í �
 �J�U �J�T �J�O�U�F�S�F�T�U�J�O�H �U�P �P�C�T�F�S�W�F �I�P�X �U�I�F �D�P�N�Q�V�U�F�E
�T�I�B�Q�F�T �E�F�Q�F�O�E �P�O �U�I�F �J�O�Q�V�U �D�V�S�W�F�T�� �'�P�S �U�X�P �W�F�S�Z �E�J���F�S�F�O�U �O�F�U�X�P�S�L�T �J�O�J�U�J�B�M�M�Z �M�Z�J�O�H
�P�O �U�I�F �T�B�N�F �T�V�S�G�B�D�F �	�������������
�
 �U�I�F �S�F�T�V�M�U�T �P�G �P�V�S �N�F�U�I�P�E �B�S�F �G�B�J�S�M�Z �D�M�P�T�F �U�P �F�B�D�I �P�U�I�F�S��
�U�I�F �S�F�T�V�M�U�T �P�G �1�B�O �F�U �B�M�� �<�1�B�O�������> �B�S�F �N�P�S�F �J�O�Q�V�U���E�F�Q�F�O�E�F�O�U��
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�5�I�J�T �D�I�B�Q�U�F�S �J�O�U�S�P�E�V�D�F�E �B �-�B�Q�M�B�D�J�B�O���C�B�T�F�E �T�V�S�G�B�D�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �N�F�U�I�P�E �G�S�P�N
�D�V�S�W�F �B�O�E �O�P�S�N�B�M �J�O�Q�V�U�� �"�G�U�F�S �Q�S�P�Q�B�H�B�U�J�O�H �U�I�F �J�O�Q�V�U �O�P�S�N�B�M�T �T�N�P�P�U�I�M�Z �P�W�F�S �U�I�F
�T�V�S�G�B�D�F �B�O�E �D�P�N�Q�V�U�J�O�H �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �N�F�B�O �D�V�S�W�B�U�V�S�F �W�F�D�U�P�S�T�
 �U�I�F �O�P�S�N�B�M �D�P�O��
�T�U�S�B�J�O�U�T �B�S�F �J�O�U�F�H�S�B�U�F�E �J�O�U�P �U�I�F �F�O�F�S�H�Z �G�V�O�D�U�J�P�O�B�M�� �&���D�J�F�O�D�Z �B�O�E �S�P�C�V�T�U�O�F�T�T �B�S�F
�B�D�I�J�F�W�F�E �C�Z �V�T�J�O�H �B �M�J�O�F�B�S�J�[�F�E �P�C�K�F�D�U�J�W�F �G�V�O�D�U�J�P�O�B�M�
 �T�V�D�I �U�I�B�U �U�I�F �H�M�P�C�B�M �P�Q�U�J�N�J�[�B��
�U�J�P�O �B�N�P�V�O�U�T �U�P �T�P�M�W�J�O�H �B �T�Q�B�S�T�F �M�J�O�F�B�S �T�Z�T�U�F�N �P�G �F�R�V�B�U�J�P�O�T��

�-�J�N�J�U�B�U�J�P�O�T���" �X�F�B�L�O�F�T�T �P�G �P�V�S �N�F�U�I�P�E �M�J�F�T �J�O �U�I�F �G�B�D�U �U�I�B�U �U�I�F �D�P�U�B�O�H�F�O�U �X�F�J�H�I�U�T
�G�P�S �U�I�F �-�B�Q�M�B�D�J�B�O �N�B�U�S�J�YL �B�S�F �J�O�G�F�S�S�F�E �G�S�P�N �U�I�F �Q�M�B�O�B�S �U�S�J�B�O�H�V�M�B�U�J�P�O�
 �D�P�N�Q�V�U�F�E
�G�P�S �F�B�D�I �Q�B�U�D�I �J�O�E�J�W�J�E�V�B�M�M�Z �B�T �F�Y�Q�M�B�J�O�F�E �J�O �4�F�D�U�J�P�O������������ �4�V�D�I �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �J�T
�O�P�U �J�T�P�N�F�U�S�J�D �U�P �U�I�F �B�D�U�V�B�M �T�V�S�G�B�D�F �Q�B�U�D�I�� �B�T �B �D�P�O�T�F�R�V�F�O�D�F�
 �U�I�F �X�F�J�H�I�U�T �B�S�F �O�P�U
�P�Q�U�J�N�B�M�� �/�F�W�F�S�U�I�F�M�F�T�T �P�V�S �F�Y�B�N�Q�M�F�T �T�I�P�X �U�I�B�U �J�U �E�P�F�T �O�P�U �J�N�Q�B�D�U �U�I�F �T�N�P�P�U�I�O�F�T�T
�P�G �P�V�S �S�F�T�V�M�U�T �B�D�S�P�T�T �T�V�S�G�B�D�F �Q�B�U�D�I�F�T�� �5�I�F �G�S�B�N�F�X�P�S�L �D�B�O�O�P�U �B�V�U�P�N�B�U�J�D�B�M�M�Z �I�B�O�E�M�F
�D�V�S�W�F �O�F�U�X�P�S�L�T �X�I�J�D�I �B�S�F �P�Q�F�O �P�S �D�P�O�T�J�T�U �P�G �N�P�S�F �U�I�B�O �P�O�F �D�P�N�Q�P�O�F�O�U�� �)�P�X�F�W�F�S�

�U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �J�O �&�R�� �	���������
 �J�T �O�P�U �M�J�N�J�U�F�E �C�Z �U�I�F �U�P�Q�P�M�P�H�Z �P�G �U�I�F �O�F�U�X�P�S�L�
 �P�O�M�Z �C�Z
�U�I�F �B�W�B�J�M�B�C�J�M�J�U�Z �P�G �U�I�F �J�O�J�U�J�B�M �N�F�T�I��
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�'�V�U�V�S�F �X�P�S�L���0�V�S �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �S�V�O�T �B�U �J�O�U�F�S�B�D�U�J�W�F �U�J�N�F �S�B�U�F�T�� �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O
�U�B�L�F�T �B�C�P�V�U �������T �G�P�S �B �N�F�T�I �X�J�U�I �����L �W�F�S�U�J�D�F�T �B�O�E ���L �D�P�O�T�U�S�B�J�O�U�T�� �)�P�X�F�W�F�S�
 �X�I�F�O
�B �O�F�X �D�V�S�W�F �J�T �B�E�E�F�E �U�P �B�O �F�Y�J�T�U�J�O�H �D�V�S�W�F �O�F�U�X�P�S�L�
 �U�I�F �X�I�P�M�F �T�V�S�G�B�D�F �O�F�F�E�T �U�P �C�F
�S�F�D�P�N�Q�V�U�F�E �G�S�P�N �T�D�S�B�U�D�I�� �0�V�S �N�F�U�I�P�E �D�P�V�M�E �Q�P�T�T�J�C�M�Z �C�F �F�Y�U�F�O�E�F�E �J�O�U�P �B�O �B�M�H�P��
�S�J�U�I�N �G�P�S�J�U�F�S�B�U�J�W�F�T�V�S�G�B�D�J�O�H �C�Z �B�E�K�V�T�U�J�O�H �U�I�F �B�M�S�F�B�E�Z �D�P�N�Q�V�U�F�E �T�V�S�G�B�D�F �X�I�F�O �B �O�F�X
�D�V�S�W�F �J�T �B�E�E�F�E�� �4�V�D�I �F�Y�U�F�O�T�J�P�O �D�P�V�M�E �C�F �W�B�M�V�B�C�M�F �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �E�Z�O�B�N�J�D �T�I�B�Q�F��
�G�S�P�N���T�F�O�T�P�S�T �T�F�U�V�Q �	�4�F�D�U�J�P�O�������
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�� �5�I�F �T�B�N�F
�D�P�O�F �X�B�T �V�T�F�E �G�P�S �U�F�T�U�J�O�H �J�O �U�I�F �U�I�F�T�J�T �P�G �.�B�U�I�J�F�V �)�V�B�S�E �<�)�V�B�����>�� �8�I�J�M�F �U�I�F�`�����Í �J�T
�D�F�S�U�B�J�O�M�Z �B �T�V�J�U�B�C�M�F �U�F�T�U �P�C�K�F�D�U�
 �X�F �B�M�T�P �X�B�O�U�F�E �U�P �U�F�T�U �T�V�S�G�B�D�F�T �X�J�U�I �N�P�S�F �D�P�N�Q�M�F�Y
�H�F�P�N�F�U�S�Z �J�O �U�F�S�N�T �P�G �D�V�S�W�B�U�V�S�F �W�B�S�J�B�U�J�P�O���`�����Í �
 �C�F�J�O�H �B �E�F�W�F�M�P�Q�B�C�M�F �T�V�S�G�B�D�F�
 �I�B�T
�(�B�V�T�T�J�B�O �D�V�S�W�B�U�V�S�F �[�F�S�P �F�W�F�S�Z�X�I�F�S�F �	K � 0�
��

�5�P�E�B�Z�
 ���% �G�B�C�S�J�D�B�U�J�P�O �J�T �B�D�D�F�T�T�J�C�M�F �B�O�E �M�P�X���D�P�T�U�� �O�F�W�F�S�U�I�F�M�F�T�T�
 �N�P�T�U �D�P�O�T�V�N�F�S���B�W�B�J�M��
�B�C�M�F ���% �Q�S�J�O�U�F�S�T �I�B�W�F �T�F�W�F�S�F �M�J�N�J�U�B�U�J�P�O�T �X�I�F�O �J�U �D�P�N�F�T �U�P �U�I�F �T�J�[�F �P�G �U�I�F �Q�S�J�O�U�F�E
�N�P�E�F�M�� �4�V�D�I �T�N�B�M�M���T�J�[�F�E �P�C�K�F�D�U�T �D�B�O�O�P�U �C�F �V�T�F�E �G�P�S �E�B�U�B �B�D�R�V�J�T�J�U�J�P�O �X�J�U�I �F�J�U�I�F�S �P�G
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�P�V�S �E�F�W�J�D�F�T�� �*�O �P�S�E�F�S �U�P �G�B�C�S�J�D�B�U�F �B �T�V�S�G�B�D�F �P�G �T�V�J�U�B�C�M�F �T�J�[�F�
 �X�F �I�B�E �U�P �V�T�F �B �E�J���F�S�F�O�U
�G�B�C�S�J�D�B�U�J�P�O �N�F�U�I�P�E �	�J�O�K�F�D�U�J�P�O �N�P�M�E�J�O�H�
 �Q�S�P�Q�P�T�F�E �C�Z �B �T�Q�F�D�J�B�M�J�[�F�E �D�P�N�Q�B�O�Z��

�4�J�O�D�F �P�O�M�Z �B �T�J�O�H�M�F �T�V�S�G�B�D�F �D�P�V�M�E �I�B�W�F �C�F�F�O �G�B�C�S�J�D�B�U�F�E�
 �X�F �I�B�W�F �D�I�P�T�F�O �U�I�F �U�F�T�U �P�C�K�F�D�U
�U�P �C�F�������������	�'�J�H���������S�J�H�I�U�
�� �5�I�F �H�F�P�N�F�U�S�Z �P�G �U�I�J�T �T�I�B�Q�F �J�T �X�F�M�M���T�V�J�U�F�E �G�P�S �U�F�T�U�J�O�H �P�V�S
�G�S�B�N�F�X�P�S�L�� �J�U�T �T�V�S�G�B�D�F �J�T �T�N�P�P�U�I �B�O�E �D�P�O�U�B�J�O�T �F�M�M�J�Q�U�J�D �Q�P�J�O�U�T �	K > 0�
�
 �I�Z�Q�F�S�C�P�M�J�D
�Q�P�J�O�U�T �	K < 0�
 �B�O�E �Q�B�S�B�C�P�M�J�D���Q�M�B�O�B�S �Q�P�J�O�U�T �	K � 0�
��

�5�I�F �E�J�N�F�O�T�J�P�O�T �P�G �U�I�F �U�X�P �G�B�C�S�J�D�B�U�F�E �N�P�E�F�M�T �B�S�F �H�J�W�F�O �J�O �5�B�C�M�F��������

�X�J�E�U�I �E�F�Q�U�I �I�F�J�H�I�U �E�J�B�N�F�U�F�S

w d h
p

w2 � d2 � h2

������������ �������� �������� �������� ��������
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�5�B�C�M�F ���������%�J�N�F�O�T�J�P�O�T �P�G �Q�I�Z�T�J�D�B�M �T�V�S�G�B�D�F�T �V�T�F�E �B�T �H�S�P�V�O�E �U�S�V�U�I �J�O �P�V�S �U�F�T�U�T
�	�'�J�H���������
�� �-�F�O�H�U�I�T �B�S�F �H�J�W�F�O �J�O �N�F�U�F�S�T �B�O�E �S�F�G�F�S �U�P �U�I�F �E�J�N�F�O�T�J�P�O�T �P�G
�U�I�F �B�Y�J�T���B�M�J�H�O�F�E �C�P�V�O�E�J�O�H �C�P�Y �	�"�"�#�#�
��
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�+�����������J�T �B�W�B�J�M�B�C�M�F �P�O�M�J�O�F �B�T �B �U�S�J�B�O�H�M�F �N�F�T�I�� �N �U�I�J�T �S�F�Q�S�F�T�F�O�U�B�U�J�P�O �J�T �I�P�X�F�W�F�S �V�O�T�V�J�U��
�B�C�M�F �G�P�S �G�B�C�S�J�D�B�U�J�P�O�
 �X�I�J�D�I �S�F�R�V�J�S�F�T �B �#���T�Q�M�J�O�F �T�V�S�G�B�D�F �P�O �U�I�F �J�O�Q�V�U�� �0�V�S �T�P�M�V�U�J�P�O
�X�B�T �U�P �J�O�G�F�S �U�I�F �#���T�Q�M�J�O�F �T�V�S�G�B�D�F �G�S�P�N �U�I�F �B�W�B�J�M�B�C�M�F �U�S�J�B�O�H�M�F �N�F�T�I�� �T�J�O�D�F �U�I�F�S�F �B�S�F
�O�P �B�V�U�P�N�B�U�J�D �U�P�P�M�T �G�P�S �U�I�J�T �U�Z�Q�F �P�G �D�P�O�W�F�S�T�J�P�O�
 �X�F �I�B�E �U�P �N�B�O�V�B�M�M�Z �E�S�B�Q�F �U�I�F �N�F�T�I
�X�J�U�I �B �T�N�P�P�U�I �T�V�S�G�B�D�F��

���Í���� �������	�������Í

�'�J�H�V�S�F ���������+�����������U�S�J�B�O�H�M�F �N�F�T�I �D�P�O�W�F�S�U�F�E �U�P �B �T�N�P�P�U�I �#���T�Q�M�J�O�F �T�V�S�G�B�D�F�
 �C�P�U�I �T�I�P�X�O
�X�J�U�I �J�T�P�Q�I�P�U�F�T�� �0�O �U�I�F �S�J�H�I�U �J�T �U�I�F �N�F�T�I �X�J�S�F�G�S�B�N�F �B�O�E �(�B�V�T�T�J�B�O �D�V�S��
�W�B�U�V�S�F �P�G �U�I�F �#���T�Q�M�J�O�F �T�V�S�G�B�D�F�	�S�F�E �N �Q�P�T�J�U�J�W�F�
 �H�S�F�F�O �N �[�F�S�P�
 �C�M�V�F �N �O�F�H�B�U�J�W�F�
��

���K�W�W�S�V�������J�L�W�K�X�E���F�R�P���O�L�E�L�J�O���O�L�E�L�J�O���E�O�R�E���P�D�V�W�H�U���W�X�W�R�U�L�D�O���V�K�D�U�H�G���O�L�O�L�X�P���R�E�M
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�'�J�H�V�S�F ���������1�I�Z�T�J�D�B�M �T�V�S�G�B�D�F�T �V�T�F�E �B�T �H�S�P�V�O�E �U�S�V�U�I �J�O �P�V�S �U�F�T�U�T���`�����Í �	�M�F�G�U�
 �B�O�E������������

�	�S�J�H�I�U�
��

�8�F �I�B�W�F �D�S�F�B�U�F�E �U�I�F �#���T�Q�M�J�O�F �T�V�S�G�B�D�F �J�O �<�3�I�J�O�P�> �X�J�U�I �I�F�M�Q �P�G �B�M�H�P�S�J�U�I�N�J�D �N�P�E�F�M�J�O�H
�Q�S�P�W�J�E�F�E �C�Z �<�(�S�B�T�T�I�P�Q�Q�F�S�>�� �5�I�F �C�P�V�O�E�B�S�Z �D�V�S�W�F �P�G �U�I�F �N�F�T�I �X�B�T ���S�T�U �F�Y�U�S�V�E�F�E��
�8�F �U�I�F�O �B�Q�Q�M�J�F�E �3�I�J�O�P�R�T�����^�	�Í �P�Q�F�S�B�U�J�P�O �U�P �H�F�U �B �S�P�V�H�I �#���T�Q�M�J�O�F �N�P�E�F�M�
 �G�P�M�M�P�X�F�E
�C�Z �J�U�F�S�B�U�F�E �-�B�Q�M�B�D�J�B�O �T�N�P�P�U�I�J�O�H�� �'�J�H���������T�I�P�X�T �U�I�F �J�O�Q�V�U �U�S�J�B�O�H�M�F �N�F�T�I �B�O�E �U�I�F �#��
�T�Q�M�J�O�F �T�V�S�G�B�D�F �X�F �P�C�U�B�J�O�F�E�
 �B�T �X�F�M�M �B�T �J�U�T �(�B�V�T�T�J�B�O �D�V�S�W�B�U�V�S�F�� �5�I�F �S�F�T�V�M�U�J�O�H �T�N�P�P�U�I
�T�V�S�G�B�D�F �Q�S�F�T�F�S�W�F�T�������������R�T �D�I�B�S�B�D�U�F�S�J�T�U�J�D �T�I�B�Q�F �B�O�E �J�T �B �T�V���D�J�F�O�U �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �G�P�S
�P�V�S �O�F�F�E�T��
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�*�O �4�F�D�U�J�P�O�������
 �X�F �C�S�J�F���Z �J�O�U�S�P�E�V�D�F�E �U�I�F �E�F�W�J�D�F�T �U�I�B�U �X�F �V�T�F �G�P�S �B�D�R�V�J�T�J�U�J�P�O �J�O �U�I�F
�E�Z�O�B�N�J�D �T�F�U�V�Q�� �5�I�J�T �T�F�D�U�J�P�O �Q�S�P�W�J�E�F�T �N�P�S�F �E�F�U�B�J�M�T �B�C�P�V�U �U�I�F �E�F�W�J�D�F�T �B�O�E �B�C�P�V�U
�U�I�F �B�D�R�V�J�T�J�U�J�P�O �Q�S�P�D�F�T�T�� �8�F �B�M�T�P �E�F�T�D�S�J�C�F �P�V�S �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �W�B�S�J�P�V�T �U�P�P�M�T �G�P�S
�B�D�R�V�J�T�J�U�J�P�O�
 �S�F�D�P�O�T�U�S�V�D�U�J�P�O �	�$�I�B�Q�U�F�S���
 �B�O�E �T�V�S�G�B�D�J�O�H �	�$�I�B�Q�U�F�S���
��
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�,�����	�����������Í�� �J�T �B�O �B�D�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F �U�I�B�U �N�P�U�J�W�B�U�F�E �U�I�F �E�F�W�F�M�P�Q�N�F�O�U �P�G �B�M�H�P�S�J�U�I�N�T
�Q�S�F�T�F�O�U�F�E �J�O �U�I�J�T �U�I�F�T�J�T�� �*�U �J�T �P�V�S �Q�S�J�N�B�S�Z �B�D�R�V�J�T�J�U�J�P�O �E�F�W�J�D�F�� �8�F �B�M�S�F�B�E�Z �N�F�O�U�J�P�O�F�E
�,�����	�����������Í�� �J�O �U�I�F �D�P�O�U�F�Y�U �P�G �F�T�U�J�N�B�U�J�P�O �P�G �P�S�J�F�O�U�B�U�J�P�O�T �	�4�F�D�U�J�P�O�����������
 �B�O�E �F�W�B�M�V�B�U�J�P�O
�P�G �P�V�S �N�F�U�I�P�E�T �	�4�F�D�U�J�P�O�T�������B�O�E�������
�� �*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �Q�S�P�W�J�E�F �N�P�S�F �E�F�U�B�J�M�T �P�O
�I�P�X �U�I�J�T �E�F�W�J�D�F �P�Q�F�S�B�U�F�T��

�*�O�F�S�U�J�B�M �N�F�B�T�V�S�F�N�F�O�U �V�O�J�U �	�*�.�6�
���5�P �N�F�B�T�V�S�F �U�I�F �P�S�J�F�O�U�B�U�J�P�O �P�G �U�I�F �E�F�W�J�D�F�
 �X�F �V�T�F
�J�O�F�S�U�J�B�M �B�O�E �N�B�H�O�F�U�J�D �T�F�O�T�P�S�T �B�C�M�F �U�P �Q�S�P�W�J�E�F �U�I�F�J�S �S�P�U�B�U�J�P�O �X�J�U�I �S�F�T�Q�F�D�U �U�P �B �N�F�B��
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�� �0�R�U�S�K�R�U�L�G�H�U' �V �0�$�& �D�G�G�U�H�V�V �L�V �������������)�������&������������
�� �O�L�V�W�H�Q �D�W �S�R�U�W ������ �K�D�V �W�R �E�H �H�[�H�F�X�W�H�G �D�V �U�R�R�W
�V�\�V�W�H�P��' �V�X�G�R �U�I�F�R�P�P �E�L�Q�G ���� �������������)�������&������������' ����
�P�U�L�G�H�U���S�R�U�W � ' ���G�H�Y���U�I�F�R�P�P����' ��
�P�U�L�G�H�U���V�H�U�L�D�O � �V�H�U�L�D�O�� �P�U�L�G�H�U���S�R�U�W��������

' �%�D�X�G�5�D�W�H' �� ������������ �� ������
' �'�D�W�D�%�L�W�V' �� �� �� ������
' �6�W�R�S�%�L�W�V' �� �� �� ������
' �3�D�U�L�W�\' �� ' �Q�R�Q�H' �� ������
' �)�O�R�Z�&�R�Q�W�U�R�O' �� ' �Q�R�Q�H' �� ������
' �,�Q�S�X�W�%�X�I�I�H�U�6�L�]�H' �� ���� ����

�I�R�S�H�Q�� �P�U�L�G�H�U���V�H�U�L�D�O ����
�� �V�H�Q�G' �4' � �F�K�D�U�������� �� �W�K�L�V �W�U�L�J�J�H�U�V �D�F�T�X�L�V�L�W�L�R�Q
�I�S�U�L�Q�W�I�� �P�U�L�G�H�U���V�H�U�L�D�O��' ���F' �� ���� ����
�� �U�H�D�G �W�K�H �P�H�D�V�X�U�H�P�H�Q�W
�>�G�D�W�D���G�D�W�D�V�L�]�H�@ � �I�U�H�D�G�� �P�U�L�G�H�U���V�H�U�L�D�O ����
�� �S�U�R�F�H�V�V �W�K�H �P�H�D�V�X�U�H�P�H�Q�W
�� : : :

�$�P�E�F �T�O�J�Q�Q�F�U ���������0�Q�F�O�J�O�H �B �T�F�S�J�B�M �D�P�O�O�F�D�U�J�P�O �J�O �.�B�U�M�B�C �V�O�E�F�S �-�J�O�V�Y

�� �I�L�O�H�� �O�L�O�L�X�P�����P�U�L�G�H�U���U�D�Z�Q�H�W
�� �Q�X�P�E�H�U �R�I �F�X�U�Y�H�V �L�Q �W�K�H �Q�H�W�Z�R�U�N
��
�� �F�X�U�Y�H ��

�� �� ��� �E�R�X�Q�G�D�U�\�� ��� �L�Q�W�H�U�L�R�U
�� �� ��� �F�O�R�V�H�G�� ��� �R�S�H�Q
�� �Q�X�P�E�H�U �R�I �Q�R�G�H�V
��
�� �Q�R�G�H �L�Q�G�L�F�H�V
�� ���� ���� ������ ������ ������ ������ ������ ������ �� �O�R�F�D�O
�� �� �� �� �� �� �� �� �� �� �J�O�R�E�D�O
�� �Q�X�P�E�H�U �R�I �G�D�W�D�S�R�L�Q�W�V
������
�� �G�D�W�D��
�� �G�L�V�W�D�Q�F�H �W�D�Q�J�H�Q�W �Q�R�U�P�D�O
�� �[ �\ �] �[ �\ �]

�� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������
�� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������
�� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������

������
�� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������ �� ������������

�� �F�X�U�Y�H ��
������

�$�P�E�F �T�O�J�Q�Q�F�U ���������1�^�����Í�
 ���M�F �G�P�S �T�U�P�S�J�O�H �O�F�U�X�P�S�L �P�S�J�F�O�U�B�U�J�P�O�T �B�O�E �E�J�T�U�B�O�D�F�T
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�T�V�S�F�E ���F�M�E �	�4�F�D�U�J�P�O�������
�� �8�F �V�T�F �B ���"���. �D�P�O���H�V�S�B�U�J�P�O�
 �X�I�J�D�I �D�P�N�C�J�O�F�T �B �����B�Y�J�T
�B�D�D�F�M�F�S�P�N�F�U�F�S �B�O�E �B �����B�Y�J�T �N�B�H�O�F�U�P�N�F�U�F�S�� �"�O �P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�F �U�I�B�U �S�F�Q�S�F�T�F�O�U�T
�U�I�F ���% �P�S�J�F�O�U�B�U�J�P�O �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �D�P�N�C�J�O�J�O�H �U�I�F �J�O�G�P�S�N�B�U�J�P�O �G�S�P�N �C�P�U�I �T�F�O�T�P�S�T��
�5�I�F �T�F�O�T�P�S�T �B�S�F ���Y�F�E �J�O �U�I�F �E�F�W�J�D�F �T�P �U�I�B�U �P�O�F �P�G �U�I�F �B�Y�F�T �P�G �U�I�F �P�S�U�I�P�O�P�S�N�B�M �G�S�B�N�F
�J�T �B�M�J�H�O�F�E �X�J�U�I �U�I�F �N�P�U�J�P�O �B�Y�J�T�� �5�I�F �P�S�J�F�O�U�B�U�J�P�O�T �B�S�F �F�T�U�J�N�B�U�F�E �G�S�P�N �T�F�O�T�P�S �N�F�B��
�T�V�S�F�N�F�O�U�T �C�Z �T�P�M�W�J�O�H �U�I�F �8�B�I�C�B�R�T �Q�S�P�C�M�F�N �V�T�J�O�H �4�7�% �	�4�F�D�U�J�P�O�������
��

�4�F�O�T�P�S �P�G �E�J�T�Q�M�B�D�F�N�F�O�U���0�S�J�F�O�U�B�U�J�P�O�T �Q�S�P�W�J�E�F�E �C�Z �U�I�F �*�.�6 �B�S�F �C�Z �U�I�F�N�T�F�M�W�F�T �O�P�U �T�V�G��
���D�J�F�O�U �U�P �S�F�D�P�O�T�U�S�V�D�U �U�I�F �T�Q�B�U�J�B�M �M�P�D�B�U�J�P�O�T�
 �X�F �B�M�T�P �O�F�F�E �U�P �L�O�P�X �U�I�F �E�J�T�Q�M�B�D�F�N�F�O�U �P�G
�U�I�F �E�F�W�J�D�F �B�M�P�O�H �T�D�B�O�O�F�E �D�V�S�W�F�T�� �5�P �U�I�J�T �F�O�E�
 �X�F �V�T�F �B�O �P�E�P�N�F�U�F�S�� �U�I�F �F�O�D�P�E�F�S �E�J�T�L
�T�F�O�E�T �B �U�J�D�L �X�I�F�O ���������� �P�G �B �S�P�V�O�E �J�T �U�S�B�W�F�M�F�E�� �5�I�F �E�J�T�Q�M�B�D�F�N�F�O�U �P�G �U�I�F�,�����	�����������Í��

�I�B�T �U�P �C�F �D�P�O�U�S�P�M�M�F�E �U�P �B�W�P�J�E �T�M�J�E�J�O�H��

�%�B�U�B �D�P�M�M�F�D�U�J�P�O���5�I�F �E�F�W�J�D�F �D�P�O�U�B�J�O�T �B �N�J�D�S�P���D�P�O�U�S�P�M�M�F�S�
 �X�I�J�D�I �D�P�M�M�F�D�U�T �U�I�F �E�B�U�B�� �5�I�F
�N�J�D�S�P���D�P�O�U�S�P�M�M�F�S �J�T �N�B�O�B�H�F�E �C�Z �B �T�P�G�U�X�B�S�F �E�S�J�W�F�S�� �7�B�M�V�F�T �G�S�P�N �U�I�F �*�.�6 �B�O�E �U�I�F
�P�E�P�N�F�U�F�S �B�S�F �S�F�B�E �T�F�R�V�F�O�U�J�B�M�M�Z �W�J�B �B �T�F�S�J�B�M �C�V�T�
 �B�O�E �T�F�O�E �U�P �B �I�P�T�U �D�P�N�Q�V�U�F�S �W�J�B
�#�M�V�F�U�P�P�U�I���,�����	�����������Í�� �J�T �F�R�V�J�Q�Q�F�E �X�J�U�I �B �C�B�U�U�F�S�Z �B�O�E �U�I�F �B�D�R�V�J�T�J�U�J�P�O �J�T �X�J�S�F�M�F�T�T��

�"�D�R�V�J�T�J�U�J�P�O �Q�S�P�D�F�T�T���8�F �V�T�F �B �.�B�U�M�B�C �Q�S�P�H�S�B�N �U�P �B�D�R�V�J�S�F �E�B�U�B �X�J�U�I �U�I�F�,�����	�����������Í��

�	�'�J�H���������M�F�G�U�
�� �5�P �S�F�D�P�S�E �U�I�F �E�B�U�B�
 �U�I�F �E�F�W�J�D�F �J�T �D�P�O�O�F�D�U�F�E �U�P �B �I�P�T�U �D�P�N�Q�V�U�F�S �W�J�B �B
�T�F�S�J�B�M �#�M�V�F�U�P�P�U�I �D�P�O�O�F�D�U�J�P�O�� �*�O �.�B�U�M�B�C�
 �T�V�D�I �D�P�O�O�F�D�U�J�P�O �J�T �F�T�U�B�C�M�J�T�I�F�E �C�Z �F�Y�F�D�V�U�J�O�H
�U�I�F �D�P�N�N�B�O�E�I�R�S�H�Q�P�O �B�O �P�C�K�F�D�U �D�S�F�B�U�F�E �X�J�U�I �U�I�F �D�P�N�N�B�O�E�V�H�U�L�D�O�	�$�P�E�F �T�O�J�Q��
�Q�F�U�������
�� �"�D�R�V�J�T�J�U�J�P�O �J�T �U�S�J�H�H�F�S�F�E �C�Z �T�F�O�E�J�O�H �D�P�N�N�B�O�E�T �W�J�B�I�S�U�L�Q�W�I�B�O�E �N�F�B�T�V�S�F�E
�E�B�U�B �B�S�F �S�F�B�E �V�T�J�O�H�I�U�H�D�G�� �" �S�B�X �N�F�B�T�V�S�F�N�F�O�U �D�P�O�T�J�T�U�T �P�G ���� �C�Z�U�F�T��

�C�Z�U�F�T �� �N �� �� �N �� �� �N ���� ���� �N ���� ���� �N ����
�S�F�Q�S�F�T�F�O�U�D�P�O�U�S�P�M �C�Z�U�F�T�J�O�E�F�Y�E�J�T�U�B�O�D�F�B�D�D�F�M�F�S�P�N�F�U�F�S�N�B�H�O�F�U�P�N�F�U�F�S

�/�V�N�C�F�S�T �B�S�F �S�F�Q�S�F�T�F�O�U�F�E �B�T �������C�J�U �T�J�H�O�F�E �J�O�U�F�H�F�S�T�
 ���S�T�U �C�J�U �S�F�Q�S�F�T�F�O�U�T �U�I�F �T�J�H�O�� �'�P�S
�U�I�F �E�J�T�U�B�O�D�F �N�F�B�T�V�S�F�N�F�O�U�
 �U�I�F �U�X�P �J�O�U�F�H�F�S�T �S�F�Q�S�F�T�F�O�U �B�N�P�V�O�U�T �P�G �C�J�H �B�O�E �T�N�B�M�M
�U�J�D�L�T�� �P�O�F �C�J�H �U�J�D�L �D�P�S�S�F�T�Q�P�O�E�T �U�P �B �X�I�F�F�M �U�V�S�O�
 �P�O�F �T�N�B�M�M �U�J�D�L �D�P�S�S�F�T�Q�P�O�E�T �U�P ����������
�P�G �B �X�I�F�F�M �U�V�S�O�� �"�D�D�F�M�F�S�P�N�F�U�F�S �B�O�E �N�B�H�O�F�U�P�N�F�U�F�S �N�F�B�T�V�S�F�N�F�O�U�T �D�P�O�T�J�T�U �P�G �U�I�S�F�F
�J�O�U�F�H�F�S�T �N �F�B�D�I �P�G �U�I�F�T�F �J�O�U�F�H�F�S�T �J�T �N�B�Q�Q�F�E �U�P �U�I�F �J�O�U�F�S�W�B�M �<�����
���>�� �5�I�F �S�F�T�V�M�U�J�O�H
�S�B�X �V�O�J�U �W�F�D�U�P�S�T �J�O’ 3 �I�B�W�F �U�P �C�F �D�B�M�J�C�S�B�U�F�E �U�P �P�C�U�B�J�O �U�I�F �E�J�S�F�D�U�J�P�O�Te�B�D�D�B�O�Ee�N�B�H
�<�#�P�O�������>�� �5�I�F �D�B�M�J�C�S�B�U�F�E �W�F�D�U�P�S�T �B�S�F �U�I�F�O �V�T�F�E �G�P�S �F�T�U�J�N�B�U�J�P�O �P�G �P�S�J�F�O�U�B�U�J�P�O�T �	�D�G��
�4�F�D�U�J�P�O�����������
��

�1�S�J�P�S �U�P �B�D�R�V�J�T�J�U�J�P�O�
 �B �V�O�J�R�V�F �J�O�E�F�Y �C�F�U�X�F�F�O�� �B�O�E�Q���� �J�T �B�T�T�J�H�O�F�E �U�P �F�B�D�I �P�G �U�I�F�Q
�O�F�U�X�P�S�L �O�P�E�F�T�� �"�D�R�V�J�T�J�U�J�P�O �J�T �D�P�O�U�S�P�M�M�F�E �S�F�N�P�U�F�M�Z �V�T�J�O�H �B �X�J�S�F�M�F�T�T �O�V�N�Q�B�E �	�'�J�H����������
�M�F�G�U�
�� �8�I�F�O �T�U�B�S�U�J�O�H �B �O�F�X �D�V�S�W�F�
 �X�F ���S�T�U �J�O�E�J�D�B�U�F �J�G �U�I�F �D�V�S�W�F �J�T �B�U �U�I�F �C�P�V�O�E�B�S�Z �	�U�I�F
�� �L�F�Z�
 �P�S �J�O �U�I�F �J�O�U�F�S�J�P�S �	�U�I�F�� �L�F�Z�
�� �&�W�F�S�Z �U�J�N�F �U�I�F �E�F�W�J�D�F �Q�B�T�T�F�T �U�I�S�P�V�H�I �B �O�P�E�F�
 �X�F
�S�F�D�P�S�E �J�U�T �J�O�E�F�Y �C�Z �Q�S�F�T�T�J�O�H �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �L�F�Z �P�O �U�I�F �O�V�N�Q�B�E�� �"�G�U�F�S �U�I�F �B�D�R�V�J��
�T�J�U�J�P�O �I�B�T �C�F�F�O �T�U�P�Q�Q�F�E�
 �P�S�J�F�O�U�B�U�J�P�O�T�
 �E�J�T�U�B�O�D�F�T �B�O�E �O�F�U�X�P�S�L �U�P�Q�P�M�P�H�Z �B�S�F �F�Y�Q�P�S�U�F�E
�J�O�U�P �B���^�����Í�
 ���M�F �	�$�P�E�F �T�O�J�Q�Q�F�U�������
�� �5�I�J�T ���M�F �J�T �U�I�F�O �E�J�S�F�D�U�M�Z �B�W�B�J�M�B�C�M�F �G�P�S �B�V�U�P�N�B�U�J�D
�T�I�B�Q�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �V�T�J�O�H �P�V�S �G�S�B�N�F�X�P�S�L �X�J�U�I�P�V�U �B�O�Z �Q�P�T�U���Q�S�P�D�F�T�T�J�O�H��
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�'�J�H�V�S�F ���������.�B�U�M�B�C �Q�S�P�H�S�B�N�T �G�P�S �B�D�R�V�J�T�J�U�J�P�O �	�-�F�G�U�
 �B�O�E �S�F�D�P�O�T�U�S�V�D�U�J�P�O �	�3�J�H�I�U�
�� �%�B�U�B
�B�S�F �W�J�T�V�B�M�J�[�F�E �J�O �S�F�B�M �U�J�N�F �E�V�S�J�O�H �B�D�R�V�J�T�J�U�J�P�O�
 �X�J�U�I �Q�P�T�J�U�J�P�O�T �D�P�N�Q�V�U�F�E
�V�T�J�O�H �F�Y�Q�M�J�D�J�U �&�V�M�F�S �J�O�U�F�H�S�B�U�J�P�Oxi � 1 � xi � di t i ��

�'�J�H�V�S�F ���������$���� �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �P�V�S �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�S�B�N�F�X�P�S�L

�'�J�H�V�S�F ���������"�O�E�S�P�J�E �B�Q�Q�M�J�D�B�U�J�P�O�T �V�T�F�E �G�P�S �E�B�U�B �B�D�R�V�J�T�J�U�J�P�O �X�J�U�I �B �T�N�B�S�U�Q�I�P�O�F��
�	�-�F�G�U�
 �2�Í�������� �Î������������ �	�3�J�H�I�U�
 �2���^�	�Í�'�
��
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�8�F �J�N�Q�M�F�N�F�O�U�F�E �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �G�S�B�N�F�X�P�S�L �G�S�P�N �$�I�B�Q�U�F�S�T�� �U�P�� �J�O �.�B�U�M�B�C
�	�'�J�H���������S�J�H�I�U�
 �B�O�E �J�O �$���� �	�'�J�H���������
��

�'�P�S �F�B�T�J�F�S �D�P�O�U�S�P�M �B�O�E �J�O�U�F�S�B�D�U�J�W�F �G�F�F�E�C�B�D�L�
 �U�I�F �V�T�F�S �N�B�O�B�H�F�T �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O
�G�S�P�N �B �(�6�*�� �%�B�U�B �B�S�F �S�F�B�E �G�S�P�N �B �S�B�X�O�F�U ���M�F �	�$�P�E�F �T�O�J�Q�Q�F�U�������
�� �6�T�F�S �T�F�M�F�D�U�T �S�F��
�D�P�O�T�U�S�V�D�U�J�P�O �Q�B�S�B�N�F�U�F�S�T�
 �T�V�D�I �B�T �U�I�F �T�B�N�Q�M�J�O�H �E�F�O�T�J�U�Zh�
 �U�I�F �D�P�O�W�P�M�V�U�J�P�O �S�B�E�J�V�T�
�	�'�J�H���������
�
 �B�O�E �U�I�F ���M�U�F�S�J�O�H �X�F�J�H�I�U�T� �B�O�E� �	�'�J�H�����������
��

�5�I�F �N�B�J�O �Q�B�S�U �P�G �U�I�F �(�6�* �J�T �U�I�F �S�F�O�E�F�S�J�O�H �P�G �U�I�F �S�F�D�P�O�T�U�S�V�D�U�F�E �T�I�B�Q�F�� �*�O �B�E�E�J��
�U�J�P�O�
 �U�I�F �.�B�U�M�B�C �Q�S�P�H�S�B�N �B�M�T�P �T�I�P�X�T �U�I�F �(�B�V�T�T �N�B�Q �B�O�E �U�I�F �D�V�S�W�B�U�V�S�F �Q�M�P�U �P�G �U�I�F
�O�F�U�X�P�S�L�� �5�I�F �$���� �Q�S�P�H�S�B�N �F�O�B�C�M�F�T �W�J�T�V�B�M�J�[�B�U�J�P�O �P�G �U�I�F �T�V�S�G�B�D�F �V�T�J�O�H �U�I�F �O�P�S�N�B�M
�N�B�Q�Q�J�O�H �U�F�D�I�O�J�R�V�F �E�F�T�D�S�J�C�F�E �J�O �4�F�D�U�J�P�O�������
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�'�J�H�V�S�F ����������� �����
�^�� �B�D�R�V�J�S�F�E �X�J�U�I�,�����	�����������Í�� �� �%�J�H�J�U�B�M�Ì�����
�^���X�B�T �D�S�F�B�U�F�E �C�Z �F�Y�U�S�V�E��
�J�O�H �U�I�F �T�V�S�G�B�D�F�E �O�F�U�X�P�S�L��

�'�J�H�V�S�F �������������^�_�� �_�^�
���
���_�B�D�R�V�J�S�F�E �X�J�U�I�,�����	�����������Í�� �� �4�D�B�O�O�J�O�H �U�I�J�T �U�S�B�O�T�M�V�D�F�O�U �P�C��
�K�F�D�U �X�B�T �O�P�U �B�O �J�T�T�V�F��
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�*�O �'�J�H�T���������� �U�P���������
 �X�F �T�I�P�X�F�E �B�O �B�O�B�M�Z�T�J�T �P�G �S�F�D�P�O�T�U�S�V�D�U�J�P�O �F�S�S�P�S �G�P�S �O�F�U�X�P�S�L�T
�B�D�R�V�J�S�F�E �V�T�J�O�H �C�P�U�I�,�����	�����������Í�� �B�O�E�����^���
�	�������Í �� �5�I�J�T �F�S�S�P�S �X�B�T �D�P�N�Q�V�U�F�E �G�P�S �O�F�U��
�X�P�S�L�T �B�D�R�V�J�S�F�E �G�S�P�N �U�I�F �G�B�C�S�J�D�B�U�F�E �T�V�S�G�B�D�F�T �N�`�����Í �B�O�E�������������N �X�J�U�I �L�O�P�X�O �H�S�P�V�O�E
�U�S�V�U�I �N�P�E�F�M�T�� �4�F�F �4�F�D�U�J�P�O������������

�5�I�J�T �T�F�D�U�J�P�O �G�F�B�U�V�S�F�T �B�O�B�M�Z�T�J�T �P�G �S�F�D�P�O�T�U�S�V�D�U�J�P�O �F�S�S�P�S �G�P�S �T�V�S�G�B�D�F�T�� �&�B�D�I �P�G �U�I�F �S�F��
�D�P�O�T�U�S�V�D�U�F�E �O�F�U�X�P�S�L�T �G�S�P�N �'�J�H�T�����������U�P���������
 �X�B�T �T�V�S�G�B�D�F�E �V�T�J�O�H �P�V�S �N�F�U�I�P�E �G�S�P�N
�$�I�B�Q�U�F�S���� �8�F �U�I�F�O �F�W�B�M�V�B�U�F�E �U�I�F �F�S�S�P�S �P�G �S�F�D�P�O�T�U�S�V�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �D�P�N�Q�V�U�F�E
�N�F�T�IT �B�O�E �U�I�F �H�S�P�V�O�E �U�S�V�U�I �T�V�S�G�B�D�FS�� �4�J�N�J�M�B�S�M�Z �U�P �U�I�F �O�F�U�X�P�S�L �D�B�T�F�
 �C�F�G�P�S�F �D�P�N��
�Q�V�U�J�O�H �U�I�F �F�S�S�P�S�
 �U�I�F �U�X�P �T�V�S�G�B�D�F�T �O�F�F�E �U�P �C�F �S�F�H�J�T�U�F�S�F�E �U�P�H�F�U�I�F�S �V�T�J�O�H �*�$�1 �<�#�.���� �>��
�5�I�F�O�
 �G�P�S �F�B�D�I �W�F�S�U�F�Yv �J�OT �
 �U�I�F �F�S�S�P�S �J�T �D�P�N�Q�V�U�F�E �B�T �U�I�F �E�J�T�U�B�O�D�F �C�F�U�X�F�F�Ov �B�O�E
�J�U�T �D�M�P�T�F�T�U �Q�P�J�O�U �P�OS��

error¹vº � min
x2S

kv � xk : �	�������


�3�F�T�V�M�U�T �B�S�F �T�I�P�X�O �J�O �'�J�H�T�����������U�P���������� �3�F�D�B�M�M �U�I�B�U �G�P�S �F�B�D�I �E�B�U�B�T�F�U�
 �X�F �D�P�N�Q�B�S�F �U�I�F
�T�V�S�G�B�D�F�T �P�C�U�B�J�O�F�E �X�J�U�I �G�P�V�S �T�F�U�T �P�G ���M�U�F�S�J�O�H �X�F�J�H�I�U�T �	� � 1; 100�B�O�E� � 1; 100�
 �B�O�E
���W�F �E�J���F�S�F�O�U �T�B�N�Q�M�J�O�H �E�J�T�U�B�O�D�F�T

h 2 f 6:4%; 3:2%; 1:6%; 0:8%; 0:4%g:

�1�M�P�U�T �P�O �U�I�F �S�J�H�I�U �W�J�T�V�B�M�J�[�F �U�I�F �N�B�Y�J�N�V�N�
 �S�P�P�U �N�F�B�O �T�R�V�B�S�F �	�S�N�T�
�
 �N�F�B�O �B�O�E �N�J�O��
�J�N�V�N �P�G �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �F�S�S�P�S�� �"�T �C�F�G�P�S�F�
 �B�M�M �M�F�O�H�U�I�T �B�S�F �S�F�M�B�U�J�W�F �U�P �U�I�F �E�J�B�N�F�U�F�S
dS �P�G �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �H�S�P�V�O�E �U�S�V�U�I �T�V�S�G�B�D�FS��

�'�P�S �F�B�D�I �T�V�S�G�B�D�F�
 �X�F �W�J�T�V�B�M�J�[�F �U�I�F �Q�P�J�O�U���X�J�T�F �F�S�S�P�S �P�G �S�F�D�P�O�T�U�S�V�D�U�J�P�O �X���S���U�� �H�S�P�V�O�E
�U�S�V�U�I �D�P�N�Q�V�U�F�E �V�T�J�O�H �&�R�� �	�������
�� �'�P�S �M�J�M�J�V�N �E�B�U�B�T�F�U�T�
 �X�F �B�M�T�P �T�I�P�X �U�I�F �J�T�P�Q�I�P�U�F�T �P�O
�U�I�F �D�P�N�Q�V�U�F�E �T�V�S�G�B�D�F�T��

�3�F�N�B�S�L�B�C�M�Z�
 �U�I�F �N�F�B�O �F�S�S�P�S �B�U �U�I�F ���O�F�T�U �S�F�T�P�M�V�U�J�P�O �J�T �B�M�X�B�Z�T �T�N�B�M�M�F�S �U�I�B�O ������

�$�P�O�F �	�'�J�H�����������
���"�����Í �E�B�U�B�T�F�U �X�B�T �B�D�R�V�J�S�F�E �X�J�U�I �U�I�F�,�����	�����������Í�� �� �*�O �U�F�S�N�T �P�G �F�S�S�P�S�

�U�I�F �E�J���F�S�F�O�D�F �C�F�U�X�F�F�O �S�F�D�P�O�T�U�S�V�D�U�F�E �T�V�S�G�B�D�F�T �J�T �N�P�T�U �F�W�J�E�F�O�U �B�U �D�P�B�S�T�F �M�F�W�F�M�T�� �"�U
�N�P�T�U �M�F�W�F�M�T�
 �U�I�F �T�N�B�M�M�F�T�U �N�F�B�O �F�S�S�P�S �J�T �P�C�U�B�J�O�F�E �X�J�U�I �U�I�F �X�F�J�H�I�U�T� � 1�
 � � 100�

�B�M�U�I�P�V�H�I �U�I�F �E�J���F�S�F�O�D�F�T �B�U �U�I�F ���O�F�T�U �M�F�W�F�M �B�S�F �Q�S�B�D�U�J�D�B�M�M�Z �J�O�W�J�T�J�C�M�F�� �*�O �U�F�S�N�T �P�G �T�V�S��
�G�B�D�F �R�V�B�M�J�U�Z�
 �U�I�F �X�F�J�H�I�U�T� � 100�
� � 100�Q�S�P�W�J�E�F �U�I�F �T�N�P�P�U�I�F�T�U �S�F�T�V�M�U�T�
 �X�I�J�D�I �J�T
�C�F�T�U �T�F�F�O �C�Z �G�P�D�V�T�J�O�H �B�U �U�I�F �C�P�V�O�E�B�S�Z �D�V�S�W�F�T�� �5�I�F �X�F�J�H�I�U�T� � 100�
� � 100�T�F�F�N
�U�P �C�F �U�I�F �C�F�T�U �D�I�P�J�D�F �J�O �U�I�J�T �D�B�T�F�� �B�U �B�M�M �M�F�W�F�M�T�
 �U�I�F�Z �D�P�N�C�J�O�F �W�J�T�V�B�M�M�Z �T�N�P�P�U�I �S�F�T�V�M�U�T
�X�J�U�I �M�P�X �S�F�D�P�O�T�U�S�V�D�U�J�P�O �F�S�S�P�S��

�/�F�Y�U�
 �X�F �M�P�P�L �B�U �U�I�F �S�F�T�V�M�U�T �X�J�U�I �U�I�F �U�X�P�������������E�B�U�B�T�F�U�T��

�-�J�M�J�V�N�
 �� �D�V�S�W�F�T �	�'�J�H�T�����������U�P���������
���3�F�D�B�M�M �U�I�B�U �G�P�S�������������X�J�U�I �� �D�V�S�W�F�T�
 �X�F �D�P�N�Q�B�S�F �U�I�F
�U�I�S�F�F �B�D�R�V�J�T�J�U�J�P�O �T�F�U�V�Q�T���,�����	�����������Í�� �	�X�J�U�I �N�F�B�T�V�S�F�E �M�F�O�H�U�I�T�
�
�����^���
�	�������Í �X�J�U�I �F�T�U�J��
�N�B�U�F�E �M�F�O�H�U�I�T�
 �B�O�E�����^���
�	�������Í �X�J�U�I �N�F�B�T�V�S�F�E �M�F�O�H�U�I�T�� �4�F�F �4�F�D�U�J�P�O�T�����������B�O�E����������
�G�P�S �N�P�S�F �E�F�U�B�J�M�T��
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�-�F�U �V�T ���S�T�U �M�P�P�L �B�U �U�I�F �F�S�S�P�S �P�G �S�F�D�P�O�T�U�S�V�D�U�J�P�O�
 �X�I�J�D�I �C�F�I�B�W�F�T �T�J�N�J�M�B�S�M�Z �U�P �U�I�F �O�F�U��
�X�P�S�L �F�S�S�P�S�� �'�P�S �E�B�U�B�T�F�U�T �X�J�U�I �N�F�B�T�V�S�F�E �M�F�O�H�U�I�T�
 �C�F�U�U�F�S �S�F�T�V�M�U�T �B�S�F �P�C�U�B�J�O�F�E �C�Z �T�F�U��
�U�J�O�H �T�N�B�M�M �T�U�S�F�U�D�I�J�O�H �X�F�J�H�I�U�T �	� � 1�
�� �0�O �U�I�F �P�U�I�F�S �I�B�O�E�
 �G�P�S �U�I�F �E�B�U�B�T�F�U �X�J�U�I �F�T��
�U�J�N�B�U�F�E �M�F�O�H�U�I�T�
 �C�F�U�U�F�S �S�F�T�V�M�U�T �B�S�F �P�C�U�B�J�O�F�E �C�Z �T�F�U�U�J�O�H �I�J�H�I�F�S �T�U�S�F�U�D�I�J�O�H �X�F�J�H�I�U�T
�	� � 100�
�� �5�I�J�T �C�F�I�B�W�J�P�S �J�T �Q�P�T�T�J�C�M�Z �E�V�F �U�P �U�I�F �G�B�D�U �U�I�B�U �U�I�F �F�T�U�J�N�B�U�F�E �M�F�O�H�U�I�T �U�F�O�E
�U�P �E�J�T�U�P�S�U �U�I�F �T�I�B�Q�F�� �T�F�U�U�J�O�H �I�J�H�I�F�S �T�U�S�F�U�D�I�J�O�H �X�F�J�H�I�U�T �T�N�P�P�U�I�T �P�V�U �U�I�J�T �E�J�T�U�P�S�U�J�P�O��

�4�J�N�J�M�B�S�M�Z �U�P �O�F�U�X�P�S�L�T�
 �U�I�F �C�F�T�U �S�F�D�P�O�T�U�S�V�D�U�J�P�O �J�T �P�C�U�B�J�O�F�E �X�J�U�I�����^���
�	�������Í �E�B�U�B �X�J�U�I
�N�F�B�T�V�S�F�E �M�F�O�H�U�I�T�� �5�I�F �T�N�B�M�M�F�T�U �N�F�B�O �F�S�S�P�S �J�T0:62%�G�P�S �U�I�F �X�F�J�H�I�U�T� � 1�
� � 100��
�,�����	�����������Í�� �B�O�E�����^���
�	�������Í �X�J�U�I �F�T�U�J�N�B�U�F�E �M�F�O�H�U�I�T �S�F�T�V�M�U �J�O �D�P�N�Q�B�S�B�C�M�F �F�S�S�P�S �T�U�B�U�J�T��
�U�J�D�T�� �0�W�F�S�B�M�M�
�,�����	�����������Í�� �Q�S�P�W�J�E�F�T �T�M�J�H�I�U�M�Z �C�F�U�U�F�S �S�F�T�V�M�U�T �U�I�B�O�����^���
�	�������Í �X�J�U�I �F�T�U�J��
�N�B�U�F�E �M�F�O�H�U�I�T�� �N�P�S�F�P�W�F�S�
 �D�P�N�Q�B�S�J�O�H �U�I�F �D�P�M�P�S�N�B�Q�T �P�G �U�I�F �U�X�P �E�B�U�B�T�F�U�T�
�,�����	�����������Í��

�S�F�D�P�O�T�U�S�V�D�U�J�P�O �E�J�T�U�S�J�C�V�U�F�T �U�I�F �F�S�S�P�S �N�P�S�F �F�W�F�O�M�Z��

�*�O �U�F�S�N�T �P�G �T�V�S�G�B�D�F �R�V�B�M�J�U�Z�
 �U�I�F �S�F�T�V�M�U�T �X�J�U�I �N�F�B�T�V�S�F�E �M�F�O�H�U�I�T �	�X�J�U�I �C�P�U�I �E�F�W�J�D�F�T�

�B�S�F �T�V�Q�F�S�J�P�S �U�P �U�I�F �S�F�T�V�M�U�T �X�J�U�I �F�T�U�J�N�B�U�F�E �M�F�O�H�U�I�T�� �"�T �F�Y�Q�F�D�U�F�E �J�O�U�V�J�U�J�W�F�M�Z�
 �X�F �P�C�U�B�J�O
�U�I�F �T�N�P�P�U�I�F�T�U �B�O�E �N�P�T�U �S�F�H�V�M�B�S �J�T�P�Q�I�P�U�F�T �G�P�S �X�F�J�H�I�U�T� � 100�
� � 100��

�-�J�M�J�V�N�
 �� �D�V�S�W�F�T �	�'�J�H�����������
���'�J�O�B�M�M�Z�
 �X�F �E�J�T�D�V�T�T �U�I�F �S�F�D�P�O�T�U�S�V�D�U�J�P�O �S�F�T�V�M�U�T �V�T�J�O�H������������

�E�B�U�B�T�F�U �X�J�U�I �� �D�V�S�W�F�T �B�D�R�V�J�S�F�E �X�J�U�I �U�I�F�,�����	�����������Í�� �	�'�J�H�����������
�� �5�I�F �N�F�B�O �F�S�S�P�S �J�T
�T�M�J�H�I�U�M�Z �I�J�H�I�F�S �	�B�S�P�V�O�E �����
 �D�P�N�Q�B�S�F�E �U�P �U�I�F �N�F�B�O �F�S�S�P�S �P�G�������������X�J�U�I �� �D�V�S�W�F�T �B�D��
�R�V�J�S�F�E �X�J�U�I�,�����	�����������Í�� �	�B�S�P�V�O�E �����������
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 �T�V�D�I �B�T
�2���^�	�Í�'�
�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �X�F �C�F�M�J�F�W�F �U�I�J�T �N�F�U�I�P�E �I�B�T �B �H�S�F�B�U �Q�P�U�F�O�U�J�B�M�
 �D�P�O�E�J�U�J�P�O�F�E �C�Z
�G�V�S�U�I�F�S �E�F�W�F�M�P�Q�N�F�O�U �P�G �U�I�F �B�M�H�P�S�J�U�I�N�T�� �5�I�F �V�M�U�J�N�B�U�F �H�P�B�M �X�P�V�M�E �C�F �B �T�N�B�S�U�Q�I�P�O�F
�B�Q�Q�M�J�D�B�U�J�P�O �U�I�B�U �X�P�V�M�E �B�M�M�P�X �U�I�F �V�T�F�S �U�P �T�L�F�U�D�I ���% �T�I�B�Q�F�T �J�O �S�F�B�M �U�J�N�F�
 �X�J�U�I�P�V�U
�O�F�F�E�J�O�H �U�P �T�Q�F�D�J�G�Z �U�I�F �U�P�Q�P�M�P�H�Z �N�B�O�V�B�M�M�Z�� �'�J�S�T�U �T�U�F�Q �J�O �U�I�J�T �E�J�S�F�D�U�J�P�O �N�J�H�I�U �C�F �B�O
�B�M�H�P�S�J�U�I�N �G�P�S �B�V�U�P�N�B�U�J�D �J�O�G�F�S�F�O�D�F �P�G �O�P�E�F�T �J�O �U�I�F �O�F�U�X�P�S�L�
 �G�P�S �J�O�T�U�B�O�D�F �V�T�J�O�H �U�I�F
�D�P�O�U�J�O�V�J�U�Z �P�G �O�F�U�X�P�S�L �O�P�S�N�B�M�T��
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�3�J�F�N�B�O�O�J�B�O �D�P�O�O�F�D�U�J�P�O
�� �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F

�5�I�J�T �B�Q�Q�F�O�E�J�Y �J�O�D�M�V�E�F�T �B�E�E�J�U�J�P�O�B�M �S�F�T�V�M�U�T �G�S�P�N �3�J�F�N�B�O�O�J�B�O �H�F�P�N�F�U�S�Z �O�P�U �J�O�D�M�V�E�F�E
�J�O �4�F�D�U�J�P�O��������

�%�F���O�J�U�J�P�O �"�����	�$�P�O�O�F�D�U�J�P�O�
 �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F�
�� �'�P�S �B �3�J�F�N�B�O�O�J�B�O �N�B�O�J�G�P�M�EM �

�E�F�O�P�U�F �C�Z� ¹M º �U�I�F �T�F�U �P�G �B�M�M �T�N�P�P�U�I �W�F�D�U�P�S ���F�M�E�T �P�W�F�SM �B�O�E �C�ZC1 ¹M º �U�I�F �T�F�U �P�G �B�M�M
�T�N�P�P�U�I �T�D�B�M�B�S ���F�M�E�T �P�W�F�SM �� �" �D�P�O�O�F�D�U�J�P�O�P�OM �J�T �B �C�J�M�J�O�F�B�S �N�B�Q

r : � ¹M º � � ¹M º ! � ¹M º : ¹X; Yº 7! r XY

�X�I�J�D�I �T�B�U�J�T���F�T �U�I�F �G�P�M�M�P�X�J�O�H �U�I�S�F�F �D�P�O�E�J�U�J�P�O�T��

�	�J�
C1 ¹M º���M�J�O�F�B�S�J�U�Z �J�O �U�I�F ���S�T�U �W�B�S�J�B�C�M�F ��r f X� gYZ � f r XZ � gr YZ

�	�J�J�
’ ���M�J�O�F�B�S�J�U�Z �J�O �U�I�F �T�F�D�P�O�E �W�B�S�J�B�C�M�F ��r X¹� Y � � Zº � � r XY � � r XZ

�	�J�J�J�
�1�S�P�E�V�D�U �S�V�M�F �� r X¹ f Yº � D f »X¼Y � f r XY

�X�I�F�S�FX; Y; Z 2 � ¹M º �B�S�F �W�F�D�U�P�S ���F�M�E�T �P�OM �
 f ; g 2 C1 ¹M º �B�S�F �T�D�B�M�B�S ���F�M�E�T �P�OM �

�B�O�E�; � 2 ’ �� �5�I�F �O�P�U�B�U�J�P�OD f »X¼�J�T �B �T�I�P�S�U�I�B�O�E �G�P�S �B �T�D�B�M�B�S ���F�M�E �P�OM �E�F���O�F�E �B�T
D f ¹xº

�
X¹xº

�
�G�P�S �B�M�Mx �P�OM ��

������
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�5�I�F �W�F�D�U�P�S ���F�M�Er XY �J�T �D�B�M�M�F�E �U�I�F�D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F�P�GY �X�J�U�I �S�F�T�Q�F�D�U �U�PX �G�P�S �U�I�F �D�P�O��
�O�F�D�U�J�P�Or ��

�5�I�F�P�S�F�N �"�����	�'�V�O�E�B�N�F�O�U�B�M �U�I�F�P�S�F�N �P�G �3�J�F�N�B�O�O�J�B�O �H�F�P�N�F�U�S�Z�
�� �0�O �B�O�Z �3�J�F�N�B�O��
�O�J�B�O �N�B�O�J�G�P�M�EM �
 �U�I�F�S�F �F�Y�J�T�U�T �B �V�O�J�R�V�F �T�Z�N�N�F�U�S�J�D �U�P�S�T�J�P�O���G�S�F�F �N�F�U�S�J�D �D�P�O�O�F�D�U�J�P�Or �D�B�M�M�F�E
�U�I�F�-�F�W�J���$�J�W�J�U�B�P�S �U�I�F�3�J�F�N�B�O�O�J�B�O �D�P�O�O�F�D�U�J�P�O��

�-�P�P�L�J�O�H �B�U �U�I�F �S�B�U�I�F�S �U�F�D�I�O�J�D�B�M �E�F���O�J�U�J�P�O �P�G �D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F�
 �X�F �T�I�P�V�M�E �L�F�F�Q
�J�O �N�J�O�E �J�U�T �H�F�P�N�F�U�S�J�D �J�O�U�F�S�Q�S�F�U�B�U�J�P�O�� �G�P�S �F�B�D�I �Q�P�J�O�Ux�
¹r XYºx �J�T �B �W�F�D�U�P�S �X�I�J�D�I �E�F��
�T�D�S�J�C�F�T �I�P�X �U�I�F �W�F�D�U�P�S ���F�M�EY �D�I�B�O�H�F�T �J�O �U�I�F �E�J�S�F�D�U�J�P�OXx�� �*�U �J�T �U�I�F�S�F�G�P�S�F �B �H�F�O�F�S�B�M��
�J�[�B�U�J�P�O �P�G �U�I�F �D�M�B�T�T�J�D�B�M �E�J�S�F�D�U�J�P�O�B�M �E�F�S�J�W�B�U�J�W�F �G�S�P�N �&�V�D�M�J�E�F�B�O �T�Q�B�D�F�T�� �'�P�S �T�V�C�N�B�O��
�J�G�P�M�E�T �J�N�N�F�S�T�F�E �J�O’ n �
 �U�I�F �G�P�M�M�P�X�J�O�H �M�F�N�N�B �Q�S�P�W�J�E�F�T �B �S�F�D�J�Q�F �P�O �D�P�N�Q�V�U�J�O�H �U�I�F
�D�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F �B�T �B �Q�S�P�K�F�D�U�J�P�O �P�G �U�I�F �	�&�V�D�M�J�E�F�B�O�
 �E�J�S�F�D�U�J�P�O�B�M �E�F�S�J�W�B�U�J�W�F�� �5�I�J�T
�J�T �B�O�B�M�P�H�J�D�B�M �U�P �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �3�J�F�N�B�O�O�J�B�O �H�S�B�E�J�F�O�U �G�S�P�N �-�F�N�B����������

�-�F�N�N�B �"�����	�$�P�W�B�S�J�B�O�U �E�F�S�J�W�B�U�J�W�F �B�T �Q�S�P�K�F�D�U�J�P�O�
�� �-�F�UX; Y 2 � ¹M º �C�F �U�X�P �W�F�D�U�P�S
���F�M�E�T �P�O �U�I�F �3�J�F�N�B�O�O�J�B�O �T�V�C�N�B�O�J�G�P�M�EM �P�G’ n �B�O�Er �J�T �U�I�F �-�F�W�J���$�J�W�J�U�B �D�P�O�O�F�D�U�J�P�O �P�OM ��
�5�I�F�O �G�P�S �B�M�Mx 2 M �


¹r XYºx � Px
�
DY¹xº»Xx¼

�

�X�I�F�S�FDY¹xº»Xx¼�E�F�O�P�U�F�T �U�I�F �D�M�B�T�T�J�D�B�M �E�J�S�F�D�U�J�P�O�B�M �E�F�S�J�W�B�U�J�W�F �J�O �U�I�F �	�&�V�D�M�J�E�F�B�O�
 �T�Q�B�D�F’ n

�B�O�EPx �J�T �U�I�F �Q�S�P�K�F�D�U�J�P�O �U�P �U�I�F �U�B�O�H�F�O�U �T�Q�B�D�FTxM ��

�%�F���O�J�U�J�P�O �"�����	�"�D�D�F�M�F�S�B�U�J�P�O �B�M�P�O�H �B �D�V�S�W�F�
�� �-�F�U
 : ’ ! M �C�F �BC2 �D�V�S�W�F�� �5�I�F
�B�D�D�F�M�F�S�B�U�J�P�O �B�M�P�O�H
 �J�T �H�J�W�F�O �C�Z

D2

dt2

 ¹t º �

D
dt

Û
 ¹t º � r Û
 Û
:



�#
�/�P�U�F�T �P�O �R�V�B�U�F�S�O�J�P�O ���M�U�F�S�J�O�H

�5�I�J�T �B�Q�Q�F�O�E�J�Y �G�F�B�U�V�S�F�T �B�E�E�J�U�J�P�O�B�M �J�E�F�B�T �S�F�M�B�U�F�E �U�P ���M�U�F�S�J�O�H �P�G �P�S�J�F�O�U�B�U�J�P�O�T �J�O �U�I�F
�T�Q�B�D�F �P�G �R�V�B�U�F�S�O�J�P�O�T�� �&�W�F�O �U�I�P�V�H�I �U�I�F �G�P�M�M�P�X�J�O�H �D�P�N�Q�V�U�B�U�J�P�O�T �U�V�S�O�F�E �P�V�U �U�P �C�F �P�G
�M�J�U�U�M�F �Q�S�B�D�U�J�D�B�M �J�O�U�F�S�F�T�U �J�O �P�V�S �T�Q�F�D�J���D �T�F�U�V�Q�
 �X�F �G�P�V�O�E �J�U �J�O�U�F�S�F�T�U�J�O�H �U�P �J�O�D�M�V�E�F �U�I�F
�S�F�T�V�M�U�T�� �)�P�Q�F�G�V�M�M�Z�
 �U�I�F�Z �X�J�M�M �Q�S�P�W�J�E�F �T�P�N�F �J�O�T�J�H�I�U �J�O�U�P �I�P�X �U�I�F �R�V�B�U�F�S�O�J�P�O �S�F�Q�S�F��
�T�F�O�U�B�U�J�P�O �J�T �S�F�M�B�U�F�E �U�P �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�F�
 �B�O�E �B�M�T�P �X�I�Z �X�F �D�I�P�T�F �U�P ���M�U�F�S �E�B�U�B �V�T�J�O�H
�T�Q�M�J�O�F�T �P�OSO¹3º��

�*�O �U�I�F �G�P�M�M�P�X�J�O�H�
 �X�F �T�V�Q�Q�P�T�F �U�I�F �S�P�U�B�U�J�P�O �N�B�U�S�J�YA � »t N B ¼�S�F�Q�S�F�T�F�O�U�T �U�I�F �%�B�S��
�C�P�V�Y �G�S�B�N�FD � f t; N ; Bg�P�G �B �D�V�S�W�F �P�O �B �T�V�S�G�B�D�F�� �5�I�F �T�V�S�G�B�D�F �O�P�S�N�B�MN �J�T �P�C�U�B�J�O�F�E
�V�T�J�O�H �Q�S�P�K�F�D�U�J�P�O �P�O �U�I�F �T�F�D�P�O�E �D�P�M�V�N�O �P�G �U�I�F �N�B�U�S�J�Y��N � A jN � Ae2�� �3�F�D�B�M�M �U�I�B�U �B
�V�O�J�U �R�V�B�U�F�S�O�J�P�Oq � ¹x; y; z; wº 2 “ 3 �J�T �S�F�M�B�U�F�E �U�P �U�I�F �%�B�S�C�P�V�Y �G�S�B�N�FA 2 SO¹3º �C�Z

A¹qº �
©
­
­
«

2w2 � 2x2 � 1 2xy � 2wz 2xz � 2wy
2xy � 2wz 2w2 � 2y2 � 1 2yz � 2wx
2xz � 2wy 2yz � 2wx 2w2 � 2z2 � 1

ª
®
®
¬

:

�5�I�F �D�P�P�S�E�J�O�B�U�F�T �P�GN � A jN � ¹Nx ; N y ; Nzº| �D�B�O �C�F �F�Y�Q�S�F�T�T�F�E �B�T �G�V�O�D�U�J�P�O �P�Gq �V�T�J�O�H
�R�V�B�E�S�B�U�J�D �G�P�S�N�T �E�F���O�F�E �J�Oq �	�J�O�U�F�S�Q�S�F�U�F�E �B�T �B �W�F�D�U�P�S �J�O’ 4�
��

Nx � q | Kxq; N y � q | K yq; Nz � q | Kzq;

������
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�X�J�U�I �T�Z�N�N�F�U�S�J�D �N�B�U�S�J�D�F�T

Kx �
©
­
­
­
«

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

ª
®
®
®
¬

; K y �
©
­
­
­
«

� 1 0 0 0
0 1 0 0
0 0 � 1 0
0 0 0 1

ª
®
®
®
¬

; Kz �
©
­
­
­
«

0 0 0 � 1
0 0 1 0
0 1 0 0

� 1 0 0 0

ª
®
®
®
¬

:

�'�J�M�U�F�S�J�O�H �J�O �Q�B�S�B�N�F�U�S�J�D �T�Q�B�D�F���6�O�J�U �R�V�B�U�F�S�O�J�P�O�T�
 �C�F�J�O�H �B �T�F�U �P�G �Q�P�J�O�U�T �P�O �U�I�F �����T�Q�I�F�S�F�

�B�S�F �Q�B�S�B�N�F�U�S�J�[�B�C�M�F �V�T�J�O�H�I�Z�Q�F�S�T�Q�I�F�S�J�D�B�M �D�P�P�S�E�J�O�B�U�F�T�� �)�Z�Q�F�S�T�Q�I�F�S�J�D�B�M �D�P�P�S�E�J�O�B�U�F�T �H�F�O��
�F�S�B�M�J�[�F �Q�P�M�B�S �	d � 1�
 �B�O�E �T�Q�I�F�S�J�D�B�M �	d � 2�
 �D�P�P�S�E�J�O�B�U�F�T �U�Pd���T�Q�I�F�S�F�T �P�G �B�O�Z �E�J�N�F�O�T�J�P�O
d > 2�� �'�P�S �B �V�O�J�U �R�V�B�U�F�S�O�J�P�Oq 2 “ 3�
 �I�Z�Q�F�S�T�Q�I�F�S�J�D�B�M �D�P�P�S�E�J�O�B�U�F�T¹�; �;  º �B�S�F �S�F�M�B�U�F�E
�U�P �U�I�F �$�B�S�U�F�T�J�B�O �D�P�P�S�E�J�O�B�U�F�T¹x; y; z; wº �C�Z

w � cos�

x � sin � cos�

y � sin � sin � cos 

z � sin � sin � sin  

9>>>>>=

>>>>>
;

� 2 »0; � ¼

� 2 »0; � ¼

 2 »0; 2� ¼
:

�(�J�W�F�O �B �O�P�J�T�Z �T�F�R�V�F�O�D�F �P�G �R�V�B�U�F�S�O�J�P�O�T�
 �P�O�F �X�B�Z �U�P �B�Q�Q�S�P�B�D�I �U�I�F ���M�U�F�S�J�O�H �X�P�V�M�E
�C�F �U�P �Q�B�S�B�N�F�U�S�J�[�F �U�I�F �R�V�B�U�F�S�O�J�P�O�T �W�J�B �I�Z�Q�F�S�T�Q�I�F�S�J�D�B�M �D�P�P�S�E�J�O�B�U�F�T �B�O�E ���M�U�F�S �J�O �U�I�F
�Q�B�S�B�N�F�U�S�J�D �T�Q�B�D�F»0; � ¼� »0; 2� ¼� »0; 2� ¼�� �*�O �P�S�E�F�S �G�P�S �U�I�J�T �B�Q�Q�S�P�B�D�I �U�P �C�F �W�B�M�J�E�
 �U�I�F
�Q�F�S�J�P�E�J�D�J�U�Z �P�G �U�I�F �U�I�S�F�F �B�O�H�M�F �G�V�O�D�U�J�P�O�T �O�F�F�E�T �U�P �C�F �U�B�L�F�O �J�O�U�P �B�D�D�P�V�O�U��

�5�I�J�T �T�J�N�Q�M�F ���M�U�F�S�J�O�H �N�F�U�I�P�E �I�B�T �T�F�W�F�S�B�M �E�S�B�X�C�B�D�L�T�
 �G�P�S �J�O�T�U�B�O�D�F �U�I�F �G�B�D�U �U�I�B�U �I�Z�Q�F�S��
�T�Q�I�F�S�J�D�B�M �D�P�P�S�E�J�O�B�U�F�T �E�J�T�U�P�S�U �U�I�F �N�F�U�S�J�D �P�G �U�I�F �T�Q�B�D�F �B�O�E �B�S�F �O�P�U �J�O�K�F�D�U�J�W�F�� �.�P�S�F�P�W�F�S�

�B�O �B�U�U�F�N�Q�U �U�P �J�O�U�S�P�E�V�D�F �O�P�S�N�B�M �D�P�O�T�U�S�B�J�O�U�T �J�O�U�P �U�I�J�T �L�J�O�E �P�G ���M�U�F�S�J�O�H �X�P�V�M�E �S�F�T�V�M�U
�J�O �B �T�Z�T�U�F�N �X�J�U�I �O�P�O���Q�P�M�Z�O�P�N�J�B�M �F�R�V�B�U�J�P�O�T�
 �X�I�J�D�I �D�P�V�M�E �P�O�M�Z �C�F �S�F�T�P�M�W�F�E �V�T�J�O�H
�O�V�N�F�S�J�D�B�M �N�F�U�I�P�E�T��

�"�W�F�S�B�H�F �R�V�B�U�F�S�O�J�P�O �X�J�U�I �D�P�O�T�U�S�B�J�O�F�E �O�P�S�N�B�M���*�O �4�F�D�U�J�P�O�����������
 �U�I�F �B�W�F�S�B�H�F �S�P�U�B�U�J�P�O �X�B�T
�E�F���O�F�E �C�Z �N�J�O�J�N�J�[�J�O�H �U�I�F �R�V�B�U�F�S�O�J�P�O �F�O�F�S�H�Z

max
q2“ 3

trace
�
AB| �

� max
q2“ 3

Einterp

�X�I�F�S�FB �
Í n

i � 1 � iA i �� �" �T�J�N�J�M�B�S �B�Q�Q�S�P�B�D�I �N�J�H�I�U �C�F �V�T�F�E �U�P �D�P�N�Q�V�U�F �U�I�F �B�W�F�S�B�H�F
�S�P�U�B�U�J�P�O �X�I�J�M�F �D�P�O�T�U�S�B�J�O�J�O�H �U�I�F �T�V�S�G�B�D�F �O�P�S�N�B�M�� �$�P�O�T�J�E�F�S �B �N�P�E�J���F�E �F�O�F�S�H�Z�
 �X�I�J�D�I
�J�O�D�M�V�E�F�T �B�O �B�E�E�J�U�J�P�O�B�M �F�O�F�S�H�Z �U�F�S�N �D�P�O�U�S�P�M�M�F�E �C�Z �U�I�F �X�F�J�H�I�Uw 2 »0; 1¼��

max
q2“ 3

¹1 � wºEinterp � wEnormal ;

�X�I�F�S�FEnormal �
D
N ; bN

E
�J�GbN �J�T �U�I�F �D�P�O�T�U�S�B�J�O�F�E �V�O�J�U �T�V�S�G�B�D�F �O�P�S�N�B�M�� �5�I�F �F�O�F�S�H�Z

Enormal �J�T �F�Y�Q�S�F�T�T�F�E �W�J�B �U�I�F �G�P�M�M�P�X�J�O�H �R�V�B�E�S�B�U�J�D �G�P�S�N��

Enormal � q |
�
bNxKx � bN yK y � bNzKz

�
q:



�:�@�>

�'�J�H�V�S�F �#�������'�J�Y�J�O�H �B �T�V�S�G�B�D�F �O�P�S�N�B�MbN �	�S�J�H�I�U�
�
 �R�V�B�U�F�S�O�J�P�O�T �S�F�Q�S�F�T�F�O�U�J�O�H �%�B�S�C�P�V�Y
�G�S�B�N�F�T»t bN B¼�D�P�S�S�F�T�Q�P�O�E �U�P �B ���% �D�V�S�W�F �	�M�F�G�U�
 �C�M�B�D�L�
 �J�O �U�I�F �Q�B�S�B�N�F�U�S�J�D
�T�Q�B�D�F¹�; �;  º��

�4�J�O�D�FEinterp � q | Kq �X�J�U�IK �E�F���O�F�E �J�O �1�S�P�Q�P�T�J�U�J�P�O�������
 �J�U �G�P�M�M�P�X�T �U�I�B�U

¹1 � wºEinterp � wEnormal � q | bKq

�X�I�F�S�F
bK � ¹1 � wº K � w

�
bNxKx � bN yK y � bNzKz

�
:

�5�I�J�T �N�F�B�O �U�I�B�U �U�I�F �N�P�E�J���F�E �F�O�F�S�H�Z �J�T �N�B�Y�J�N�J�[�F�E �J�Gq �J�T �F�R�V�B�M �U�P �U�I�F �	�V�O�J�U�
 �F�J�H�F�O��
�W�F�D�U�P�S �P�GbK �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �M�B�S�H�F�T�U �F�J�H�F�O�W�B�M�V�F��

�5�I�J�T �N�P�E�J���D�B�U�J�P�O �P�G �U�I�F �R �N�F�U�I�P�E �J�T �B�M�N�P�T�U �J�E�F�O�U�J�D�B�M �U�P �U�I�F �B�M�H�P�S�J�U�I�N �Q�S�F�T�F�O�U�F�E �J�O
�4�F�D�U�J�P�O�����������X�J�U�I�P�V�U �J�O�U�S�P�E�V�D�J�O�H �B�O�Z �P�W�F�S�I�F�B�E�� �8�I�J�M�F �V�T�J�O�H �U�I�J�T �N�P�E�J���D�B�U�J�P�O �P�G
�U�I�F �B�W�F�S�B�H�J�O�H �T�D�I�F�N�F �D�P�V�M�E �C�F �V�T�F�E �U�P �D�P�O�T�U�S�B�J�O �O�P�S�N�B�M�T �B�U �O�P�E�F�T�
 �J�U �I�B�T �T�F�W�F�S�B�M
�Q�S�P�C�M�F�N�T�� �'�J�S�T�U�
 �U�I�F �D�P�O�T�U�S�B�J�O�F�E �O�P�S�N�B�Mbn �J�T �O�P�U �L�O�P�X�O�B �Q�S�J�P�S�J�� �" �T�J�N�Q�M�F �T�P�M�V��
�U�J�P�O �U�P �U�I�J�T �J�T�T�V�F �J�T �U�P �D�P�N�Q�V�U�Fbn �B�T �U�I�F �B�W�F�S�B�H�F �P�G �B�M�M �O�P�S�N�B�M�T �B�U �U�I�F �H�J�W�F�O �O�P�E�F��
�4�F�D�P�O�E�
 �D�P�O�T�U�S�B�J�O�F�E �B�W�F�S�B�H�J�O�H �B�U �J�T�P�M�B�U�F�E �Q�P�J�O�U�T �D�S�F�B�U�F�T �T�I�B�S�Q �D�V�T�Q�T �J�O �U�I�F �P�S�J�F�O��
�U�B�U�J�P�O�T�
 �X�I�J�D�I �J�T �O�P�U �E�F�T�J�S�B�C�M�F�� �0�V�S �B�U�U�F�N�Q�U �U�P �T�P�M�W�F �U�I�J�T �J�T�T�V�F �X�B�T �U�P �D�P�O�T�U�S�B�J�O �U�I�F
�O�P�S�N�B�M �X�J�U�I�J�O �B ���Y�F�E �E�J�T�U�B�O�D�F �G�S�P�N �B �O�P�E�F�
 �X�J�U�I �J�O�W�F�S�T�F �E�J�T�U�B�O�D�F �X�F�J�H�I�U�Tw�� �5�I�J�T
�B�Q�Q�S�P�B�D�I �U�V�S�O�F�E �P�V�U �U�P �C�F �E�J���D�V�M�U �U�P �D�P�O�U�S�P�M��

�*�O �D�P�O�U�S�B�T�U�
 �S�F�H�S�F�T�T�J�P�O �P�OSO¹3º �V�T�F�E �G�P�S ���M�U�F�S�J�O�H �P�S�J�F�O�U�B�U�J�P�O�T �J�O �4�F�D�U�J�P�O�������E�P�F�T
�O�P�U �S�F�R�V�J�S�F �U�I�F �O�P�S�N�B�M�T �U�P �C�F �T�Q�F�D�J���F�E �F�Y�Q�M�J�D�J�U�M�Z�
 �B�O�E �Q�S�P�W�J�E�F�T �B�O �F�M�F�H�B�O�U �T�P�M�V�U�J�P�O
�U�P �U�I�F �D�P�O�T�U�S�B�J�O�F�E ���M�U�F�S�J�O�H �Q�S�P�C�M�F�N��





�$
�( �� �J�O�U�F�S�Q�P�M�B�U�J�P�O �P�G
�E�J�T�D�S�F�U�F �O�F�U�X�P�S�L�T �X�J�U�I �O�P�S�N�B�M�T

�5�I�J�T �B�Q�Q�F�O�E�J�Y �E�F�T�D�S�J�C�F�T �P�V�S �Q�S�F�W�J�P�V�T�M�Z �V�O�Q�V�C�M�J�T�I�F�E �N�F�U�I�P�E �G�P�S �J�O�U�F�S�Q�P�M�B�U�J�O�H �B
�E�J�T�D�S�F�U�F �O�F�U�X�P�S�L �X�J�U�I �B �T�F�U �P�G �D�V�C�J�D �T�Q�M�J�O�F�T�� �5�I�F �S�F�T�V�M�U �J�T �B �O�F�U�X�P�S�L �P�G �T�Q�M�J�O�F�T�

�X�I�J�D�I �J�T �U�B�O�H�F�O�U���Q�M�B�O�F �D�P�O�U�J�O�V�P�V�T �B�U �O�P�E�F�T�� �5�I�J�T �N�F�U�I�P�E �J�T �J�O�T�Q�J�S�F�E �C�Z �/�J�F�M�T�P�O�R�T
�N�J�O�J�N�V�N �O�P�S�N �O�F�U�X�P�S�L�T�<�/�J�F�����>��

�0�V�S �T�V�S�G�B�D�J�O�H �N�F�U�I�P�E �G�S�P�N �$�I�B�Q�U�F�S�� �B�T�T�V�N�F�T �B �V�O�J�G�P�S�N�M�Z �T�B�N�Q�M�F�E �E�B�U�B�T�F�Uxi �B�O�E
N i �P�O �U�I�F �J�O�Q�V�U�� �5�I�F �B�M�H�P�S�J�U�I�N �E�F�T�D�S�J�C�F�E �J�O �U�I�J�T �B�Q�Q�F�O�E�J�Y �D�B�O �C�F �V�T�F�E �U�P �J�O�U�F�S�Q�P�M�B�U�F
�B �O�P�O���V�O�J�G�P�S�N�M�Z �T�B�N�Q�M�F�E �O�F�U�X�P�S�L �X�J�U�IG1 �D�V�C�J�D �T�Q�M�J�O�F�T�� �4�B�N�Q�M�J�O�H �U�I�F �D�P�N�Q�V�U�F�E
�D�V�C�J�D �T�Q�M�J�O�F�T �V�O�J�G�P�S�N�M�Z �X�J�U�I �S�F�T�Q�F�D�U �U�P �B�S�D �M�F�O�H�U�I �Q�S�P�W�J�E�F�T �T�V�J�U�B�C�M�F �J�O�Q�V�U �G�P�S �U�I�F
�N�F�U�I�P�E �G�S�P�N �$�I�B�Q�U�F�S���� �5�I�J�T �B�E�E�J�U�J�P�O�B�M �Q�S�P�D�F�E�V�S�F �N�B�L�F�T �P�V�S �T�V�S�G�B�D�J�O�H �N�F�U�I�P�E
�B�Q�Q�M�J�D�B�C�M�F �U�P �H�F�O�F�S�B�M �D�V�S�W�F �O�F�U�X�P�S�L�T �X�J�U�I �O�P�S�N�B�M�T��

�8�F �E�F���O�F �U�I�FG1 �J�O�U�F�S�Q�P�M�B�O�U �C�Z �N�J�O�J�N�J�[�J�O�H �U�I�F �J�O�U�F�H�S�B�M �P�G �D�V�S�W�B�U�V�S�F �G�P�S �U�I�F �X�I�P�M�F
�O�F�U�X�P�S�L��
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�*�U �J�T �L�O�P�X�O �U�I�B�U �U�I�J�T �B�Q�Q�S�P�B�D�I �Q�S�P�E�V�D�F�T �D�V�C�J�D �T�Q�M�J�O�F�T �<�%�F ������ �/�J�F�����>�� �#�P�V�O�E�B�S�Z
�D�P�O�E�J�U�J�P�O�T �N �F�O�E�Q�P�J�O�U �U�B�O�H�F�O�U �W�F�D�U�P�S�T �N �O�F�F�E �U�P �C�F �T�Q�F�D�J���F�E �U�P ���Y �B�M�M �E�F�H�S�F�F�T �P�G
�G�S�F�F�E�P�N��

�*�U �J�T �Q�S�F�D�J�T�F�M�Z �U�I�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �U�I�F �F�O�E�Q�P�J�O�U �U�B�O�H�F�O�U �W�F�D�U�P�S�T �U�I�B�U �X�F �B�E�E�S�F�T�T �J�O
�U�I�J�T �B�Q�Q�F�O�E�J�Y�� �4�J�O�D�F �P�V�S �J�O�Q�V�U �O�F�U�X�P�S�L �J�T �T�B�N�Q�M�F�E �G�S�P�N �B �T�V�S�G�B�D�F�
 �X�F �X�P�S�L �X�J�U�I
�U�I�F �B�E�E�F�E �D�P�O�T�U�S�B�J�O�U �U�I�B�U �F�O�E�Q�P�J�O�U �U�B�O�H�F�O�U �W�F�D�U�P�S�T �P�G �B�E�K�B�D�F�O�U �D�V�S�W�F�T �M�J�W�F �J�O �U�I�F
�T�B�N�F �U�B�O�H�F�O�U �Q�M�B�O�F�� �8�F �V�T�F �U�I�J�T �D�P�O�T�U�S�B�J�O�U �U�P �H�V�J�E�F �P�V�S �P�Q�U�J�N�J�[�B�U�J�P�O�
 �Q�S�P�E�V�D�J�O�H
�U�B�O�H�F�O�U���Q�M�B�O�F �D�P�O�U�J�O�V�P�V�T �D�V�S�W�F �O�F�U�X�P�S�L�T �	�'�J�H���$�����
��

�8�F �S�F�Q�S�F�T�F�O�U �Q�J�F�D�F�X�J�T�F���D�V�C�J�D �T�Q�M�J�O�F �J�O �U�I�F �)�F�S�N�J�U�F �G�P�S�N�� �*�O �U�I�F �G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O�

�X�F �T�V�N�N�B�S�J�[�F �U�I�F �N�B�J�O �F�M�F�N�F�O�U�T �P�G �D�V�C�J�D �)�F�S�N�J�U�F �J�O�U�F�S�Q�P�M�B�U�J�P�O��

�"���: �&�Í�������
�Í �����
�Í���	�����^�
������ �^���� �`�������^�
�����Í �Í���Í���Ì��

�)�F�S�N�J�U�F �D�V�S�W�F���%�F�O�P�U�F �C�Z
 � h »x0; x1; t0; t1¼�B �D�V�C�J�D �)�F�S�N�J�U�F �D�V�S�W�F �Q�B�S�B�N�F�U�S�J�[�F�E
�C�Zh : »0; 1¼ ! ’ 3�� �"�U �F�O�E�Q�P�J�O�U�T�
 �)�F�S�N�J�U�F �D�V�S�W�F �J�O�U�F�S�Q�P�M�B�U�F�T �U�I�F �Q�P�J�O�U�Tx0; x1 �B�O�E
�J�U�T �U�B�O�H�F�O�U �N�B�U�D�I�F�T �U�I�F �W�F�D�U�P�S�Tt0; t1��

h¹0º � x0; h¹1º � x1; h0¹0º � t0; h0¹1º � t1:

�&�Y�Q�M�J�D�J�U�M�Z�
 �U�I�F �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O �J�T �H�J�W�F�O �C�Z

h ¹t º � x0 h00 ¹t º � t0 h10 ¹t º � x1 h01 ¹t º � t1 h11 ¹t º ; t 2 »0; 1¼;

�X�I�F�S�F �U�I�F �D�V�C�J�D �)�F�S�N�J�U�F �Q�P�M�Z�O�P�N�J�B�M�T �B�S�F �H�J�W�F�O �C�Z

h00 ¹t º � 2t3 � 3t2 � 1; h10 ¹t º � t3 � 2t2 � t ; h01 ¹t º � � 2t3 � 3t2; h11 ¹t º � t3 � t2:

�%�F�O�P�U�F �C�Za �B�O�Eb �U�I�F �G�P�M�M�P�X�J�O�H �W�F�D�U�P�S�T��

a � 6
�
2¹x0 � x1º � t0 � t1

�
; b � � 2

�
3¹x0 � x1º � 2t0 � t1

�
: �	�$�����


�5�I�F�O �U�I�F �T�D�B�M�B�S �D�V�S�W�B�U�V�S�F �P�Gh �J�T

h00¹t º � ta � b; t 2 »0; 1¼:

�5�I�F �D�V�S�W�B�U�V�S�F �F�O�F�S�H�Z �P�G �U�I�F �D�V�S�W�Fh �J�T �E�F���O�F�E �B�T

Ecurv ¹x0; x1; t0; t1º �
¹ 1

0




 h00




 2

dt �
¹ 1

0
kta � bk2 dt � 1
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